
Vietnam Journal of Mechanics, VAST, Vol.35, No.l (2013), pp. 9 3 -

EXPLICIT HOMOGENIZED EQUATIONS OF 
THE PIEZOELECTRICITY THEORY IN A 

TWO-DIMENSIONAL DOMAIN WITH A VERY 
ROUGH INTERFACE OF COMB-TYPE 

Pham Chi Vinh^ Do Xuan Tung^^ 
^ Hanoi University of Science, VNU, Vietnam 

Hanoi Architectural University, Vietnam 

Abstract . The main purpose of this paper is to derive explicit homogenized equations of 
the linear piezoelectricity in two-dimensional domains separated by a very rough interface 
of comb-type. In order to do that, first, the basic equations of the theory of piezoelectric­
ity are written down in matrix form. Then, followmg the techniques presented recently 
by these authors, the explicit homogenized equation in matrix form and the associate 
continuity condition, for generally anisotropic piezoelectric materials, are derived They 
are then written down in component form for a special case when the soUds are made of 
tetragonal crystals of class 42m. Smce the obtained equations are totally explicit, they 
are significant m use. 
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1. INTRODUCTION 

Boundary-value problems in domains with rough boundaries or interfaces appear 
in many fields of natural sciences and technology such as: scattering of waves on rough 
boundaries [1,4], transmission and reflection of waves on rough interfaces [5]-[8], mechan­
ical problems concerning the plates with densely spaced stiffeners [9], flows over rough 
walls [10], vibrations of strongly inhomogeneous elastic bodies [11], propagations of sur­
face waves in half-spaces with cracked surfaces [12]-[13], nearly circular holes and inclusions 
in plane elasticity and thermoelasticity [14]-[15], and so on. When the amplitude (height) 
of the roughness is much small in comparison with its period, the problems are usually an­
alyzed by perturbation methods [16]. When the amplitude is much larger than its period, 
I.e. the boundaries and interfaces are very rough, the homogenization method is required, 
see for instance: [17]-[19l. The mentioned above boundary-value problems are originated 
from various physical theories. 

For the elasticity theory, Nevard and Keller [20] examined the homogenization of 
a very rough three-dimensional interface that oscillates between two parallel planes and 
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separates two linear anisotropic solids. By applying the homogenization method, the au­
thors have derived the homogenized equations, but these equations are still implicit. They 
are therefore not convenient in use. in. some recent papers [21, 22, 23], the explicit ho­
mogenized equations of the linear elasticity in two-dimensional domains with interfaces 
rapidly oscillating between two parallel straight lines and between two concentric circles 
have been obtained. 

Because piezoelectric materials exhibit electromechanical coupling phenomenon, 
they have been widely used in various fields of the modern engineering, such as the field of 
electroacoustics, transducers and control of structure vibration, etc (see [24]). The consid­
eration the boundary-value problems of the piezoelectricity theory in domains with very 
rough boundaries or interfaces is therefore significant and of great theoretical and practical 
as well interest. 

The main aim of this paper is to find explicit homogenized equations of the lin­
ear theory of piezoelectricity in two-dimensional domains including a very rough interface 
which is assumed to be ofthe comb-type (see Fig. 1). Note that interfaces and boundaries 

Fig. 1. Two-dimensional domains 0+ and Cl are separated by a very rough 
interface L of comb-type (0 < a -|- 6 « A). 

of the comb-type have been the subject of many investigations of wave scattering and 
wave reflection/transmission, see, for examples, studies [25, 26, 27] and references therein. 
To derive the explicit homogenized equation, first, the basic equations of the linear theory 
of piezoelectricity are written down in matrix form. Then, following the techniques pre­
sented recently by these authors [21, 22, 23], the homogenized equation and the associate 
continuity condition in explicit form, for generally anisotropic piezoelectric materials are 
derived. They are written down in component form, as an example, for a special case when 
the solids are made of tetragonal crystals of class 42m. 
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2. BASIC EQUATIONS 

Consider a linear piezoelectric body occupied two-dimensional domains 0+ and n~ 
of the plane xix^ whose interface is the curve L of comb-type as illustrated in Fig. 1. We 
consider the generalized plane strain (see [28]) for which the displacement components 
UI.U2-U2 and the electric potential (/> are ofthe form 

Ul =Ui(xi,Xi,t), U2 =U2(xi,X%,t), Uz = Uz(x\,X-i,t). (j) ̂  d)(xi, X3, t) (1) 

The strain e,j and the components of the electric field vector E, are expressed as [29, 30. 31] 

1 /dut 

• 2 \dxj dx. (2) 

The stress o"ij and the components of the electric displacement vector D, are related to 
the strains etj and the components Ei of the electric field vector by the following relations 
[29, 31 32] 

<7y ^ c,jkiEict - eujEi. Dl = e,fc/£fc( + uiEi (3) 

where commas indicate differentiation with respect to x,, Ci^ku fitjfc and c,j are respectively 
the elastic (measured in a constant electric field), piezoelectric (measured at a constant 
strain or electric field) and the dielectric(measured at a constant strain) moduli which 
have the following classical properties of symmetry 

Cjiki = Cijki = Ckiij, Ckij = efcj . , (4) 

and they are defined as 

fc„tl+. e„k+. £,]+ for (11.X3) € n+ ,-, 
"'''•^"''•'"^\c.,..e,„..e„.!or{.,.x,)eU. 

<:.,u+. e,,t+, E.j+,c,jt,_, e,jt-. t.,- are constant. 
Using the Voigt contracted notations, the relations (3) are written in matnx lorm 

as (see |29]) 

Cu C12 ci3 Cu ci5 C16 en 
C12 C22 C23 C24 C25 C26 Cl2 

• J l l 

^•22 

O'sa 
0'23 

0"13 

£712 

Dl 
D2 
D2 

= 

Cl3 C23 C33 C34 C35 C36 ^13 

Cl4 C24 C34 C44 C45 C46 ^14 

Cl5 C25 C35 C45 C55 C56 ei5 

CI6 C26 C36 C46 C56 C66 ^16 

eii ei2 ei3 ei4 eis eie - e n 

621 ^22 623 ^24 ^25 ^26 

631 £32 633 634 635 636 

-ei2 

-ei3 

631 

C33 

633 

634 

635 

636 

- £ 1 3 

- 6 2 3 

- £ 3 3 

6 1 ! 

£22 

633 

2623 

2631 

2EI2 

* , 1 

02 

0 , 3 

(6) 
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(7) 

Equations of motion and Gauss's law are (29, 31] 

O"!!,! + ''•13,3 + / l = P^l 

0"12,1 + '^23,3 + / 2 = PU2 

f^l3,l + ('•33,3 + / 3 = P^3 

-Di , i - l - I>3,3-9^0 
for (xi. X3) ^ L, where p is the mass density (taking different constants p+, p~ in il+ and 
fi", respectively), / i , /2 and /s are the components of body forces, q is the electric charge 
density, a dot indicates differentiation with respect to the time t. In addition to Eqs. (7) 
is required the continuity condition on the interface L, namely 

M l = 0 ( * : = l,2,3),|,^]t = 0, [S„fc]i = 0(*: = l ,2 ,3) , [D„]L = 0 (8) 

where \W]L — w+ — w^, and 

S„fc = (^kini + £7̂ 3713 {k = 1,2, 3), £>„ = Dim + D^n^ (9) 

Uk are the components of the unit normed to the curve L. 

3. EXPLICIT HOMOGENIZED EQUATION IN MATRIX FORM 

Using (6) in (7) and taking into account (1) and (2) yield a system of equations for 
the displacement components and the electric potential whose matrix form is 

where u — [ui.U2.U2.t 

(Ahfcu,fc)^^-|-F - p l i i 

^ F ^ [ / i , / 2 , / 3 , - g r a n d 

(10) 

Cll Ci6 Ci5 e i i 

Cl6 C66 C56 
CIS C56 C55 
_eil 616 615 

615 C56 C55 

Cu C46 C45 

Cl3 636 C35 

631 636 635 

Cl5 

C56 

C55 

_6l5 

C55 

C45 

C35 

635 

Ci4 

C46 

645 

614 

645 

644 

C34 

634 

613 

636 

C35 

613 

635 

C34 

C33 

633 

631 

636 

635 

-Cl3 

635 

634 

633 

-633 

(11) 

1 
0 
0 
0 

0 
1 
0 
0 

0 
0 
1 
0 

0" 
0 
0 
0 

here, symbol "T" indicates the transpose of a matrix. In addition to Eq. (10) is required 
the continuity condition on L, namely 

[uli = 0 

1 (Aiiu.l + Ai3U,3) Hi + (A3iu,i + Asju.s) ns I = 0 

which originate from (8). 

(12) 

(13) 
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Following Bensoussan et al. |18], Balthvalov & Panasenko |19], Kohler et al. |17| we 
suppose that u(xi.a:3,t, c)^U(3:i,y, 13. t,e), and we express U as follows (see (21, 22. 23)) 

U = V + 6(N 'V + N " V,i + N"V,3) + Ê  (N^V + N^'V,, + N ' ' V , 3 

+ N^ '»V,n+N='"V, i3 + N™V.33)+0(6=) ' ' ' " ' 

where V=V(i i . . i3 . t) (being independent oiy), N ' , N " , N " , N ^ N^' , N^s, N ^ " . N ^ " . 
N^^^ are 4x4-matrix functions of y and X3 (not depending on x,, t), and they are y-
periodic with the period 1. The matrix functions N \ ..., N^^^ are determined so that 
equation (10) and boundary conditions (12) and (13) are satisfied. 

Our main purpose is to find the explicit homogenized equation of the value-boundary 
problem (10), (12) and (13), i. e. the equation for the leading term V = [\\. 12.1'-j $]'^ 
in the asymptotic expansion (14), and the associate continuity conditions. Followmg the 
same procedure as was carried out in [21, 22, 23j, the explicit homogenized equation of 
the problem (10), (12) and (13) in matrix form is 

( A + f t t V , t ) „ + F + = p + I V . 13 > 0 

(Ar , ' ) - lV, i , + [(Ar/)-'{A,-,'Ai3) + (A3iAn>){A„')- ']v.i3 

+ [(A33) + {A3iA,-/)(Ari')-'(Ar,'Ai3) - (A3,Ar,'A,3)]v,.i3 (15) 

+(F) = (p)IV, - ^ < X3 < 0 

( A - k t V , t ) „ - l - F - = p - I V . 13 < - . 4 

and the continuity conditions on the straight lines 13 = 0 and X3 = - / I have the form 

(A3iA,7)(Ar, ' ) - 'V,i + ({A33) + (A3,Ar,')(Ari')-'(A,-,'A,3) 

• ( A l A r , ' A , 3 ) ) v , 

(16) 

= 0. [Vii-

where L' is fines: X3 = 0.13 = -A. 
Here, matrices Ahk are given by (11), and 

(S) = ^ ( a s - + l ' 9 + ) " ^ ' 

where 9+ and g- are the values of g in !!+ and fl", respectively (see Fig. Ij.^Note that 
due to the positive defmiteness ofthe strain energy, detAn ^ 0, the matrix A „ therefore 
exists. 
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P) 

Equations of motion and Gauss's law are [29, 31] 

<7ll,l + '^13,3 + / l = pi l l 

0"12,1 + 1̂ 23,3 + /2 = P^2 

"•13,1 + ''•33,3 + fs = PU3 

Di,i -I- /)3,3 - 9 = 0 

for (xi.xs) ^ L, where p is the mass density (taking different constants /?"•", p~ in Cf^ and 
Q~. respectively), / i , /2 and /3 are the components of body forces, q is the electric charge 
density, a dot indicates differentiation with respect to the time t. In addition to Eqs. (7) 
is required the continuity condition on the interface L, namely 

K l L = 0 ( f c = 1 . 2 . 3 ) . [ ^ | i = 0. [ S „ ; i ] L - 0 ( f c - l , 2 , 3 ) , [D^]L = 0 (8) 

where [I/J]L — W-^. — w~, and 

S„fc = akini -K ^^3^3 (k = 1,2,3). D„ = D m i + D^ns (9) 

Ti;i are the components of the unit normal to the curve L. 

3. E X P L I C I T H O M O G E N I Z E D E Q U A T I O N IN M A T R I X F O R M 

Using (6) in (7) and taking into account (1) and (2) yield a system of equations for 
the displacement components and the electric potential whose matrix form is 

(Ahknk)^h + F=plii (10) 

where u = [tti,U2.U3,<;6j^, F = [/1./2./3.-g]'^ and 

A31 

Cu 
616 

615 

611 

Cl5 

Cl4 

Cl3 

631 

CI6 

666 

656 

616 

C56 

C46 

C36 

636 

615 

656 

655 

ei5 

C55 

C45 

635 

635 

en 
616 

615 

-£ll_ 

615 

614 

ei3 

-£13. 

1 = 

1 

0 
0 
0 

Cl5 C14 Ci3 

656 646 636 

C55 645 C35 

615 614 ei3 -ei3 

A33 = 

655 

645 

635 

635 

645 

644 

C34 

634 

C35 

C34 

C33 

633 

635 

634 

633 

-633 

(11) 

0 
1 
0 
0 

0 
0 
1 
0 

0" 
0 
0 
0 

here, symbol "T" indicates the transpose of a matrix. In addition to Eq. (10) is required 
the continuity condition on L, namely 

[uli = 0 (12) 

1 (Aiiu,i + Ai3U,3) ni + (Asiu.i + A33U,3) n31 = 0 (13) 

which originate from (8). 
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Followmg Bensoussan et al. [18], Bakhvalov & Panasenko [19], Kohler et al. [17] we 
suppose that u(xi , X3, t, €)=\J(xi, y, 3:3, t, e), and we express U as follows (see [21, 22. 23]) 

U - V -F £(N^V + N^^V 1 + N^^V,3) + £2(N^V + N^^V 1 + N=^V,3 

+ N^^^V,!! + N^'^V,i3 + N=3V,33) + 0(e'] ' ' ^̂ "̂ ^ 

where V-V(3:i,X3,f) (being independent of y), N \ N^^ N^^ ]sj2̂  N^^ N^^. N^^^ N^i^. 
N '̂̂ ^ are 4x4-matrix functions of y and X3 (not depending on Xi. t). and they are y-
periodic with the period 1. The matrix functions N ^ ..., N^^^ are determined so that 
equation (10) and boundary conditions (12) and (13) are satisfied. 

Our main purpose is to find the explicit homogenized equation of the value-boundary 
problem (10), (12) and (13), i. e. the equation for the leading term V - [Vi.y2. ^3 .*]^ 
in the asymptotic expansion (14), and the associate continuity conditions. Following the 
same procedure as was carried out in [21, 22, 23], the explicit homogenized equation of 
the problem (10), (12) and (13) in matrix form is 

(A+htV,t),ft + F+ = p+IV. X3 > 0 

(Ari ')->V,„ + [(An'>-'(Ari'Ai3) + {A3iAr,l>(Ar,'>-i] V,i3 

+ [(A33) + (A3iAr, ')(A,7)- '(Ari 'Ai3) - (A3iA,-,lA,3)]v,33 (15) 

+ (F) = (p)IV, - ^ < X3 < 0 

(A-MV,t) , , + F - = p - I V . X 3 < - A 

and the continuity conditions on the straight lines 13 = 0 and X3 = -A have the form 

(A3iAr/)(A,-, ' )- 'V,, + ((A33) + (A3iAr,')(An')-i(Ar,"Ai3) 

-(AsiAfi 'Aij) V,3 

(16) 

= 0, |V]i . = 0 

where L* is lines: X3 = 0,X3 = -A. 
Here, matrices Ahk are given by (11), and 

where g+ and g- are the values of g in n+ and fi", respectively (see Fig. 1). Note that 
due to the positive defmiteness of the strain energy. de tA„ # 0, the matrix A „ therefore 
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4. EXPLICIT HOMOGENIZED EQUATIONS IN C O M P O N E N T 
FORM FOR TETRAGONAL CRYSTALS OF CLASS 42m 

Consider tetragonal crystals of class 42m (see [29]), for which the matrices Ahk are 
of the form 

A u ^ 

A31 = 

Cu 
0 
0 
0 

• 0 

0 

Cl3 
0 

0 

C66 
0 

0 

0 
0 

0 

636 

0 
0 

655 
0 

655 
0 

0 

0 

0 
0 

0 

-611, 

0 • 

614 
0 

0 

, Ai3 = 

, A33 = 

0 0 613 

0 0 0 
C55 0 0 
0 ei4 0 

C55 0 0 

0 655 0 

0 0 C33 

0 0 0 

0 

636 
0 

0 

0 
0 

0 

-C33_ 

From (6) one can see that 

0-13 = 655(^13 -I- U3^i), CT23 = 614^^1 -|- 055^2,3 

<733 = Cistii^i + C33lt3,3, ^^3 = 6361(2,1 - 6330,3 

(18) 

(19) 

Substituting (18) into (15), (16) and after some manipulations, we obtain the explicit 
homogenized equations in component form and the associate continuity conditions, namely 
- For X3 > 0 

( 611 +Vi.ii + 655+V,,33 + (Ci3+ + C55+) Vâ js + / ,+ = p+V, 

C66+V2,ii + C55+V2 33 + (ei4+ + e36+)#,i3 + /2+ = P+V2 

C55+V3,ll + 633+V3,33 + (ci3+ + Css+jVi^u + /3+ = p+VJ 

{ei4+ + 636+)V2,13 - £ll + * ,n - £33+4,33 - ?+ = 0 

- For - A < X3 < 0 

(6u '>- 'n . l l + [(65-5')-' + (6l3Cri'){cril)-l]F3,13+ (C55>)-lV,,33+ (/i) = (p)V\ 

(C66>"'V2.11 + [{636C66'){cal5l)-' + (eMEn'Xen')"'] *,13 + [(655) + (e?46i7) 

- (6l4£r/>'(£n>"'] 1̂ 2,33 + {/2) = (p)V2 

{c;i)-'Vi,ii + [(65-5')-' + {ci3cTl){cTl)-']Vi,n+[{cuCu')\c^i)-'' 

- (6n 6?3) + (633>] V3,33 + (/j) = {p)V3 

- {6n ) " '* . i i + [(6i46ri')(6ri')"' + (e36C6-6')(6e-e')-i] V2,,3 

+ [{e36c;if{c;i)-'' - (elsc^i) - {£33)]* 33 - (9) = 0 

(20) 

(21) 
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- For X3 < -A 

( C l l - V i , n + C55-Vi,33 + (Ci3_ + C55_)V3,13 + fl- = p - ^ i 

C66-V2,n + 655-V2,33 + ( e u - + e36_)*, i3 + / j . = p ' V j 

655-V3,n + 633-^3,33 + ( c i 3 - + C55-)Vl,13 + A - = p ' V ^ ' ^ ^ ' 

(614- + 636-)l'2,13 - £ l l - S , l l - 633-4,33 - ? - = 0 

and 
Vi,V2, V3, i , (jfj, CTJJ. (7^3,1)§ are continuous on lines X3 = 0, X3 = -A (23) 

where IT" , B^ are the coefficients of 6° (i. e. they are leading terms) in their asymptotic 
expansions, and they are given by 

<'13 = (655')"'(>'3.1 + V,,3) 

'̂ 2°3 = (£u')^'(£n 614)4,1 + ((655) + (£ri'6?4) - (6r/)^'(6n 614)') V2.3 

£'3°3 = (6u '6 l3>(c r i '> - 'V i , , + ((C33) + (6r/>- '{6,- , '6l3)^ - (6 ,7653)) V3.3 ^^^^ 

0°, = (667)~'(6e-e'636)V2,, + (^{c^,Y'{c^^e,,f - {c^'e^) - {e,,)^,. 

It is readily to see that, when the materials of Q,'^ and fi~ are the same, equations (20), 
(21) and (22) coincide with each other, and a^^ and D° become, respectively, a u and D3 
given by (19). Also note that, for this case Vj and V3 are decoupled from V2 and *. 

5. CONCLUSIONS 

In this paper, we consider the homogenization of a two-dimensional very rough inter­
face of comb-type which separates two piezoelectric solids. Following the same procedure 
as was carried out in [21, 22, 23], the explicit homogenized equation and associate conti­
nuity conditions are derived. They are written down in component form for a special case 
when the solids are made of tetragonal crystals of class 42m. Since obtained homogenized 
equations are totally explicit, they are very useful in use. 
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