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THREE-POINT CORRELATION BOUNDS ON THE 
EFFECTIVE BULK MODULUS OF ISOTROPIC 

MULTICOMPONENT MATERIALS 

Pham Due Chinh, Vu Lam Dong 
/Tw(i(u(e of Mechanics, VAST 

Abs t rac t . Three-point correlation bounds based on minimum energy principles are con­
structed to give estimates on the effective elastic bulk modulus of disordered multi-
component materials. The constructed trial Tields are extensions of Hashin-Shtrikman 
polarization ones used in our previous approach and lead to tighter bounds. Some exam­
ples of applications are presented. 
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1. INTRODUCTION 

Determination of effective elastic moduli of composite materials, especially those 
with disordered irregular micro-geometries, is a difficult task, and in many cases one has 
to construct upper and lower bounds on the moduli, using limited available statistical 
information about the micro-structure of the composites. That can be done with the help 
of variational approach [1 - 6]. The most simple bounds are Voigt-Reuss-Hill arithmetic 
average and harmonic average ones based on minimum energy and complementary energy 
principles, with constant trial stress and strain fields. Hashin-Shtrikman [1] constructed 
tight bounds that also involve only the information on the volume proportions and compo­
nents properties of the isotropic composites, developing their special variational principles 
and ingenious polarization trial fields. Starting from the classical minimum energy princi­
ples and using Hashin-Shtrikman polarization trail fields, Phatm [2] obtained the bounds 
tighter thaji Hashin-Shtrikman ones that involve additional three-point correlation param­
eters describing the micro-structure of a composite. 

In this work, we use new trial field more general than Hashin-Shtrikman polarization 
ones to derive three-point bounds on the effective elastic bulk modulus tighter than those 
constructed in [2]. Applications of the bounds are given to some composites, three-point 
correlation information about which is available in literature. 

2. CONSTRUCTION OF B O U N D S 

The effective elastic moduli C^^^ = T{k^^^, fi^^^) of an isotropic n-component ma­
terial can be defined via the minimum energy expression on the representative volume 
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element V[l,6] 

c^-.C'l'•.c'= inf fe:C:edx, (1) 

with the component clastic moduli C(x) = T{kc„ >ii,) if x e Va C V, o = 1 , . . . , " ! where 
T is the isotropic fourth-rftnlt tenser with components 

2 
Tijuilc, f) = kSijSi,, + ll(,6ii,Sji + SiiSji, - j i y f e ) . (2) 

iSjj is Kronccker delta, the compatible strain field is expressible via the displacement field 
u(x) 

£(x) = i [ V u + ( V u n i xeV, (3) 

(.) means the volume average on V, e" is a constant strain field. 
l b construct the best possible upper bound on the effective bulk modulus k^^^ from 

(1), we choose the following compatible strain trial field 

i^^tr"') ^ y = R + E'""^°jh°; *.J = 1.2.3. (4) 

where e°- = —-e^ is a constant volumetric strain, ifi" is the harmonic potential, Latin 

indices after comma designate differentiation with respective Cartesian coordinates. 

'P^ix) = - J j^^~-^^dy; V V { x ) = <Safl, x G K,. (5) 

fla are fi-ee scalar that satisfy the restrictions [for the trial field to satisfy the restriction 
( e ) = e O i n { l ) ] 

X^faa^ = 0, (6) 
0=1 

Va is volume fraction of a-phase. The volume of V is assumed to be unity. 
Three-point correlation parameters Ao describing the micro-structure of a compos­

ite are defined as ( Q, /?, 7 = 1 , . . . , n) [2] 

Ai^^j^yi^d., f̂; = ^ l . - ^ / ^ ; > ; (7) 

conventional summation on the repeating Latin indices is assumed. We have relations [7]: 

j ] ; ^ ^ ^ = 0 , V a , 7 = l , . . . , n . (8) 

The three-point correlation parameters Aa relate the microgeometies of three components 
K», VQ, Vf In principle, one could characterize fully the microgeometry of a composite with 
n-point correlation parameters, up to n —» 00. One-point correlation parameters are just 
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the volume fractions of the components. Two-point correlation parameters do not appear 
in the expressions of the effective moduli of macroscopically iBotropic composites (but in 
those for anisotropic composites). Numerical determinations of the multipoint correlation 
parameters for particular microstructures are difficult tasks. At present only the values of 
the three-point ones, and for just two-component materials, are tabulated for a number of 
microgeometries in the literature. 

Substituting the trial field (4) into energy functional (1), one obtains: 

kv + '^Vaka{2ac + al)+ ^ A^''2tic,aga^ ie')\ (9) We= fe:C:edx^ 

V 

where ky is Voigt arithmetic average 

kv = '^v^k^. (10) 

We minimize (9) over the free variables a^ restricted by (6) with the help of Lagrange 
multiplier A and get the equations 

Vaka -\- Vakada + ^ A^^2\i^aQ - \va = 0, a = 1,..., n (11) 

Equation (11) can be presented in an absolute notation form 

A f c a + VA-Av = 0, (12) 

which has the formal solution 

a = . 4 i ' ( A v - v t ) , (13) 

where we have introduced the vectors a, v, Vjt and matrix .At in n-space 

a = {"a}!! ^ = {"aiS. Vt = (Vaka)'^, 

A = {V„.kjo,0 + E - ^ f 2fh}a(J- (14) 

7-1 

With (13), eq. (6) can be presented as 

0 = v a = v . 4 j ' - ( A v - v t ) , (15) 
wliich is solved over A 

A = l : ^ : ^ . (16) 
V A V 

Now taldng sum of eqs. (11) on a from 1 to n and keeping in mind eq. (8) and eq. 
(10), one derives 

kv + Y^ VakcO-a - A = 0. (17) 



10 Pham Due Chinh, Vu Lam Dong 

Using (11),(6), we simplify (9) to 

W, = (*v + E v^k„aa)(ey = >(£»)'. (18) 
K - l 

"Wting in account (17) with (9), (16), (18), one obtains the upper bound on k'" 
from (1) 

k'" < K<i ({*„};. (M„};, {V»}S. {A^}ig,) = \^!^rt- ('») 

Tb construct the lower bound on the effective moduli we use the minimum comple­
mentary energy principle 

a" : iC'")-^ : a" = inf / f f ; ( C ) " ' : <Tdx, (20) 

where cr" is a constant stress field, and the stress field <T should satisfy equilibrium equation 

V • o-(x) = 0, X € K (21) 

To find the best possible lower bound on k'^^ from (20) we take the following 
equilibrated stress trial field 

(7°; i , j = 1,2,3, (22) 

where a^ = Sija^ is a constant hydrostatic field, J " is an indicator function 

f 1, x € V „ 

[ 0 , XfVa 

Qa are free scalars subjected to the same restriction (6). 
Substituting the trial field (22) into (20) and following procedure similar to that 

form (9) to (19), one obtaines the best possible lower bound on k'^^ 

k"' > K\ {{k^}i, { M , } ; , {V„} ; , (A^T,.!,,) = " ' ^ " i ' " , (24) 
' V . , / * t Vfc 

where 

A = {\v^klH^i, + t Af{2y,,)-^}lg. (2^' 
» 7=1 

The trial field (4), (22) containing fi-ee parameters a„(a = 1 , . . . , n) restricted by 
(6), are more general than the Hashin - Shtrikmaji ones used in (2, 4], hence the b o u n i 
(19), (24) obtained here are more restricted. Applications of the bounds will be given in 
the next section. 
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3. A P P L I C A T I O N S 

In the ca-scoftwo-coinpoiirtil. niivUrials. I.lic i.lircc-pi HH! loi ICLII.UJII piUJiriiclrrs ,1;; ' 
can he expressed Ihroui'li Jiisl mic iiidcpciKiriH panunrtiT j7] 

•- :;"r"2Cn v̂ = 1,2 

1 (1 < Ci. C- < 1 

(c) 

Fig. 1. Bounds on the elastic bulk moduli of two-phase coated spheres and sym­
metric spherical cell mixture at fci = 1, ^i = 0.3, ̂ 2 = 20, (i2 = 10, U2 = 0.1 —* 0.9. 
(a) Coated spheres; (b) Symmetric spherical cell mixture; (c) HS - Hashin-
Strikman upper and lower bounds and also the respective exact effective bulk 
moduli of the coated spheres at 2̂ = 1 and Ci = 0, SYM - upper and lower bounds 
for the symmetrical spherical cell mixtures. 

For Hashin-Shtrikman poly-dispersed two-phase coated sphere model where the 
coated sphere with the same volxmie proportions of phases fill all the material space 
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(Pig. la), the parameters C„ have been determined exactly and analytically [7, 8]. In 
particular Ca = 1 if phase-J is the matrix phaae, and Cs = 0 if it is the inclusion phase. 
Moreover the upper (19) and lower (24) bounds converge to the unique effective bulk 
modulus, which coincides with Hashin- Shtrikman upper (lower) bound if the phaae-2 is 
the matrix (inclusion) phase, provided that M2 > fl- Fig- !<: presented the exact effec­
tive bulk moduli for those alternative coated spheres, which are also Hashin-Shtrikman 
upper and lower bounds for two-component materials, in the range DJ = 0.1 -> 0.9, with 
fci = 1, (ii = 0.3, ki = 20, 111 = 10 (here and afterward k, is normalized to be unity). 

Fbr two-phase symmetric spherical cell mixtures (Fig. lb) without distinct inclusion 
and matrbc phases, we have Co = "« [6, 7]. The upper and lower bounds for those mixtures 
are projected in Fig. Ic. Though the bounds do not converge in the case, they fall inside 
the Hashin-Shtrikman bounds. 

^ 

^ 

'-

HS 

HARD 

,-'" 

• 

,-- ': 

. ' ' 

(a) (b) 

Fig. 2. Hashin-Strikman bounds (HS) and the bounds (HARD) on the elastic 
bulk modulus of the random suspension of equisized hard spheres, (a) A random 
suspension of equisized hard spheres ; (b) The bounds , fci = l./ii = 0.3, A:2 = 
20,A*2= 10,U2 = 0 . 1 - ' 0 . 6 . 

Now consider the two-phase random suspensions of equisized hard spheres (Fig. 
2a) and overlapping spheres (Fig. 3a) in a base phase-1. The bounds (19) and (24) for 
the models at range W2 = 0 -» 0.99, with k\ = \,y.i = 0.3, -̂̂  = 20,/i2 = 10. together 
with Hashin-Shtrikman bounds are projected in Figs. 2a, 3b. The three-point correlation 
parameter 2̂ for the models has been calculated and tabulated in [6] and given in Table 
1. 

Now we come to the three-phase doubly-coated sphere model (Fig. 4a), where the 
composite spheres of all possible sizes but with the same volume proportions of phases fill 
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Table 1. Three-point correlation paraAieter Ca for two-phaae random suspensions 
of hard spheres and overlapping spheres in a base phase-1 

V2 ' 

0.00 
0.10 
0.20 
0.30 
0.40 
0.50 
0.55 
0.60 
Q.70 
0.80 
0.90 
0.95 
0.99 

r ' 3 i f J ~ i " . - ' : - • ' 7 1 
-'t:-jniree^eiiiit pacametei (3 data splieres 

0.000 
0.020 
0.041 
0.060 
0.077 
0.094 
0.110 
0.134 

-

Overlaping spheres 
0.000 
0.056 
0.114 
0.171 
0.230 
0.290 
0.320 
0.351 
0.415 
0.483 
0.558 
0.604 
0.658 

w 
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HS 
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, - ' ^^ 

'/ t 

/ / / ' • 

' ' ' X /'' 

0,2 0 3 0.4 0.5 

(b) 

Fig. 3. Hashin-Strikman bounds (HS) and the bounds (OVERLA) on the elastic 
bulk modulus of the random suspension of equisized overlaping spheres, (a) A 
random suspension of equisized overlaping spheres ; (b) The boimds , fci = 1, ^i = 
0.3, k2 = 20, ti2 = 10, U2 - 0.1 -* 0.99. 



74 Pham Due Chinh, Vu Lam Dong 

all the material space - an extension of Hashin-Shtrikman two-phase model The three-

1 0 2 0.3 0,4 0 5 0.6 0.7 0.8 0,9 

(b) 

Fig. 4. Bounds on the elastic bulk modulus of doubly coated spheres, ky = 

12, Ml = 8, fc2 = 1, /i2 = 0.3, fca = 30, /^a = 15, ui = 0.1 — 0.9, V2 = vz = -{\-vi). 

(a) Doubly coated spheres ; (b) Hashin-Strikman (HS), old bounds and the new 

bounds which converges to the exact value of the effective modulus. 

p o i n t co r re la t ion p a r a m e t e r s Aa of t h i s t h r e e - p h a s e m o d e l a l so h a v e been de te rmined 

ana ly t i ca l ly in [8] 

-.Af = A\ = Af = Af = Af = 
= Af = Af = A^^ = Af = Af = Af = Af = a, 

A\' = Af = -Af = -Al 

2 V1V2V3 Ai2 _ «21 _ 
^ 3 — ^ 3 — 

A?3 . A32 _ 

3 («1 + V2) ' 

2 
- ^ " 2 1 ) 3 , ' 

3 ( t ) l - H ) 2 ) ' 

A\' = Af = -l, 
1 2 , 

= o « 3 ( l ' l - F l ' 2 ) . 

A ' = 
2 iifiia 

3 ( « i - l - « 2 ) ' 

,22 2 v^V3 

(27) 

• 3 ( « i - H ; 2 ) ' 

The bounds (12) and (24) also converge to the exact effective bulk modulus of the 
model, see Fig. 4b. In the figure Hashin - Shtrikman bounds [1] and the old correlation 
bounds in [2] are also presented for comparisons, at the range vi = 0.1 —• 0.9, U2 = "3 = 

- ( 1 - Ui) with fci = 12,^1 = 8, ^2 = 1,^2 = 0.3, fc3 = 30,/13 = 15 (the inner sphere of 
phase 3 is embedded in the shell made of phase 2, and then the coated sphere is embedded 
in the shell of phase-1). 
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Lastly we come to the symmetric cell material (Fig. 5a) without distinct inclusion 
and matrix phase [3,6]. For the material we have [3] (o # /3 jt 7 5* a) 

ASI = v^VfV.,ih - h), A'S' = Ve,(l - v<,)[(l - vM + "^Al 

AS" = V^vMva - l ) / l - Ve,hl AS,' = ^e.«m " V»)h + Vgh] 

which depend on just 2 shape parameters / ] , /3 subjected to the limitations 

h+f3 = l, 0< / i , / 3< | . 

(28) 

(29) 

(b) 

Fig. 5. Hasliin-Strikman bounds (HS) and bounds (SYM) on the elastic bulk 
modulus of three-phase symmetric cell mixtures, k\ = l,^i = 0.3, ̂ 2 = 12,/i2 = 
8,it3 = 30,^3 = 15,vi = 0.1 —* 0.9,t;2 = W3 = T(1 - ui). (a) A symmetric cell 
mixture; (b) The bounds. 

The bounds on the effective bulk modulus of symmetric cell materials become 

K"SYM ({kc}l, {^a}S, {»a}S) > k"' > K^yM ({fc<.}S. {M<.}S. {"^IS) • (30) 

K^VM ({*.}; , { M J : , {VOM) = __nMx̂  Kl ({*„>;, {Mo};, {»„};, {A^}ley £ (28), (29)) 

K^YM ({«:»}s. {*<«};. {"");)=„ ™5=^"^ «*">s. ('•=>s. (''<.}s. {A'^}iih ^ (^s), (29)) 
(31) 
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Numerical result for the bounds on the effective bulk modulus of three-phase sym­
metric cell materials, at the range v\ = 0.1 -» 0.9,1)2 = 03 = j ( l - wi) with ki = 1,/ii = 
0.3, fcj = 12, fi2 = 8, fcs = 30, fJ3 = 15 , are presented in Fig. 6b, with fall inside Hashin-
Shtrikman bounds for the large claiis of isotropic composites. The result are also reported 
in Tab. 2, with the values of / i where the respective Mux and Min in (31) are reached. 

Table t. Hashin-Shtrikman bounds (/fegj, k^^) and the bounds lor symmetric cell 

" - ui) with 

ki = 1,(1, = 0.3,*:2 = 12,(1] = 8,li3 = 30,/i3 
where the Max and Min in (31) arc reached 

: 16; / ,"" ' and /,""" the values 

fl 

0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 

*X»f 
16.93S7 
13.3069 
11.0335 
9.0507 
7.3060 
5.7590 
4.3779 
3.1373 
2.0169 

l^u 
16.2146 
12.1270 
9.4753 
7.2301 
5.6505 
4.6712 
3.7264 
2.8038 
1.8965 

kllvu 
8.1666 
5.2193 
3.8304 
3.0183 
2.4590 
1.9429 
1.5894 
1.3355 
1.1459 

Ifin 
7.7618 
4.9114 
3.5366 
2.7272 
2.1938 
1.8159 
1.5341 
1.3159 
1.1419 

ft' 6 
0 
0 
0 

2/3 
2/3 
2/3 
2/3 
2/3 

/T*" 
2/3 
2/3 
2/3 

0.6391 
0 
0 
0 
0 
0 

4. C O N C L U S I O N S 

In this paper new third order three-point correlation bounds on the elastic bulk 
modulus of n component materials have been constructed, which coincide with our previous 
bounds in the two-component material cfLsc. but are tighter for n > 3. It is interesting 
that the bounds converge to the unique effective bulk modulus of multi - coated spheres 
(extension of Hashin - Shtrikman two - component one) - the unique case where the 
three - point correlation parameters have been determined analytically. These bounds are 
also specified for symmetric cell materials. Some examples involving numerical values of 
three-point correlation parameters for certain particular micro - geometries taken from 
literature, are also presented for more illustrations. 
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