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Abstract. A qualitative understanding of the basic properties of complicated physical phe-
nomena can often be obtained through the study of analytic solutions derived from simplified
problems. Analytic solutions of shoreline change model for simple shoreline configurations
are derived under idealized wave conditions. Both analytic and numerical methods are based
on the one-line theory of shoreline change. In this paper some results of comparison of the
numerical with analytic solutions are presented.

1. INTRODUCTION

Under certain idealized wave conditions and simple shoreline configurations, the equa-
tions of one-line theory of shoreline change can be reduced to the one-dimensional equation
of heat diffusion type, which in some certain simplified cases can be solved analytically.
The analytic solutions are often valuable for giving qualitative insights and investigating
the properties of shoreline change. However, it is important to be aware of the limitations
of analytic solutions and errors introduced by these limitations. For the real situation, the
use of numerical model of shoreline change could be more appropriate.

Several authors have presented analytic solutions for certain simplified conditions (e.g.
Bakker and Edelman 1965; Bakker 1969; Le Mehaute’ and Soldate 1977; Walton and Chiu
1979; Larson, Hanson, and Kraus 1987). In order to describe more realistic situations
involving general shoreline configurations, together with time varying wave conditions,
the one-line theory has been developed using numerical solution techniques (e.g. Price,
Tomlinson, and Willis 1973; Sasaki and Sakuramoto 1978; Kraus, Hanson, and Harikai
1985; Hanson and Kraus 1987). Four examples of shoreline evolution for simplified config-
uration using the analytical solution (A) and the numerical formulation (N) are examined
and presented in this paper.

2. ONE-LINE THEORY FUNDAMENTALS

The aim of one-line theory is to describe long-term variation of shoreline positions.
Short-term variation (e.g, changes caused by storms or by rip currents) are regarded as
negligible perturbations superimposed on the main trend of shoreline evolution. The
fundamental assumption of this theory is that erosion or accretion of a beach results in
a pure translation of beach profile. Thus, the bottom profile moves in parallel to itself
without changing shape.

The major assumption of the theory is that the longshore sand transport takes place
uniformly over the beach profile down to a certain limiting depth called the depth of
closure, DC . Thus, beyond this depth the bottom does not move.

Following the above assumptions, mass conservation of sand along an infinitely small
length ∆x of the shoreline can be formulated as (see Fig. 1)[1]:
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]
= 0, (2.1)

where x is the longshore coordinate (m); y is the shoreline position (m) and perpendicular
to x-coordinate; t is the time (s); Q is the longshore sand transport rate (m3/s); DB is
the average berm height (m); and q represents line sources and/or sinks along the coast
(m3/s/m).

In order to solve equation (2.1), it is necessary to specify an expression for the longshore
sand transport rate, Q. This quantity is considered to be generated by wave obliquely
incident to the shoreline. This relationship is taken to be [2]:

Fig. 1. Definition sketch for shoreline change
calculation

Fig. 2. Definition of breaking wave angle

Q = Q0 sin(2αbs), (2.2)

where αbs is the angle between breaking wave crest and the local shoreline and Q0 is the
amplitude of the longshore sand transport rate. The empirical predictive formula for the
amplitude of the longshore sand transport rate is taken to be [2]:
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, (2.3)

where H is the significant breaking wave height (m); Cg is the wave group velocity at
breaking point (m/s); K is the empirical coefficient treated as a calibration parameter; ρs

is the density of sand (kg/m3); ρ is the density of water (kg/m3); p is the porosity of sand
on the bed.

The breaking wave angle, αbs, may be expressed as (see Fig. 2):

αbs = αb − αs = αb − tan−1

(
∂y

∂x

)
, (2.4)

where αb is the angle between breaking wave crests and the x-axis; αs is the angle between
the shoreline and the x-axis.
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3. ANALYTIC SOLUTION TECHNIQUE (A)

For beaches with mild slope, it can be assumed that the breaking wave angle to the
shoreline is small. In this case, sin(2αbs) ≈ 2αbs. If also the angle between the shoreline and
the x-axis, is assumed to be small. In accordance with equation (2.4), αbs ≈ αb − ∂y/∂x,
since the inverse tangent can be replaced by its argument if the argument is small. In this
case the equation (2.2) can be rewritten as:

Q = 2Q0

(
αb −

∂y

∂x

)
. (3.1)

If the amplitude of the longshore sand transport rate Q0 as well as the breaking wave angle
αb is assumed independent of x and t, and with negligible contributions from sources or
sinks (q = 0), equations (2.1) and (3.1) can be rewritten as:

∂y

∂t
= ε

∂2y

∂x2
, (3.2)

where ε is a diffusion coefficient

ε =
2Q0

(DC + DB)
. (3.3)

Equation (3.2) is analogous to the one-dimensional heat diffusion equation, it can be
solved analytically for various initial and boundary conditions.

4. NUMERICAL SOLUTION TECHNIQUE (N)

Solving equations (2.1)-(2.4) numerically, we are no longer constrained by small angle
assumption, making possible the solution of a wider variety of shore/structure configura-
tion and a more realistic wave climate.

Equations (2.1)-(2.4) are discretized on a staggered grid, in which shoreline positions
yi are defined at the centre of the grid cells and transport rates Qi at the cell walls. The
Crank-Nicholson implicit scheme is used. The derivative ∂Q/∂x at each grid point is
expressed as an equally weighted average between the present and the next time steps [3]:

∂Qi

∂x
=

1
2

[
Q′

i+1 − Q′
i

∆x
+

Qi+1 − Qi

∆x

]
, (4.1)

where the prime (′) is used to denote a quantity at the new time level, whereas the
unprimed quantity indicates a value at the present time step, which is known.

Substituting equation (4.1) into equation (2.1) and linearizing of the wave angle in
equation (2.2) in term of ∂y/∂x results in two systems of couple equations for the unknowns
y′i and Q′

i:
y′i = B′ (Q′

i − Q′
i+1

)
+ yci, (4.2)

Q′
i = Ei

(
y′i+1 − y′i

)
+ Fi, (4.3)

where B′ = ∆t/2(DB + DC)∆x, yci is the function of known quantities, including Qi, qi

and yi. Fi and Ei are the functions of wave height, wave angle, and other known quantities.
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Substituting (4.2) into (4.3) results in three-diagonal linear equation system and it is
solved by the Thomas algorithm:

−FiQ
′
i−1 + AiQ

′
i − FiQ

′
i+1 = Gi, (4.4)

where Ai = 2Fi −
∆x

B′ and Gi =
∆x

B′

[
yi+1 − yi

∆x
Fi − Ei −

Fi

∆x
(yci − yci−1)

]
.

The initial condition is taken to be yi = y(xi,0) where y(xi,0) is the initial shoreline
position.

The most commonly used boundary condition at both lateral boundaries is ∂Q/∂x =
0[1]. For equation (2.1), if ∂Q/∂x = 0 at the boundaries and with negligible sources or
sinks, then ∂y/∂t = 0, indicating that y does not change with time. The above boundaries
should be located far away from a project to assure that the conditions in the vicinity of
the boundary are unaffected by changes that take place in the project.

The numerical stabilily of the calculation scheme is governed by stability parameter:

RS =
ε∆t

(∆x)2
. (4.5)

Kraus and Harikai showed that the numerical accuracy of the solution depends on the
value of RS . For the implicit sheme, the values of RS less than 0.26 are suggested [3].

5. SIMULATIONS

In order to investigate the agreement between the numerical and the analytic solutions,
the breaking wave height, Hb, the wave group velocity at breaking point, Cg, and the
breaking wave angle, αb, are held constant (Hb = 1.0 m, Cg = 4.0 m/s), in which the
breaking wave angle is taken a small value (αb= 5 degrees) to satisfy the assumption of
small angle in equation (3.1). In addition, in order to estimate the differences between
analytic and numerical solutions in case of larger breaking wave angle, the numerical model
was applied for two values of breaking wave angle (αb=15 and 30 degrees). In all cases,
the total calculation time was an year.

Relative errors (%) between numerical (RN
i ) and analytic (RA

i ) solutions at computed
point i are calculated as follow:

ERRi =

∣∣RN
i − RA

i

∣∣
RA

i

100, (5.1)

where Ri is the shoreline position at point i.
The other parameters were used for simulating here: the empirical coefficient, K=0.77,

the depth of closure, DC= 4 m, average berm height, DB= 1 m.

5.1 Rectangle-shaped beach fill

A beach fill (or a natural cape) shape is treated by approximating its shape with a
rectangle. The initially distance from the outer side of the rectangle to the local shoreline
is taken y = y0 (see Fig. 3). The analytic solution describing the shoreline positions is [4]

y(x,t) =
∞∑

n=1

an exp
[
−
(nπa

L

)2
t

]
sin

nπa

L
x, (5.2)
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an =
2
L

L2∫

L1

y0 sin
nπx

L
dx, n = 1, 2, 3, ...

where L is the beach length, L1, L2 are the positions of the initial beach fill on the x-axis.

The shoreline calculated by analytic solution (5.2) is shown as line 1 in Fig. 3. The
shorelines obtained by numerical method are shown as line 2, 3, and 4, corresponding to
breaking wave angles 5, 15, and 30 degrees, respectively. The line number 0 shows the
initial shoreline.

Fig. 3. Spreading of a rectangle-sharped
beach fill

Fig. 4. Delta evolution caused by discharging
sand from a river

The differences between the numerical and analytic solutions for the small breaking
wave angle are much smaller than those for the larger breaking wave angles, because the
assumption applied to obtain the equation (3.1) is violated.

The numerical results show that even if under actions of different breaking wave angles,
the beach fill is always spreaded symmetrically towards both sides of initial beach fill. This
can be interpreted by that the breaking wave angle as well as wave breaking height are
assumed to be independent of x, therefore the distribution of alongshore sand is controlled
by only shoreline configuration which has the symmetric shape with respect to the centre
of the rectangle.

The maximum relative errors caused by the angles of 5, 15, and 30 degrees are 5.2,
11.0, and 38.0 %, respectively (see Table 1). That means the too large breaking wave
angle will impair the analytic solution, overestimating the speed of the shoreline response.

5.2 River discharging sand

If a river mouth is small in comparison with the studied area, the sand discharge source
from the river may be approximated by a point source. Assumption that a constant sand
source q0 [m3

/
s] from the river is maintained at x = xs, the initial shoreline is a straight

line y = y0. According to Carlaw and Jaeger (1959), the analytic solution may be expressed
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as [2].

y(x, t) =
q0

DC + DB

[√
t

πε
exp

(
− (xs − x)2

4εt

)
− |x − xs|

2ε
erfc

(
|x − xs|
2
√

εt

)]
, (5.3)

fort > 0and −∞ < x < ∞,

where the symbol erfc denotes the error function which is defined as [2]

erfc (z) = 1− 2√
π

z∫

0

exp
(
−ξ2

)
dz.

In this example, q0 was set to 0.02 m3/s. The shorelines calculated by using the
analytic solution (5.3) and numerical solutions are shown in Fig. 4.

In case of a small breaking wave angle, the numerical solution produces an almost
identical shoreline (line 2) to the analytic (line 1). Sand from the river will be transported
away from the river mouth much faster when the breaking wave angle approaches a large
value, (line 4). The Fig. 4 shows that even if under actions of varying breaking wave
angles, sand is symmetrically distributed towards both sides of the river mouth. This is
explained as for the rectangle-shaped beach fill above. The details of wave parameters
in the surf zone as well as river flow are ignored, thus, the breaking wave angle are only
playing the role in as a diffusion coefficient.

The maximum relative errors caused by the angles of 5, 15, and 30 degrees are 0.7,
7.5, and 43.5%, respectively (see Table 1).

5.3 Groin interrupting sand transport

Initially, the beach is in equilibrium (parallel to the x-axis). At time t = 0 a thin groin
is instantaneously placed at x = 0, blocking all transport (Q = 0). Mathematically, by
the equation (2.4), this boundary condition can be formulated as [2]

∂y

∂x
= tanαb, x = 0. (5.4)

This equation states that the shoreline at the groin is instant parallel to the wave
crests. A groin interrupts the transport of sand alongshore, causing an accumulation on
the updrift side and erosion on the downdrift side. The analytic solution describing the
accumulation part on updrift side of the groin is [2]

y(x, t) = 2 tanαb

[√
εt

π
exp

(
−x2

/
4εt
)
− x

2
erfc

(
x

2
√

εt

)]
. (5.5)

In the numerical solution, the boundary condition at the groin which is totally blocking
the transport of sand alongshore, is taken to be Q = 0.

The shoreline positions calculated by analytic solution (5.5) and numerical solution
are shown in Fig. 5. The comparison between the analytic and numerical solutions is only
implemented on the updrift side, since the analytic solution on the downdrift side has not
been considered in this paper.
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In this example, the wave diffraction at the groin and sand bypassing over the groin
are not taken into account. However, the result obtained by numerical model shows a
qualitative agreement with reality that accretion appeared on updrift side whereas erosion
on downdrift side.

As expected, for the small angle, the numerical solution (line 2) gives an almost identi-
cal shoreline to the analytic (line 1). Like in the previous cases, a too large breaking wave
angle will impair the analytic solution, overestimating the speed of shoreline response on
updrift side. The figure 5 shows that the accumulation rate of sand on updrift side is
much faster when the breaking wave angle increases.

The maximum relative errors caused by the angles of 5, 15, and 30 degrees are 4.4,
7.2, and 16.0 %, respectively (see Table 1). The error corresponding to the angle of 30
degrees is rather small in compare with two examples above.

5.4 Sine-shaped beach

The initial shoreline shape is treated by approximating its shape with a rhythmic form
of a sine wave. The analytic solution to this case is found to be [4]

y(x,t) =
∞∑

n=1

an exp
[
−
(nπa

L

)2
t

]
sin

nπx

L
, (5.6)

an =
2
L

L∫

0

A sinωx sin
nπx

L
dx, n = 1, 2, 3, ...,

where A is an initial amplitude of the beach wave, ω is an angle frequency of the beach
wave.

Fig. 5. Shoreline evolution at a groin Fig. 6. Evolution of an initial sine-sharped
shoreline

The shorelines calculated by the analytic solution (5.6) and numerical solution are
shown in Fig. 6. Like in three previous examples, a small angle will gives a good agreement
of the numerical with the analytic solution.

Under wave actions, the initial amplitude of the beach wave is attenuated with time
but maintained its rhythmic character.
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The maximum relative errors caused by the angles of 5, 15, and 30 degrees are 1.5,
11.4, and 44.9%, respectively (see Table 1).

The analytic solution (5.6) shows that when the time approaches to a great value, the
amplitude of the beach wave will be reduced to zero, that means the beach wave becomes a
straight line, and then the stable shoreline situation is established. Thus, under the action
of waves having the constant parameters, the stable shoreline shape will be a straight line.
This is reflected in Fig. 7.

Fig. 7. Attenuation of an initial sin-sharped shoreline to straight shoreline

Table 1. Maximum relative error (%) between numerical and analytic solutions for different
breaking wave angles

Cases
Wave breaking angles, αb (degrees)
αb = 5 αb = 15 αb = 30

Rectangle-shaped beach fill 5.2 11.0 38.0
River discharging sand 0.7 7.5 43.5
Groin interupting sand transport 4.4 7.2 16.0
Sine-shaped beach 1.5 11.4 44.9

6. CONCLUSION

The comparison between the analytic and numerical solutions for four different shore-
line configurations under idealized wave condition are presented. The obtained results
show that the agreement of the analytic with the numerical solution is only well if the
breaking wave angle is small (kept within 15 degrees with maximum relative error of about
10%).

If the details of wave parameters near the structure as well as effects of river flow (in
the case of river discharging sand) are ignored and the parameters of breaking waves are
assumed to be independent of x and t, the shoreline will have the symmetric shape with
respect to the centre of the shoreline/structure configuration.
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If the breaking wave angle is too large, the analytic solutions will give an overestimation
of the speed of shoreline response (except the case of river discharging sand). In the case
of river discharging sand, the analytic solution will give an underestimation of the speed
of shoreline response
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MÔ. T SÓ̂ KẾT QUA’ SO SÁNH GIŨ.A NGHIÊ. M GIA’ I TÍCH VÀ NGHIÊ. M

SÓ̂ VÈ̂ SU.
. BIẾN DÔ’I DU.Ò.NG BÒ. DU.

.A TRÊN MÔ HÌNH MÔ. T DU.Ò.NG

Viê.c hiê’u biết nhũ.ng dă.c t́ınh co. ba’n cu’a các hiê.n tu.o..ng vâ. t lý phú.c ta.p thu.̀o.ng nhâ.n
du.o..c nhò. vào viê.c nghiên cú.u các nghiê.m gia’i t́ıch du.o..c dẫn ra tù. các bài toán dã du.o..c
do.n gia’n hoá. Nhũ.ng nghiê.m gia’i t́ıch cu’a mô h̀ınh biến dô’i du.̀o.ng bò. dối vó.i các da.ng
du.̀o.ng bò. do.n gia’n du.o..c dã̂n ra du.́o.i gia’ thiết các diè̂u kiê.n sóng du.o..c lý tu.o.’ ng hoá. Ca’
nghiê.m gia’i t́ıch và mô h̀ınh số vè̂ su.. biến dô’i du.̀o.ng bò. dè̂u du..a trên lý thuyết mô.t du.̀o.ng
(one-line). Bài báo tr̀ınh bày mô.t số kết qua’ so sánh giũ.a nghiê.m gia’i t́ıch và nghiê.m số.


