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MOT MO RONG CUA BAT PANG THUC HERMITE-HADAMARD
CHO LOP HAM DUOI CONG TINH

Nguyén Tan Sut, Nguyén Lé Duy*
TOM TAT
Trong bai b&o nay, ching tdi nghién cizu vé mét sé bat dang thic tich phan cho lop
ham (a, B)-dudi cong tinh. Pdy la I6p ham mé réng cia ham 16i theo nghia théng
thiong. Mét s6 két qua méi vé bat dang thire tich phdn diwoc thiét Idp cho I6p ham nay.

Tir khoa: Ham (a, B)-duéi céng tinh, ham 16i, bdr dang thizc Hermite-Hadamard,
bat dang thiee tich phan.
1. Mé dau

Ham 1561 dong vai tro quan trong khdng chi trong giai tich toan hoc ma con cé nhiéu
y nghia trong cac bai toan vé tdi wu hoa, vé kinh té. Ngudi ta sir dung ham 16i va céc tinh
chat cua n6 dé chitng minh mot sé bat dang thirc kinh dién nhu Cauchy-Schwarz,
Hermite-Hamadard,... Ngudi ta dd nghién ctu va mo rong l6p cac ham 16i dudi nhiéu
dang khac nhau nhu ham n-15i [1] va s-15i [2]. Cac bai toan méi dat ra 1a: nghién cizu
Mét s6 dac trung méi cia lép cac ham nay va mé réng cac tinh chdt cé dién doi véi 1op
cac ham nay.

Gan ddy nhét, nam 2024, khi nghién citu vé su hoi ty caa day cac ham chinh hinh
c6 trong thi Thai Thuan Quang [3] d3 dwa ra mot khéai niém mai vé tinh duéi cong tinh
theo c4c hang sé a, 8 theo nghia, ham sé f duoc goi 12 (a, B)-duéi cong tinh néu

fx+y) <a(f(Bx) +f(BY))
vai moi x, y thugc (0; +00).

Noi dung caa bai bao duoc chia thanh hai phan: Trong phan dau, ching ti trinh
bay vé mot s6 kién thic chuan bi va gioi thidu vé 16p ham méi: (a, f)-dudi cong tinh.
Phan con lai cua bai béo, ching t6i nghién ctiru vé cac bat dang thie tich phan déi véi
truong hop ham (a, a™1)-duéi cong tinh. Pay 1a nhiing két qua méi, mé rong thuc su
cua cac két qua cd dién.

2. Mt s6 kién thikc chuén bi

Trong muyc nay, chdng toi trinh bay hai khai niém vé ham 16i va ham (a, £)-dudi
cong tinh.,

Pinh nghia 1. Ham s6 f: (a; b) — R duoc goi 1a 16i néu véi moi x, y thudc (a; b)
vai moi a thuge (0; 1) thi

flax+ (1 -a)y) <af(x)+ (1 —a)f(¥).

Ta biét rang néu f 1a ham s6 16i va c6 dao ham dén cap 2 thi f"'(x) =0, Vx €

(a; b).
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Pinh nghia 2. Ham s6 f: (a; b) — R duoc goi la dué6i céng tinh néu véi moi x, y
thugc (a; b) thi

fx+y)<f)+ fO).
Pinh nghia 3. Ham sé f: (a; b) = R duoc goi 1a (a, B)-dudi cong tinh néu véi
moi x, y thudc (a; b) thi

fx+y) <a(f(Bx)+ f(BY)).
Vidul

- Ham sé f(x) = v/x 1a duéi cong tinh trén (0; +o0) nhung khong 1a ham cong
tinh.

-Ham sé f(x) = e* la ham s6 15i trén (0; +).
Vidu 2. Moi ham sé 16i 1a (21, 2)- dudi cong tinh.

That vay, vi f 1a ham sé 15i nén f(“y) < f—(x)zf(”_
Trong bat dang thic trén, chi viéc thay x boi 2x va y boi 2y thi ta duoc

fx+y) =

3. Bat dang thire tich phan cho cac ham dwéi cong tinh

F2x)+ f2y)
> .

Do su quan trong va phép ching minh kha kinh dién cua Bat dang thac Hermite-
Hadamard, chding tdi can nhac lai dinh ly sau:

Pinh Iy 2.1. (Bdt ding thirc Hermite-Hadamard) Cho f :[a,b] >0 1a mot ham 15i,
khi d6 ta c6 bat dang thic

a+b 1 7 (a)+ f(b)
f( j<maf f (2.1)

Charng minh
Vi f 1 ham 15i trén doan [a, b], nén véi moi X €[a,b], ton tai t €[0,1] sao cho
x =ta+(1-t)b. Khi d6 theo tinh chat ham 15i:
f(x)=f (ta+(1-t)b)<tf (a)+(1-t) f (b)
L4y tich phan hai vé theo t tir 0 dén 1, ta co:

0 f(a)+ f(b)
!f(ta+1 t)b dt<j[tf a)dt+(1-t) f(b)]dt—#
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‘ U

bat X:ta+(l—t)b,suy rat= . Khi @6 ta co:

o

[o}]

1)

1 i fa)+fb
E!f(x)dx:l‘f(ta+(1—t)b)dt£w

Vi f 1a ham 16i nén

(a+bj£1]~{ (a+b t(b— a)] f(a+b+t(b—a)ﬂ
21 2

)

Tur (1) va (2), bat dang thire duoc chang minh.

Pinh ly 2.2. Cho | cll la mot khoang véi 0el, f: 1 <0 —0, la mot ham duéi
cong tinh, a,be 1 voi a<b. va f eL[ab] khi d6 bit ding thic sau dung

b—la f(x)dx<= J' f(x)dx+= J' f(x)dx (2.2)

Chang minh

Vi f 1aham dudi cong tinh nén f(x+y)< f(x)+f(y) voimoi te[0;1]

[ f(ta+(1-t)b)dt < f (ta)dt+[ f((1-t)b)at

Dt x=ta+(1-t)b suyra dx=(a-b)dt, ta co:

1 1 1°
— | f(xX)dx<=| f(xX)dx+=1 f(x)dx
a_bl() al() b!()

Dinh 1y dugc chitng minh xong.
Pinh Iy 2.3. Cho | cJ la mot khoang véi 0el, f:1 = —0, la mot ham dudi

cong tinh, a,be 1 voi a<b. va f eL[ab] khi d6 bit ding thic sau dung

f (b2— a) bfabf f(x)dx< f(a)+sup f(t) (2.3)

0 te[0,b-a]

Chang minh
Taco f(x)=f(a+x—-a)<f(a)+f(x-a)
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_T f(x)dx <

D ey T

f(a)dx+if(x—a)dx:(b—a)f(a)+j‘f(x—a)dx Q)

b
Ta danh gia can trén cia | =I f(x—a)dx.
Pjt t=x-a,suy ra te[0;b—a]. Tir d6 suy ra
b-a b-a

| = I f(t)dt< f sup f(t)dt=(b-a) sup f(t) (2)

0 te[O,b—a] te[O,b—a]

Vi f la ham dudi cong tinh, nén f (b—a)=f (t+b—a—t)< f(t)+ f (b—a-t)

Suy ra bf f (b—a)dt sbf[f (t)+ f (b—a—t)]dt = 2T fdt ()
Tir (1), (2). @) tacs O im0

0
Dinh ly dugc ching minh.

* Nhan xét

Néu f 1a ham s6 dong bién, taco: f(t)<f(b-a)

Tuds,suyra: [ f(t)dt< | f(b-a)dt=(b-a)f (b-a) (4

0

Tu (1), (2), (3) va (4), tasuy ra i f(x)dx<(b-a)f(a)+(b—a)f(b—a)

a

bfa f(x)dx< f (a)+ f (b—a) an

D ey T

‘ X . f(b- 1 %
Tu (1) va (1) taco (2a)sb_aif(x)dxsf(a)+f(b—a) (2.4)

Pinh ly 2.4. Cho «,s>0,lclJ la mot khoang v6i 0el, f:1 =0 -0, la mot
ham(«, ) - dudi cong tinh, a,be1 véi a<b. va feL[ab], khi d6 bit ding thuc sau
ding

b

a

O ey

f(x)dea[f (pa)+ sup f(t)} (2.5)

’[e[O,b—a]

1
b-a

Chang minh
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Pat X=a+t

Vi f laham (e, B)- dusi cong tinh, nén ta co

f(x)=f(a+t)<a| f(Ba)+f(Bt)]

Lay tich phan hai vé

fastydt<a | [ (fa)+ T (40)]

b-a

=a(b-a)f(Ba)+a | f(p)dt (1)

0
Pit u=pt, te[0,b—a], taco:

b-a B(b-a) B(b-a)

_([f(ﬁt)dtzél f(ﬁt)d(ﬁt):% ! f (t)dt

Goi M =sup f(t) tasuyra

te[O,b—a]

b-a 1,B(b—a)
f dt <= Mdt = (b — f(t 2)
[r(mme [ va=o-siap 1
Tu (1) va (2) taco

b-a

j f(x)dx<a(b-a)f(pa)+a(b—a)supf(t)

0 te[O,b—a]

b-a

1
b-a

O ey |

f (x)dx < 0{ f(pa)+ sup f (t)}

te[O,b—a]
Dinh ly dugc ching minh.,
* Nhan xét
a) V6i o = =1 thi Dinh 1y 2.4 thanh Dinh 1y 2.3
b) Néu f 1a ham sé dong bién, tacé f(t)< f(b—a) voi te[0,b-a]

Pitu=pt, u<pB(b-a), taco

1 b—a 1 B(b-a)
S TR
B(b-a)
<oay | (A=) =1 (5(0-2)

Alo-a)
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b-a

Suyraﬁl f(x)dx<af f(pa)+f(B(b-a))] (2.6)

Nhu vay, voi o = g =1 thi (2.6) thanh (2.4).
4. Két luan
Trong bai béo nay, ching ti nghién ctu mot sé phién ban méi cua bat dang thic

Hermite ddi vé6i 16p ham dudi cong tinh. Cac két qua trén 1a méi va 1a cac mé rong thuc
su cua cac bat dang thirc cb dién.
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AN EXTENSION OF THE HERMITE-HADAMARD INEQUALITY
FOR THE CLASS OF SUBADDITIVE FUNCTIONS
Nguyen Tan Su®, Nguyen Le Duy!

ABSTRACT

In this paper, we investigate several integral inequalities for the class of (a, f8)-
subadditive functions. This class of functions generalizes the classical notion of convex
functions. Furthermore, some new results regarding integral inequalities are established
for this specific class of functions.

Keywords: (a, )-subadditive functions, convex functions, Hermite-Hadamard
inequality, integral inequalities.
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