
Vietnam Journal of Mechanics, VAST, Vol. 34, No. 2 (2012), pp. 135-

Short Communication 
A TECHNIQUE FOR INVESTIGATING 

NONLINEAR VIBRATIONS 

Nguyen Dong Anh 
Institute of Mechanics, VAST 

Abs t rac t . In this short communication the main ideas of the method of equivalent 
linearization and dual conception are further extended to auggest a new technique for 
solving nonlinear differential equations. This technique allows improving the accuracy 
when the nonhnearity is strong and getting nonlinear features of responses. For illustrar 
tion the DufTmg oscillator is considered to demonstrate the effectiveness of the proposed 
technique. 
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1. INTRODUCTION 

Research on vibration phenomena in nonfinear systems has a long tradition. A 
great interest of researchers has been devoted to new methods for investigating nonlinear 
vibrations preferably applicable to wider classes of nonlinear systems including weak and 
strong nonhnearity, subject to deterministic and/or random excitations, see e.g. [1 - 5]. The 
method of equivalent linearization (MEL) is well known for analysis of nonUnear vibration 
phenomena and has been combined with the dual approach to give good approximate 
solutions for systems with larger nonhnearity [6, 7]. In this short communication the 
main ideas of MEL and the dual conception [6] are further extended to suggest a new 
technique for solving nonlinear differential equations. This technique allows improving the 
accuracy when the nonhnearity is strong and getting nonlinear features of responses. For 
illustration the Duffing oscillator is considered to demonstrate the effectiveness of the 
proposed technique. 

2. COMBINATION OF MEL A N D DUAL CONCEPTION 

We consider the motion differential equation for a single degree of freedom (SDOF) 
system: 

e(u) = ii + 2hu + w^u + g{u, u) - fit) = 0 (1) 

where u is the displacement, 2h is damping coefficient, Uo is natural frequency, g{u,u) is 
a non-linear function, f{t) is an excitation. According to the main idea of MEL for an 
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approximate solution x we introduce linear terms in the left side of equation (1) as follows 

e(a;) s ai + 2h± + uj^x + bx + ax + ey{x, x) - hx + ax- f{t) (2) 

and let x be a solution of the linear equation 

x-hi2h + b)x + (w? + a)x - f{t) => 0 (3) 

Hence, we obtain the equation error 

e(a:) sa g{x, x) —bx + ax (4) 

The coefficients of linearization 6, a are found by an optimal criterion. The most 
extensively used criterion is the mean - square error criterion which requires that the mean 
square of the error c(x) be a minimum [1, 4], 

< e^{x) >=< {g{XfX) ~ bx — ax)^ >—* min (5) 

where < '> is the averaging operator in deterministic or random senses. Although in general 
the mean-square criterion (5) gives a good prediction, it was shown, however, by many 
authors, that in the case of major nonlinearity, the solution error may be unacceptable. 
In order to reduce the solution error we will use the dual conception [6] by representing 
the solution in the form 

u = x + y (6) 

where x and y are so called basic and dual parts of solution, respectively. Substituting (6) 
into (1) and introducing new linear terms yield 

e{x + y) = x + {2h + b+ c)x -I- (ojg + a + 0)x - f{t) + \gix,x) - 6x - ax]+ 

+ y + {2h + p)y + (wg + q)y + \g{x + y,x-^y) - g(x, x) ~cx - 0x ~py-gy] = 0 

Let X and y be solutions of the following equations 

x + (2h + b + c)x+{tj4 + a + 0)x - fit) = 0 (8) 

y+{2h+ p)y + (w? -|- q)y + {g(x, x)-bx~ ax] = 0 (9) 

we obtain then the equation error 

e{x + y)-g{x + y,x + y)- g{x, x)-ex - I3x - py ~ qy (10) 

According to the dual conception we require that the dual part is small is possible 
so one gets (5) and also the mean-square minimum of the equation error 

<e^{x + y) >=< igix + y,x + y) ~ g{x,x) ~ ex - 0x - py ~ qyf >-* min (11) 
c,0,p,q 

that gives 

^ < e^{x + y) > = 0. ^ < e^(^ + ! / ) > = 0, 
Q Q (12) 

— < e^{x + y) > = 0, ^ < e^{x + y) >= 0. 

Thus, we have 8 equations (5), (8), (9), (12) for 8 unknowns x , y , 6 , c , a , ^ , p and g. 
It is seen from (8), (9) that the basic part x is determined from the linear equation (8) 
while the dual part y from the nonlinear equation (9). This observation yields that the 
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approximate solution (6) may keep nonlinear properties of the original nonlinear equation 

3. I L L U S T R A T I V E E X A M P L E : D U F F I N G OSCILLATOR 

For illustration of the effectiveness of the proposed technique we consider the Duffing 
oscillator 

e(ti) = ti + wgu + 7"^ = 0 (13) 

Here wc have g{u,u) = 711 ,̂ 2h,b,c,p,f{t) = 0 and the averaging operator <•> is 
taken as follows 

FYom (8) one gets 
a; = 0 cos ̂ , ip = Qt-\-9 

wh€^ 
n=* = tjg -H Q + /3 

Eqs.(5) and (9) yield 
3 2 

Q = - 7 a 

y + (WQ + q)y + [ya^ cos^ ifi - -70^ cos yj] = 0 

and then 
y = ra cos 3<p 

where 
7a^ 

*" 4(9n2-a.g-,) 
Substituting (15), (19) into (12) after some calculations one gets 

0 = -'yra^ + -jr a , q = - 7 0 -1- -fr a 

'ya^ 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

Thus, the approximate solution of Duffing oscillator (13) takes the form 

u = o cos (/?-I-ra cos 3i^, ip = flt + 9 (23) 

n2 = wg + ?7<'' + j 7 ™ ' + 57>'V (24) 

where r is determined from (22). In the case of small parameter 7 = £, one gets from (22) 

Substituting (24) into (23) yields 

u = acos»)+—a^cos3») + e^..., ^ = nt + 9 (26) 
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"̂  = "" + i^''^-^l2£g^^"^+^'- '̂ '' 
Comparison (26), (27) with the well - known solution [1, 2] ytekls that the proposed 

technique can give the exact expansion up to second order of small parameter. 

4. CONCLUSION 

In this short comnmnication the main ideas of MEL and the dual conception arc 
further extended to suggest a new technique for solving nonlinear differential equations. 
This technique allows improving the accuracy when the nonlinearity is strong and getting 
nonlinear features of responses. For illustration the Duffing oscillator is considered to 
demonstrate the effectiveness of the proposed technique. 
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