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Abs t rac t . The present paper deals with a class of non-linear ordinary second-order 
di^erential equations with exact solutions. A procedure for finding the general exact 
solution based on a known particular one is derived. For illustration solutions of some 
non-linear equations occured in many problems of solid mechanics are considered. 

Key words: Non-linear differential equation, general exact solution, varying coefficient 
iteration method, procedure for finding exact solution. 

1. INTRODUCTION 

Generally for seeking an exact solution of a non-hnear differential equation it is 
necessary to find an appropriate transformation deriving the non-linear equation to a 
linear one, but finding of such transformation is very complicated. 

In fact many problems of solid mechanics reduce to different types of non-linear 
differential equations, solutions of which can demonstrate specific effects, however through 
only exact solutions these effects can be observed profoundly. Hence finding exact solutions 
becomes very important in researching non-linear mechanical problems. 

The present paper introduces an idea and a procedure to find general exact solu­
tions of a class of non-linear ordinary second-order differential equations based on known 
particular solutions. If a particular exact solution is known, then a general exact solution 
can be fotmd, but for a received approximate particular one, a general solution may be 
obtained approximately with desired accuracy by the varying coefficient iteration method. 

2, IDEA A N D PROCEDURE FOR FINDING EXACT SOLUTION 

Consider a non-linear second-order differential equation 

d f x b \ f X b Y 
dt\ x + d x + dj \ x + d x + dj 

where ai, bi{i = 1,2,3), ft, d are constants, x{t) is unknown function of t. 
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Using notation 
b 

lv , X , , b 
2v x+d x+d 

equation (I) can be rewritten as follows: 

u) "*" \u) '^ dt \2v) \2vJ 

or in the other form 

d fii \v\ /il lv\ tii \v\ _ 

Jt\u'^2v)'^\u~2Z)\u^2v)~ ' 

Eq. (1) has a particular solution when 

^H-i i=0, 
u 2v 

(ai+61) ^ + (02+ 62)3:+ 03+ 63 + 1 =0-
x+d x+d 

The particular solution can be obtained from (7) as; 
(i). A function of t 

as — a2d + 63 — 62^ V5 
-th 

•/St 
2(ai-)-6,) 2(a2 -I- 62) 2(02 + 62) 

where 5 = (03 — a2d -t- 63 - &2cf)̂  ~ 8&(a2 + 62), tp - integral constant, 
(ii). A constant 

, _ (13 — 02^ -h 63 — bid y/S 

~ 2(07+62) 2(02 + 62)' 

, _ 03 ~ 02d + 63 — 62^ v ^ 

+ <P 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 
2(02 + 62) 2(02+62) ' 

In order to represent funtion u through funtion v based on Eq. (5) it can be obtained 

C2V 

Ci+Cijvdt 

thus 

where Ci, C2 - integral constants. 

(11) 

(12) 
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Subtracting side by side of Eqs.(2) and (3) and taking (11) into account yields 

C2V 
(01 - 61) + (o j - 62) ( i + d) + 03 - 02^ - (63 - 62d) (13) 

C i + C j / u * 

Eq. (13) can lead to a linear differential equation with respect to unknown -
+ <i 

d_ f 1 \ 1_ 
dt \x + dj ai ~b 

C2V 
- aid) + (63 - 62^) 

Cl + C2 / vdt 

1 _ 02 — 62 
x + d Ol — 61 

(14) 
Eq. (14) is derived from Eq,(l} by use of an equivalent transformation, consequently 

it is equivalent with Eq.(l), Eq.(14) is a Hnear differential equation with varying coefficient, 
that is in this case 

1 
Ol - &i 

C2V 
- {az - o-2d) + (63 - ^2d) 

Ci + C2^ vdt 

Following the idea of varying coefficient iteration method [2], at the first iteration 
this coefficient can be evaluated by particular solutions (8), (9) and (10). 

Denote the particular solution of Eq.(l) by Xi, then Eq. (3) and Eq. (7) give: 

2 f t i - ^ + 2&2X1 + 263 + ——7 = -
xi+d x\+d V 

±. 26 
(ai + ^ 1 ) ^ ^ + ("2 + h)xi + {as + fts) + ^ ^ 

Subtracting side by side of two these equations yields: 

(ai - 61) + (a2 - b2)xi + 03 - &3 = 
Xi+d 

(15) 

(16) 

(17) 

from that 

v=(xi+rf ) - f ' ' ^ - ' ' ^ 'e - (02-62) / (xi+d)dt exp[(-03 + a2<i + 63-62<i)il. (18) 

Consequently at first iteration Eq. (14) has a general solution as follows 

1 _ 1 
x + d ll 

02 — 62 62 /• 

bJ lult + C (19) 
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where C is an integral constant and 

fl = (xi + d) exp ^ / ( . . . + . ) d . C . + C 2 / (20) 

In order to verify the general solution (19), (20) satisfying exactly or not Eq.(14),i.e. 
the equivalent equation of Eq.(l), a procedure is established im following. Taking logarithm 
both sides of Eq.(19) and differentiating with respect to t yield 

02 — ft2 

, ai - bl _ A , ^2-62^ dt \x + dj 
ft 02 — 62 

x + d at-bii 

In other side Eq.(14) reduces to 

ffidt + C 
-+ , 

11 01 - 6 

••(x + d) 

dt \x + dj C2V 

Eliminating 

Ci+Cijvdt 

dt \x + dJ 

- (03 - a2ci) + (63 - 62^) - ( i + i ) . 

1 

7+d 

from obtained equations results 

Ol - 6 1 

C2V 

Ci+Cijvdt 
- (03 - 02<i) + (63 - b2d) 

and from (20) it follows: 

ft _ Xl 0 2 — 6 2 

f.t Xl + d Ol — 61 
{x + d) + -

Ci+C2Jvdt 

(21) 

(22) 

Substitution of (22) into (21) reduces to Eq. (17) 

(01 - 61) — + (02 - 62)(x i + d) + 03 - 02d - (63 - 62^) = — . 
X\ + a y 

Summing up side by side of this equation and equation (15) we can get again Eq.(16). 
Indeed Eq.(16) is the equation for seeking particular solution to Eq.(l) . 

In other side we can verify directly that, the general solution (19), (20) satisfies 
exactly the original equation (1). 

Remark: As seen that Eq.(14) is equivalent to Eq.(l), it has general exact solution 
(19), (20) when xi is a particular solution of Eq.(l). So that at first iteration if xi is 
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a particular exact solution, then the expression (19), (20) is a general exact solution of 
Eq.(14). If Xl is a particular approximate solution, then (19), (20) is a general approximate 
solution of Eq. (14) at first iteration. For obtaining a general approximate solution with 
desired accuracy it need to fulfill successive iteration by the varying coefficient method. 
In the present paper we consider only the case when xi is a particular exact solution. 

Consequently, the idea of the proposed method is to derive a non-linear differential 
equation to a linear differential equation with varying coefficient. This varying coefficient 
is determined by a particular solution of the original equation. If the particular solution is 
exact, the general exact solution can be obtained, if the particular solution is approximate 
then the approximated general solution can be evaluated with desired accuracy. 

Procedure can be established by following steps: 
Step 1: Seeking a particular solution of Hnear equation (16). 
Step 2: Calculate v according to (18). 
Step 3: Calculate {J. according to (20). 
Step 4: Seeking a general solution according to (19). 
The solution of Eq.(14), i.e. the expressions (19), (20) consists of four integral con­

stants and particular solution, which are chosen appropriately for each concrete problem. 

3. P A R T I C U L A R CASES OF EQ. (1) 

3 .1 . Case 1: ftj - 0, 02 = &2 = 0, 6 - 0, rf = 0 

Eq. (1) is of the form: 

x + 2o3i + ? i ^ x = ( l - o i ) - . (23) 
a-i X 

Prom Eq. (16) the particular solution is found directly 

r 03+63.1 
Xl = exp 1 , 

L 01 J 
the integral constant is taken ifi = 0. According to Eq.(18) function v is calculated as 
V = e^'' and substituting the obtained value v into (20) yields 

^^U.,+Wt('c.l-^^e^wj|"°' 

where Ci, C2 are integral constants. The expression fi can be rewritten in other form 

(1 = [Ae^"'' ch (63* + 7)] "1 , A, 7 - integral constants. 

By use of Eq. (19), the general solution of Eq. (23) is found 

1_ 

x = B [ e - « ' c h ( 6 3 t + 7 ) ] ' ' l , (24) 

where B, 7 are integral constants. 
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If the coefficient of the Eq. (23) are denoted by 

al - ft: 

then with u^ - oiw^ < 0, the solution has form 

11 

X = B [e-" ' cos (t\/oiu;2 - t/2 + -^jj ai . (25) 

The general solution (25) for Eq. (23) was found in [3] by other method. 

3.2. Case 2: ai-b\ = - 1 , 02 = 621 ft = 0, d = 0 

Eq. (1) in this case has the form: 

„ _ 2 ^ _|_ 2(0103^-6163)^ _l_ 202(03 - 63)^^ ^ (a§ - 6§)x ^ ^ ^g 

X Ol -1- fti Ol -I- 61 Ol + 61 

According to Eqs. (8), (10) two particular solutions are obtained 

as+h . '^3+&3,t.r 03+63 ^ , J ,«-. 
4a2 4a2 [2(oi -

03 + ^3 

Based on Eqs.(14), (19) and (20) the general solution of Eq.(26) has the form: 

(28) 

C ( C i + C 2 / v d i ) 
• — ^ 2 L, (29) 

X Xl 

In the formulas (29) figure four integral constants C, C\, C2, V and the particular 
solution Xl, which need to be chosen appropriately Such choice can be established as 
follows 

i = £ ^ + _ o _ , (30) 
X Xu Xi2 

Carrying out some simple calculations in Eq.(27) yields 

Qa + &3 \ 03-1-63 
1 _ 2o2 I , „ 2 ^ „ ^ 7 T 6 : ' _ 2o2 1 + gVeOi + 61 = f ^ + ^go i + 61 , (31) 

3:11 03-1-63 [ I aa-l-

e A= T-e^^ is an integral constant. 
03 + 63 

The fimction v is determined by use of Eq. (18) and (28) 

^ ^ a3+b3^-fa,-falt 
202 
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and the second term in Eq,(30) leads to 

CC2jvdt 
^^^2 ^_(a3-(,3)t ^ ^g-{a3-63)(_ (32) 

a:i2 03 - h 
CC2 

where B = — is an integral constant. 
03 - 63 

Since Ci, C2 are integral constants, by choosing CCi = 1, and substituting expres­
sions (31), (32) into Eq.(30) we can write the general solution of Eq.(26) as follows 

03 -I-63 
1 2a2 + XeOi+fti -|-Be^('*3"''3)'= 
X a3 + b_ 

0103 — 6163 / 6103 — 0163 ftiQ3 - 0163 \ (33) 
2o2 ^ ^ - Ol -f- 61 \ Ae ai + i'i \ Be «i + ^i 

03 + 63 

or in other form: 
0103 - 6 1 6 3 

i = _ ^ ^ + B e " "l + h ' c J ' ' " " ' " ^ i + 7 • (34) 

X 03 -I- 63 I ai + oi J 

where U, 7 - integral constants. 

By use of notation 0 = ^ l ^ ^ J l ^ , m + l3^ = ~ ^ ^ . Eq.(26) has the form 
•̂  Ol + 61 Ol + 61 

x - 2 ^ + 2 , ? x + H 2 2 ( ^ : ^ x ^ - ( l + / 3 > = 0, (35) 
X Ol + &i 

general solution of which 

i = ??3_ -I- B e - " ' ch (i^/^m + 7) when !7i< 0, 
X 03+63 
i = 212 ^ jy^-ft ^^^ u ^ ^ ^-j ^ijg^ ra>0. 

X 03 + 63 

This solution was found in [4] by other method. 

3.3. Case 3: 01 - 61 = 1 

In this case Eq.(l) has the form: 

(01 + 6i)x + (02 + 62 + 2oi02 - 26162)1*. 

+ (o2d + 62d + 20103 - 26i63)x + (ol - 6^)x^ + (o^d - !^d + 20203 - 26263)x2 (37) 

+ (20203d - 26263d + ol - 6i + 2026 - 2626)x + old - 6id + 2036 - 2636 = 0. 

According to (10) the constant particular solution to Eq. (37) is defined 

- (03 - ojd + 63 - 62d) VS ,„„. 
^1 + '' = 2(02 + 62) -^W^IT)' '• ' 

(36) 
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where: 5 = (03 - fi2rf + 63 - 62^) - 86 (02 + 62)' 
Dasod on (IS) fimction v is calculated as: 

'<>=-^,r-'", (39) 
.;:i -I- d 

where a = {11-2 - b2){xi + rf) + 03 - a2rf - (63 - 62^)-
Fiuictiou ft can be determined by (20) and (39): 

„ = (.r, + d), '" \c,e"' - ^' ] . (40) 
[ (xi+d)aj 

where /5 = 03 — a2d — (63 — 62d). 
According to Eq.(19) and using (40) the general solution to Eq.(37) can be obtained: 

{xi + d) U e " ' - J-yr-l 
'[ (xi + d)a j - + "= ^ ^^T^i^. («) 

Ae"' + Bel>' + 
a-0 

(xi + d)a0 

where A = -^, B = -:;- - integral constants. 
C2 C2 

Differentiating both sides of Eq. (41) with respect to t yields 

(a - /3)(xi + d)4Be(»+'"' + ̂ Ae"' + -Bel" 

are 

Ue<" + Be"' 

Suppose initial conditions 

satisfied. then 

A = 

B = 

x(i)|, 

1 
( x i + d ) Q I 

1 

=0 = ^ 0 , 

[a - 0){xi 

( l l + d)a0\ 

i{()li=o = *o, 

xo + d 

- xo)(io + d) -
Xl — Xo 

io(xi + d)' 

(42) 

(43) 

(44) 

(xi +d)/? ( a - / 3 ) ( x i -xo)(xo + d ) - x o ( x i + d) ' 

Now by use of mentioned above calculations we can seek general solutions of some 
non-linear equations, which usually have place in mechanical problems such as 

X + (21/ + 3CTx)i + \x^ + 2q7? + kx + c = a. (45) 
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Eq. (45) coincides entirely with Eq. (37) when putting 

02 + ^2 + 20102 - 26162 = 3o-(oi -I- fti), 

a2rf + 62^ + 2ai03 — 26ift3 = 2u{a\ + b\), 

a\-bl = X{ai + bi), 

Oarf-bid+ 20203-26263 = 2g(ai-f-61), ^ ' 

20203d - 26263rf + a\-b\ + 2026 - 2626 = k{ai + 61), 

aid - hid + 2036 - 2636 = c(ai -I- fti). 

The system of equations (46) consists of 6 equations with 6 unknowns 02, 62, 03, 63, 
6, rf. So that 6 these unknowns can be determined through oi -J-61 and 6 known parameters 
(J, V, A, 5, fc, c, where oi -I- 61 can be chosen arbitrarily such that oi — 61 = 1. After that 
substituting just determined values into the expression of general solution (41) and integral 
constants (44) we can obtain the solution of Eq.(45) combined with initial conditions (43). 

Note that Eq.(45) with all coefficients has a similar form of Van der Pol equation, 
and when parameter a = 0 has the form of Duffing equation, and when cr = 0, ^ = 0 - the 
form of KdV equation, respectively. 

Explicit solution of the system of equations (46) can be received, it may be expressed 
as real or complex values. This problem requires further investigation. 

4, EXAMPLES 

4 .1 . Case: oi = 1, 61 = 0, 62 ^ 0, 6 = 0, d = 0 

Eq (37) has the form 

X -1- (203 -I- 3a2x)x -I- a2X^ + 2o203X^ + (o | - 63)x = 0. (47) 

Using calculations in Section 3.3 results 

xi-Hrf = - ^ 5 ^ ^ , a = -263, ^ = 03-63, 
02 

and the general solution is defined 

J- h,. t i l (h^+ X -/iM -L n^ , 
ch (63* + ip) 

1 (7o e ° 3 ' 

- = V ^ | - ' '3 + 63 th (63f + y)] + Co . , , , ^ , , (48) 
X OS - 6S ch (63* + ifi) 

where Co, ifi - integral constants. 
Solution (48) was found in [5] by other method. 

4.2. Numerical case 

Ol = 1,61 = 0,62 = 0,6 = 0, d = 0,02 = 0.2,03 = -0.5,63 = 0.2, with initial 
conditions: x[0] = 2, x[01 = 0.1. 

o. Seeking solution by numerical method 
NumeTicalsolutian = NDSolve[{x"[t\ + (2a3 + 3o2 « x[t\) * x'[t] + o2 A 2 * x[i] A 3 + 

2a2 * a3 * x[t] A 2 + (o3 A 2 - 63 A 2) * x[t], x[0] = 2, x'[C] = 0.1, i , {(, 0,100}]. 
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6. Srrkmn solution by analytical method 

S={a3- a2d -I- 63 - ft2rf) - 86 (02 + 62) = 0.09, 

Xl -t-rf = 
- (03 — a2d + 63 — 62d) v ^ 

• = 1.5, 
2 (02 + 62) 2 (02 + 62) 

a = (02 - 62)(xi + d) + 03 - a2d - (63 - 62d) = -0 .4 , 

(3 = 03 - 02d - (63 - 62d) = -0 .7 , 

1 Xo + d 

B = 

(xi + d)n (Q - /3)(xi - xo)(xo + d) - i o ( i i + d) 
1 X | - X Q 

( i i + d)0 (Q - /?)(xi - xo)(xo + d) - xo{ii + d) 

(X,+d)[/ lp '> ' ' 
.r + d = î  

= 2.77778, 

= -0.15873, 

(xi +d)a 

Ae"' + Bel' + 
(xi +d)a /3 

Plotl{xlt\, Evaluate[x[ty.numericalsoluti(m}, {(,0,100), PlotStyle — [Thick, Red, Bltie] 
(see Fig.l). 

3.500 

3.495 

3.490 

f 
20 40 60 80 100 

Fig. 1. Graphofexact solution [{x(t),Fi'a/uaieIi[(]/.rtumeHca/so/utzon},{t, 0,100}] 
to Eq. (47) 

As can be observed, a very good agreement is obtained in this comparison study. 
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5. CONCLUSION 

- Equation of the form (1) is non-linear differential one, general exact solutions 
of which can be found. They include many particular cases, where exact solutions were 
defined by other methods. 

- To obtain exact solutions of non-linear differential equations of the form (1) one 
needs to know important informations about particular solutions (8), (9), (10) and expres­
sions (11), (12). 

- Proposed method for finding general exact solution of non-lineax differential equa^ 
tions of the form (1) is based upon a known particular solution and expressions (11), (12) 
in use of idea of the varying coefficient iteration method. 

- Verification of the proposed method is proven by obtaining exact solutions in many 
particular cases. These solutions coincide with exact solutions obtained by other analytical 
methods and are in good agreement with results using numerical methods. 
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