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Abstract. The maio purpose of this paper is to derive expheit homogenized equations of
the linear pi lectricity m t i ional domains separated by a very rough interface
of comb-type. In order to do that, first, the basic equations of the theory of piezoelectric-
ity are written down in matrix form. Then, following the techniques presented recently
by these authors, the explicit homogenized equation in matrix form and the sssociate
continuity condition, for generally anisotropic piezoelectne matenals, are derived They
are then written down in component form for a special case when the solids are made of
tetragonal crystals of class 12m. Since the obtained equations are totally explicit, they
are significant 1n use.
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1. INTRODUCTION

Boundary-value problems in domains with rough boundaries or interfaces appear
in many fields of natural sciences and technology such as: scattering of waves on rough
boundaries [1, 4], transmission and reflection of waves on rough interfaces [5)-8], mechan-
ical problems concerning the plates with densely spaced stiffeners |9], flows over rough
walls [10], vibrations of strongly inhomogeneous elastic bodies [11], propagations of sur-
face waves in half-spaces with cracked surfaces [12]-|13|, nearly circular holes and inclusions
in plane elasticity and thermoelasticity (14]-(15], and s0 on. When the amplitude (hcight)
of the roughness is much small in comparison with its period, the problems are usually.an-
alyzed by perturbation methods [16). When the amplitude is much larger than its pcrmd,
1. the boundaries and interfaces are very rough, the homogenization method is rcqulred,
see for instance: (17]-{19]. The mentioned above boundary-value problems are originated
from various physical theories. .

For the elasticity theory, Nevard and Keller [20] examined the homogenization of
a very rough three-dimensional interface that oscillates between two parallel planes and
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separates two linear anisotropic solids. By applying the homogenization method, the au-
thors have derived the homogenized equations, but these equations are still implicit. They
are therefore not convenient in use. In some recent papers [21, 22, 23], the explicit ho-
mogenized equations of the linear elasticity in two-dimensional domains with interfaces
rapidly oscillating between two parallel straight lines and between two concentric circles
have been obtained.

Because piezoelectric materials exhibit electromechanical coupling phenomenon,
they have been widely used in various fields of the modern engineering, such as the field of
electroacoustics, transducers and control of structure vibration, etc (see [24]). The consid-
eration the boundary-value problems of the piezoelectricity theory in domains with very
rough boundaries or interfaces is therefore significant and of great theoretical and practical
as well interest.

The main aim of this paper is to find explicit homogenized equations of the lin-
ear theory of piezoelectricity in two-dimensional domains including a very rough interface
which is assumed to be of the comb-type (see Fig. 1). Note that inter{aces and boundaries

Fig. 1. Two-dimensional domains 2 and Q~ are separated by a very rough
interface L of comb-type (0 < a+b << A).

of the comb-type have been the subject of many investigations of wave scattering and
wave reflection/transmission. see, for examples, studies [25, 26, 27] and references therein.
To derive the explicit homogenized equation, first, the basic equations of the linear theory
of piezoelectricity are written down in matrix form. Then, following the techniques pre-
sented recently by these authors [21, 22, 23], the homogenized equation and the associate
continuity condition in explicit form, for generally anisotropic piezoelectric materials, are
derived. They are written down in component (orm_‘ as an example, for a special case when
the solids are made of tetragonal crystals of class 42m.
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2. BASIC EQUATIONS

Consider a linear piezoelectric body occupied two-dimensional domains Q* and Q-
of the plane z)z3 whose interface is the curve L of comb-type as illustrated in Fig. 1. We
consider the generalized plane strain (see {28)) for which the displacement components
uy. ug. u3 and the electric potential ¢ are of the form

up = w21, 23, t),  wp =u(x,73,t), uz=uszy.za,t). b=o(zi2a.t) (1)
The strain €, and the components of the electric field vector E, are expressed as [29; 30. 31]

&
o, @

ey = g(;’_?g_g)

The stress oy, and the components of the electric displacement vector D, are related to

the strains £,; and the components E, of the electric field vector by the following relations
29, 31 32|

015 = Cykex — ey En. D, = emier + caEy (3)

where commas indicate differentiation with respect to z,, ¢,k €ijx and €, are respectively
the elastic (measured in a constant electric field), piezoelectric (measured at a constant
strain or electric field) and the dielectric(measured at a constant strain) moduli which
have the following classical properties of symmetry

Cyokt = Cijkl = Ckliy Chiy = Ekpi- €y = En (4)
and they are defined as

P Cukd+- €gks- €4 fOr (z1.23) € Qe (5)

Cijki. €uk- €y = :

ikl Cuks Sy €y ks - fOr (71.73) € Q-

Ciyki+ €pk+ Ep+s Crpkl—+ Cigk—- €iy— are constant. ) ) ) )
Using the Voigt contracted notations, the relations (3) are written in matrix form

as (see [29])

o1 a1 cz €13 €y Qs e € en e e
022 c1a Cp2 €23 Co4 C25 C26 €12 €22 €33 £22
o33 cy3 Co3 €33 €3 €35 C3p €13 € €I €33
023 Cl4 Cay C3a Cas €45 Ca6 €14 € €M 2e23
o3| = |cis 5 €35 Cas Css Cs6 €1 €25 €35 2e3 (6)
12 cie €26 Cas Ca6 C36 Cé6 €16 €26 €36 2612
Dy e €2 €3 €4 €15 €16 —&n A2 —€13 P
2 en e €3 ex e €% —fn2 ~ ~as| |02

D en ex €33 exy exs €3 —a3z —ea —€a] (93
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Equations of motion and Gauss’s law are {29, 31|

o +oia+ fi =piy
0121 + 0233 + f2 = piia
a3 + 0333 + fa = pil
Dip+D33-q=0

for (z).23) ¢ L. where p is the mass density (taking different constants p*, p~ in 2+ and

O, respectively), f1, f2 and f; are the components of body forces, g is the electric charge

density, a dot indicates differentiation with respect to the time ¢. In addition to Eqgs. (7)

is required the continuity condition on the interface L, namely

M

lugly =0 (k=1.2,3),|¢lL =0, [Snlr =0 (k=1,2,3), | Da|o =0 (8)
where |w]y, = wy —w_, and
Lok = orim + oxang (k =1,2,3). Dy = Dyny + Dsna 9)

ny. are the components of the unit normal to the curve L.

3. EXPLICIT HOMOGENIZED EQUATION IN MATRIX FORM

Using (6) in (7) and taking into account (1) and (2) yield a system of equations for
the displacement components and the electric potential whose matrix form is

(Amv ), +F = pli (10)
where u = [ur. 2. uz, ¢|7, F = |f1. f2, f3, —q|T and
il €16 Q15 €n €15 €14 €13 €31
C16 Ce6 C36 €16 [2 C. C; 2
Ay = 5 . A= |88 Ca6 Cs e
Q15 €56 €35 €15 Cs5 €45 Cas €33
€11 &6 €15 —€n €15 €la €13 —€3
€15 €56 €55 €15 Cs5 C45 €35 €35
Cl4 Ci C e Ci5 Cqq € e
Ay = |4 G6 Cas e, (G5 Cu Can ey ()
€13 € Caz €13 €15 €34 €33 €33
€31 €3 €1 —€3 €35 €34 €33 —e€3g
1 000
10100
0010
0000
here. symbol "T" indicates the transpose of a matrix. In addition to Eq. (10) is required

the continuity condition on L. namely
[u], =0 (12)
(Anu, + Ajzus)ng + (Aziug + Ajgzu ) na]L =0 (13)

which originate from (8).
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Fotlowing Bensoussan et al. |18), Bakhvalov & Panasenko (19), Kohler et al. [17] we
suppose that u(zy. z3, ¢, €)=U(z), y, z3. t.£), and we express U as follows (see 121, 22, 23|)

U=V+e(N'V+N'V + NPV )+ 2NV + N2V, + NPV,
’ 14
+ NV NPV 54 N2V g) 4+ O(e?) )

where V=V{(z).z3.t) (being independent of y), N', NU N N2 N2 N23 N2I1 N23
N?33 are 4x4-matrix functions of y and z3 (not depending on zy, t). and they are y-
periodic with the period 1. The matrix functions N', ..., N?3 are determined so that
equation (10) and boundary conditions (12) and (13) are satisfied.

Our main purpose is to find the explicit homogenized equation of the value-boundary
problem (10), (12) and (13), i. e. the equation for the leading term V = [17. 1%, 1% &)
in the asymptotic expansion (14), and the associate continuity conditions. Following the
same procedure as was carried out in [21, 22, 23], the explicit homogenized cquatton of
the problem (10), (12) and (13) in matnx form is

(Ath V), +F* = pTIV. 1350
ATV + (AT (AT AR +(A31A1'1')(AI|')_']V.13
+[(As) + (AnATHAT) AT A1) — (AnAT A1) V. (15)

F(Fy = (p)IV. —A<13<0
(A_hkv_k)‘h +F =pIV. 53< —A

and the continuity conditions on the straight lines z3 = 0 and 73 = —A have the form

(AnARHAT) 'V + ((Am +AnATY AT AT A

(16)
- (AMA)_I)AN))VJ} =0, [V]z- =0
L
where L* is lines: 23 = 0.73 = - A.
Here, matrices Ay are given by (11), and
I
(g) = —(ag- +bgs) an

a+b

where g, and g_ are the values of g in Q% and Q7, respectively (sce Fig. 1)7.).\'?(' (chL
duc to the positive definiteness of the strain energy. detAq # 0, the matrix Ay therelore
exists.
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Equations of motion and Gauss's Jaw are [29, 31]
o +osa+ fi = pin
o121 + 0233 + f2 = piiy
131 + 0333 + f3 = piia
Dy1+D33-g=0

W]

for (z1.z3) ¢ L, where p is the mass deosity (taking different constants p*, p~ in O+ and
Q- respectively), f1, f2 and f3 are the components of body forces, g is the electric charge
density, a dot indicates differentiation with respect to the time ¢. In addition to Eqs. (7)
is required the continuity condition on the interface L, namely

[l =0(k=1.2.3).(¢)L =0. [SarJr = 0 (k =1,2,3), [Dn]L =0 (8)
where [w]| = w; —w-, and
Enk = onm +ouang (k= 1,2,3). Dp = Dimy + Dang (9)

ny are the components of the unit normal to the curve L.

3. EXPLICIT HOMOGENIZED EQUATION IN MATRIX FORM

Using (6) in (7) and taking into account (1) and (2) yield a system of equations for
the displacement components and the electric potential whose matrix form is

(Apxug) ), +F = plid (10)
where u = [u). up. u3.8|7, F = /1. f2- f3.=q]T and
&y G 15 €n €15 Cla Q3 €3
€16 Ce6 C €y C [# C: €,
Ay = 56 6 Ay = |56 C46 6 €3
€15 €56 €55 €15 €53 Cas C35 €35
en € €15 —e€q €15 €14 €13 —€13
€15 €3 Cs5 €15 Cs5 €35 €35 €35
cla G € e Ci5 €44 € e
Agp = 45 €| 4 |G15 Caa o e (1)
€13 Ci €35 €13 €35 Cyq €33 €33
€31 €36 €35 —€3 €15 €34 €33 —€33
1000
0100
“j00 10
0000O0
here. symbol "T™ indicates the transpose of a matrix. In addition to Eq. (10) is required
the continuity condition on L, namely
JulL =0 (12)
(Auuy + Agug)m + (Agu, + Asxu.a)ns] L= 0 (13)

which originate from (8).
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Following Bensoussan et al. [18], Bakhvalov & Panasenko [19], Kohler et al. [17] we
suppose that u(zy, z3, ¢, €)=U(z), y, 23. L, €), and we express U as follows (see [21, 22. 23])

U=V +e(N'V NV, + NPV + 2(N?V 4+ NV | + N8BV,
' ' 14
+ N2“V.11 + NQ‘IJVJS + NQJSV‘GB) + 0(63) ( )

where V=V(z\,3,t) (being independent of y), N!. N, N3 N2, N2 N2 N2 N213,
N33 gre 4x4-matrix functions of y and z3 (not depending ou zi. t). and they are y-
periodic with the period 1. The matrix functions N, ..., N3 are determined so that
equation (10) and boundary conditions (12) and (13) are satisfied.

Our main purpose is to find the explicit homogenized equation of the value-boundary
problem (10), (12) and (13), i. e. the equation for the leading term V = [Vi. Va. V. $]7
in the asymptotic expansion (14), and the associate continuity conditions. Following the
same procedure as was carried out in (21, 22, 23], the explicit homogenized equation of
the problem (10), (12) and (13) in matrix form is

(A*h Vi), +F* = ptIV. 23>0
(ATH Vo + (A,"ll)‘l(Al',‘Am)+(A31A,’l')(A"l‘)‘1]v.”
+[(A33) + (ARAT AT AT Arg) - (AglAfl‘Alg)]Vm (15)
+{F) = (B)IV. —A<z3<0

(A"mVa), +F-=p IV, 233 < -4

and the continuity conditions on the straight lines z3 = 0 and z3 = — A have the form

(An AR YAV + ((Asa) FARAT AL AT A)

(18)
- (AT AW Vol =0 VI =0
L
where L is lines: z3 = 0,23 = — A.
Here. matrices Ay are given by (11), and
1
(9) = (ag- +b9+) (17)

a+b

where g, and g are the values of g in Q* and O~ respectively (see Fi.g 1)_.1.\‘ow '.rhan
due to the positive definiteness of the strain energy. detAn # 0, the matrix AJy therefore
exists.
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4. EXPLICIT HOMOGENIZED EQUATIONS IN COMPO]_\IENT
FORM FOR TETRAGONAL CRYSTALS OF CLASS 42m
Consider tetragonal crystals of class 32m (see |29]), for which the matrices Anx are
of the form
en 0 0. O 0 0 ci3
_ |0 c O 3} _ 10 0 0 e
An = 0 0 ¢s 0| A = css 0 0 0
0 0 0 -—en 0 eq 0 O
0 0 ¢s5 O czs 0 O 0
_ 0 0 eun _ |0 5 O 0
Au=lc. 0 0 o| A®T|o 0 e o0 (18
0 e 0 O 0 0 0 -—e

From (6) one can see that
013 = ess(u13 + u3,), 023 = €149 + Cs5u23
033 = 13y + caauza, Da = ezsuz) — exzda (19)

Substituting (18) into (15), (16) and after some manipulations, we obtain the explicit
homogenized equations in component form and the associate continuity conditions, namely

- For z3 >0
e+ Vi +esse Viaa + (13 + csse)Vana + frse = pt¥4

ce+ Vo + 55+ Vo3 + (eras + €361) 813 + for = p* V2 (20)
css+Van + ez Vaaa + (s + 65 )Via + far = ptVa
(e1a+ +e3e+)Va1a— e @ — €334 Paz~qr =0
-For—-A<z3<0

(i) Wan + [{ei) ™+ enaei i) Vasa + () Vama + () = (VA

(e5d)™ Vanr + [(esscad o) ™ + (ereer)erd) ™| Baa + [fess) + teuer)

- (51461_11)2(61"11)7‘] Vaga+ (fa) = (Vs

(21)

{e5) "V + [(c;;)" + (cmc,‘ll)(c,‘ll)'l] Wiz + [(clgcl‘,')z(cl‘ll) 1
= (e cha) + ean)| Vaaa + (o) = o)V
— () e+ [<514‘1_11)(€1_11)_1 + (93655_51)(%_61)_1]‘/2,13

+ [(eaneid ) (ead) ™ = (ehoci) = lean)] @0 = ) =0
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-Forzz < —A
en-Vin+ess-Vigs + (a- +ess- )Wana + fi- = p~ 4
cos-Va,11 + cs5-Vo33 + (e1a- + €36-)B 13 + fou = p~ V)
css-Va + ca3-Vaas + (13- + ess- )Wipa + fa- = p~ V4 )
(e1s— + e36-)Vo13 = €11-® 1y — €338 33~ g- =0
and
V1. Va. Vs, 8,0, 095 0%, D are continuous on lines z3=0.23=-A (23)

where a?,, DY are the coefficients of €° (i. e. they are leading terms) in their asymptotic
expansions, and they are given by

0% = (i)Y (Vo + Vi)
0% = () e erna), + <<c55> +{en'el) - <e;,1>-'<erseu>’)v2.s

N e . (21)
o% = (et e i) ‘vl.l+<(c33>+<c.ﬁ> ‘<c1,‘m>2—<c,l‘cf3>)va.3

D3 = (cgq) ™ (cag eas)Va + ((‘6_51)_)(55_51536)2 — (e ede) - (m)) L

It is readily to see that, when the materials of 2 and Q™ are the same, equations (20),
(21) and (22) coincide with each other, and 24 and D become, respectively, ok and Dy
given by (19). Also note that, for this case V; and Vj are decoupled from V; and ¢.

5. CONCLUSIONS

In this paper, we consider the homogenization of a two-dimensional very rough inter-
face of comb-type which separates two piezoelectric solids. Following the same procedure
as was carried out in [21, 22, 23], the explicit homogenized equation and associate conti-
nuity conditions are derived. They are written down in component form for a special case
when the solids are made of tetragonal crystals of class 12m. Since obtained homogenized
equations are totally explicit, they are very useful in use.

ACKNOWLEDGMENTS

The work was supported by the Vietnam National Foundation for Science and Tech-
nology Development (NAFOSTED).

REFERENCES

[1] Zaki K. A., and Neureuther A. R, Scattering From a Perfectly Con- ducting Surface With
a Sinusoidal Height Profile: TE Polarization, [EEE Trans. Antennas Propag., 19, (1971),
208-214.

[2] Waterman P. C., Scattering by Periodic Surfaces, J. Acoust. Soc. Am., 57, ‘(1973). 791-802

[3] Belyacv A G., Mikheev A. G., and Shamaev A. S. Plane Wave Diffraction by a Rapidly
Oscillating Surface, Comput. Math. Math. Phys., 32, (1982) 1121-1133.





