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METHOD OF TRANSMISSION MATRIX FOR
INVESTIGATING PLANAR RELATIVE MOTIONS
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Abstract. In the paper [2] the method of transmission matrix applying for the case of
a loop with turning pairs investigated. In the present paper the kinematics of a loop
connected by composite joints, i.e. the one of revolute-translational joints are discussed
now. By means of proposed method the planar motion of rigid bodies is presented by a

point of general view.

Especially,the introduced method allows to apply effectively universal softwere, for ex-
ample, MATCAD, MAPLE, ... for investigating complex mechanical systems.

1. GENERAL INFORMATIONS ABOUT TRANSMISSION

MATRIX METHOD

Let us consider a figure S rotating about O of
the frame of reference Oz’y’ and oriented by the
angle ¢ in counteroclockwise direction. This frame
of reference is in translational displacement with
respect to the fixed frame of reference °O°z°y. As
is known, the last frame is refered to global or iner-
tia frame of reference. An other frame of reference
Oxy rigidly connected to the figure S at its point
O is assigned a body frame of reference. Let us
consider a point of the figure S. Its coordinates in
these frame of reference are named global - coordi-
nate and body-coordinate respectively. It is noticed
that the body-coordinates are constants, while the
global-coordinates are changing quantities at time.

where u, v are the components of global-coordinate of the origin O.
The expression (1.1) can be written in the matrix form

O s 1 00

1 o u
Oy =110 1 0 01 v
1 00 1 00 1

Fig. 1
Let us interest a point M connected rigidly to the figure S. Its components of body-
coordinates are denoted by the constants a and b. It is easy to establish the relationship
between the components of global-coordinates and body-coordinates. That are
0

Ty = u+4acosg —bsing; “yy = v+ asing + beos g, (1.1)
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By introducing the matrices

1 0 u 1 00 cosp —sing 0
T,= 0 1 0f; Ty=||0 1 v|; Ty=|sing cosp 0 [;
0 0 1 0 0 1 0 0 1
(1.3)
V2 a
Op = Oy Il v=1 b
1 1

The formula (1.2) takes the following form
O =T,T,T,r. (1.4)

From now on the matrix is noted by bold letters and the vector is treated as the (3x1)
matrix, but the frame of reference is named briefly the frame.

By (1.4) the components of the velocity of the point M in the global frame is calculated
by the formula

Oy = u(+)T, T Tor + ()T T, T i + @(+) T T T, (%), (1.5)
where [2] 4(x), ¥(x), ¢(x) are the (3x3) diagonal matrices of the form
w 0 0 v 0 0 o 0 0
() =10 @ 0; v() ={0 o 0f; @) =0 ¢ 0], (1.6
0 0 4 0 0 o 0 0 ¢

but the matrices T4, T',, T, are determined as follows

0 01 0 0O —singp —cosep 0
T, =00 0|;T,=]{0 0 1|;T,=| cosp —sing 0 |. (1.7)
0 00 000 0 0 0

Similarly, the acceleration of the point M in the inertia frame is defined by the formula
Ya = w(x )T, T Tor + ()T, T, Tpr + gb(*)TuTvT;»r + gbz(*)TuTvT:;r, (1.8)

where the matrices %(x),¥(x), ¢(*) are of the same form of (1.6), in which the quantities
u, 0, ¢ are substituted by 4, ¥, ¢ respectively, but the matrix T ;’ is of the form:

—cosy sinp 0
T:O’ =| —sing —cose 0 |. (1.9)
0 0

2. KINEMATIC INVESTIGATION OF A MULTIBODY SYSTEM

Let us now consider a loop of n links, which are connected each other by the composite
joints. The links are numered in the progressive order 0, 1, 2, ..., n, where the link of the
index “0” is rigidly connected to the inertia frame.

For investigating such a system, let us study three of following typical groups of loops.

First group. Let us consider a loop of three bars connected together by pure turning
pairs A;_1, A;, A;+1 and the links are numbered by (i —1), i and (i 4+ 1). The body frame
are chosen as follows : The j* body frame connected to j*-body is denoted by Ajziy;
(j =1i—1,4,i4+1). The z; axis is directed from A; to A;y1. The y; —axis is defined
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by following the rule of right-hand orthogonal reference frame. The angle position of the
links is oriented by the angles between links, for example, the ¢; is the angle between
(i — 1)*-link and i - link in accordance with counteroclockwise direction (Fig. 2).

Hereafter for simplicity the frames of reference Vil
are expressed by the vectors located along the x-
axis [2]

Let us consider the point M rigidly conneted to
the (i+1)*-link, which is the last one in the group.
Hereafter the index located at left high corner of
the quantity means that this quantity is determined
with respect to the body frame of same index. For
example, the point M rigidly connected to the (i +
1)™-body, the coordinate of which in the (i + 1)-
frame is @ and b, in the i*"-frame is ‘aps, ‘yas, but

in the (i — 1)"-frame is ““laps, Ty

Fig. 2

By introducing the symbols cosy; = ¢;, sing; = s;, Li—1 = A;_14;; Ly = A; A,
where L;_1,L; are the length of the (i — 1)th-link and the "-link respectively. It is
noticed that L; is the abscissa of the origin of the i*"-body frame. It is easy to show that
the configuration of the point M (the position, velocity, acceleration) rigidly connected to
the (i + 1)"-body frame will be

il — T.T; 17, (21)
T = @, ()T iar + @i (1) T T, (2.2)
Hla=@,(O)TTiar + P ()T Tipr
+ @7 ()T Tigar + @F 1 () TTr + 20, ()1 (O TT i, (2.3)
where
Cj Sj Lj_l —Sj —Cj 0 —Cj Sj 0
Tj = S5 €4 0 ) T; = Cj —8 0 ) T//j = —85 —C4 0 (2.4)
0 O 1 0 0 0 0 0 0
¢; 00 ¢ 0 0
pi(x)=1 0 ¢ 0 | $i(x)=1 0 ¢ 0
00 ¢ 0 0 @

Second group

Let us concern to a three bars group, in which the middle link (i.e the i*"-link) is in
translational displacement with respect to the front link and connected to the behind one
by revolute joint (Fig. 3). In this case the i*"-body frame is in translational displacement
with respect to the (i — 1) body frame. Therefore the abscissa of the origin A; of the
ith-body frame in the (i — 1)*® body frame is not constant. In connection with this let us
introduce the variable w;_1 = L;_1. The x;_1 - axis coincides with the z; - axis, but the
origin of the i*" - body frame is the one of (i + 1) - body frame. Because of these we
have: L; =0,0; =0(c; =1, s, = 0).
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Air=Ciny
Xi+1
Fig. 3 Fig. 4
In such a case we have
1 0 Us—1 0 0 1 Ci+1  —Si+1 0
T,=(0 1 0 |; T;={0 0 0|; Tiv1=| si+1 ciy1 0 ||
0 O 0 0 0 O 0 0 1
(2.5)
—Si+1 —¢iy1 0 —Cit1 Si+1 O
=1 cit1 —sit1 0 |; T i1 =| —siy1 —Cip1 0
0 0 0 0 0 0

Third group

Let us consider the three bars - group in which the middle link is in translational
displacement with respect to its behind link, but connected by turning pair to the front
one. In this case the co-ordinate axes of the i*"-body and (i+1)*-body frame are coincided.
By this the oriented angle ¢;11 = 0(c;41 = 1,841 = 0). Because of the origin of the
(i + 1)th —body frame putting at its masscenter, we have L; = A;C;11 = u;, which is
changing at time. The transformation matrix T, is of the form

1 0 Uq
Ta=10 1 0 |. (2.6)
00 1

By using above mentioned models it is possible to investigate kinematics of every
planar mechamism.

3. APPLICATION

Ezample 1. A quick-return mechanism is shown in Fig. 5. The crank OA = r at given
instant of time is in horizontal line on the right side at the angular velocity and acceler-
ation wi, €1 respectively. The distance between two rotating axes OC' = h. Determine
the angular velocity and acceleration of the crank CB at the interested position of the
mechanism.

The mechanism consists of three links numered by the order 1, 2, 3. The inertia frame
is expressed by the vector z, putting at O and being in the horizontal direction.

The body frames are represented the vectors &1, 2, €3 as shown in Fig. 5. The origin
of these vectors located O, A and B, respectively.
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LN

Fig. 5

In accordance with above mentioned things we have:
w1 =0(cp =1,8 =0); w3 =0(cg=1,83=0); Ly = AB = u,

where u is a changing quantity at time.

The mechanism under consideration belonging to the third group is a closed loop.
In connection with the latter it is necessary to interest the point C, which is fixed in
the global frame with the coordinates (0, —h). The body-coordinates of the point C' are
(=L,0).

By applying (2.1) in consideration of (2.6) and L; = r, we get

0 1 00 c2 —S3 T 1 0 u —L [co(u — L) + 7]
—h|l=|0 1 0 sg ¢ 0 0 10 0 | = so(u— L)
1 0 01 0 0 1 0 01 1 1

In accordance with the given position, L —u = CA = +/r2 + h2. By solving the
obtained matrix equation, it is easy to calculate

r . h
77 S = ——
ViEr R Va2

is the notation of the value of the quantity at the given instant of

¢y =
where the symbol “ .”
time.
In order to calculate the angular velocity of the crank C'B let us write the equations
(1.5) in consideration of (2.4) and (2.6), that is

0 0 -1 0 5 —85 T 1 0 u —L
0l=pi(x)||1 0 0 s5 ¢5 0 010 0
0 0 0 0 0o 0 1 0 0 1 1
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100 —s5 —c5 0 —L
+@o(x)[| 0 1 0 ¢  —s5 0 0
0 01 0 0 O 1
1 00 5 —s5 T 0 01 —L
+a=)) 0 1 0| s & ofloo0 o0 0
0 01 0 0 1 0 00 1

By developing the written equation, we get

s3(L —u")@1 + s5(L — u”) s + et = 0;
(L —u” +7)p7 + (L — u')py + 530" = 0.

The solutions of these equations are of the form

*

2 L% . % -
—TY1; U = —-Ts
(L—U*) ¥13 2¥1

Po = —@1 +

The absolute angular velocity of the crank C'B denoted by wy will be [2]

*
Cy % T

wo = 'T%@melz Cow1.

r2 4
The relative velocity of the slider A with respect to the bar CB at the given instant

of time is of the form

—U" =rs5p] = rwiss.

v, =

The positive signal of the expression of the velocity provides that the relative velocity

the same direction to the vector x3.

In other words, at the given instant of time the relative velocity is in the direction
from A to B.

In order to define the acceleration, let us apply the formula (2.3) in consideration of

(2.4) and (2.6), that are

0 0 -1 0 5 —s5 T 1 0 wu* —L
0|l=p(x)|| 1 0 0 s3 ¢ 0 01 0 0
0 0 0 0 0 0 1 0 0 1 1
1 00 —s5 —c5 0 —L
+@o(x)[| 0 1 0 c; —s5 0
0 01 0 0 0
100 5 —s5 T 0 01 —L
+a(x)||0 1 0 s5 ¢ 0 0 00 0
0 01 0 0 1 0 00 1
-1 0 0 c5 —s5 T 1 0 u* —L
+@2()|| 0 =1 0|l s ¢ OO0 1 0 0
0 0 O 0 0 1 0 0 1 1
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100 —s5 —c5 0 1 0 wu* —L
+@520 1 0 ¢ —s5 0fl||0 1 0 0
0 01 0 0 0 00 1 1
0 -1 0 —s5 —c5 0 1 0 u* —L
+2p7(x)@p5(x) | 1 0 0 5 —s5 0 01 0 0
0 0 0 0 0 0 0 0 1 1
0 -1 0 c5 —s5 T —L
+2p7(x)a*(x)|| 1 0 O s5 ¢ 0
0 0 0 0 0 1 1
1 -0 0 —s5 —c5 0 —L
+ 2p5(x)a*(x)||0 1 0 c; —s5 0 0
0 0 1 0 0 0 1

By solving above establised matrix equation we obtain

* cyT ok 1 * ook - % s KTk
(L—zu* - 1)901 + m[rsz¢12 — 27 + @5l

s %2k

i = —(L —u*)(¢] + ¢3)% + reiles.
In consideration of

¢ = wi, 1+ P53 = wa, $1 = €1; P14 P2 = €2;

h r
L—u"=+/r2+h? S5 = ——— cy = ——,
2 2y h? 2 2y h?

r? rh 2
2y e N
where: wq, wo, €1, €9 are the absolute angular velocities and accelerations of the bars OA
and C'B respectively
Ezample 2. Let us consider a mechanism shown in
Fig. 6. The length of the rod AC = L. The verti-
cal guider located at the distance h with respect to
the fixed rotating axis O. Determine the velocity and
acceleration of the sliding rod C'A

The mechanism under consideration consists of three
bars, numered in the order 1, 2, 3, in which the slider
A (link 2) is in translational displacement with respect
to the crank 1. By such a way the consider mechanism
belongs second group. The inertia frame is expressed
by the x, in horizontal direction. The body frames are
expressed by the vectors x1, xs, 3 respectively as in
Fig. 6. The origin A of the 2! body frame displaces
along the axis of the z-axis of the 15- body frame. In
accordance with this we have

we get

€2 =@+ Yy = U wa,

w2 =0—c3=1,s5 =0.
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In addition, the oriented angle of the bar CA in the global frame is equal to g
Therefore:

Y T
901+902+903=5—%01-1-903:5—’83:617

Besides, the mechanism under consideration is a semi-closed loop, because the point
C' of the last link (link 3) is in displacement along the guider fixed in the global frame.
The global and body coordinates of the point C' are (h, -§) and (-L, 0) respectively.

By applying (2.1) in consideration of (2.5)

C3 = S1.

we get
h g —s7 0 1 0 u s —ci 0 —L
=€ | =|s ¢ 0 010 g s 0 0
1 0 0 1 0 0 1 0 0 1 1
By the establised matrix equation, we find:
S5 = —3 Cy = .
3 u* ! 3 u*

In order to calculate the velocity, let us write the equation (2.2), which is of the form
0 —s7 —c1 0 1 0 u* s —c; 0 —L
Ell=p1(x)|| & —s7 O 01 0 g s 0 0
0 0 0 1 0 0 1 0 0 1 1

g —s 0 0 01 s —c; 0 —L
+aua(x) || 57 ¢ O 0 00 ¢t s1 0 0
0 0 1 0 00 0 0 1 1
g —s1 0 1 0 u* g s 0 —L
+@3(x)|| s ¢ 0 01 0 —-s7 ¢ O 0
0 0 1 0 0 1 0 0 O 1
By this equation we calculate
& =wrpi="Mwrw; 0t = Gt = dutwn.
“ “
Concerning to the problem of acceleration, let us write the equation (2.3), that is
0 —-s] —c; O 1 0 u s —ci 0 —L
E | =g1(x) || & —s7 O 010 g st 0 0
0 0 0 1 0 0 1 0 0 1 1
g —s7 0 0 01 s —c; 0 —L
+u(x) || st ¢ 0 0 00 g s 0 0
0 0 1 0 00 0 0 1 1
g —s1 0 1 0 u* — —s1 0 —L
+@5(x) || 57 ¢ 0 01 0 s —c 0 0
0 0 1 0 0 1 0 0 0 1
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- s 0 10 u* s —c; 0 —L
+ @) || =t —er 0[]0 1 0 st 0 0
0 0 0 0 0 1 0 0 1 1
g —s1 0 1 0 u* —-s7 ¢ 0 —L
+@2 ) || ss ¢ 0[]0 1 0 —¢ =57 0 0
0 0 1 00 1 0 0 0 1
-5 —ci O 0 01 s —c; 0 —L
+ 205 ()0 (%) || ¢ —sf 0|0 O O]l st O 0
0 0 1 0 00 0 0 1 1
—s7 —cf 0 1 0 wu* - —s7 0 —L
Lo es) || e —si oo 1 ol s~ o] o
0 0 0 00 1 0 0 0 1
cqd -5 0 0 01 — —s1 0 —L
+203(0)u (*) || s ¢ 0|0 0 0 st —ct 0 0
0o 0 1 000 0 0 0 1
By realizing the calculations we find
1 ok * % 51 * ok 81 * *
i = —Lut G ut G + 25t = tutey +utwi;
1 G G
p_ (0F + 2] _ (e +2iw)
B c N c '

Example 3. The crank OA, turning about fixed O,
is connected by turning pair to link 2, which moves in
slider 3. Slider 3 turns about fixed axis O. Determine
the angular velocity and acceleration of the link2 when
the crank OA is invertical direction (Fig. 7).

The mechanism under consideration is a closed
three bars loop,because the point C' of the last link of
the group (link 3) is fixed in the inertia frame, which
is expressed by the vector ,. The body frame are
expressed by the vectors x1, 2, £3shownasinFig.7. Fig. 7

The link 2 is in the translational displacement with respect to the last link (link 3).
The mechanism belongs to third group. In connection with this, it is easy to see that
¢35 =0 — c5 = 1,s5 = 0. Besides, the origin of 3th_-body frame is in displacement
with respect to 2" body frame, i.e. the quantity L, =u is variable. The global and
body coordinate of the point B belonging to the link 3 are (h, 0) and (0, 0) respectively.

Applying the formula (2.1) for this point, we obtain the equation for defining the position
of the mechanism at given time, that is

h 0 -1 0 c5 —s5 T 1 0 —u 0
Of=|1 0 O s3 ¢ 0 01 0 0
1 0 0 1 0 0 1 0 0 1 1

By means of solving this equation, we find
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h r

* 0 x|
2= 5 6=

In order to determine the velocity let us write the equation (2.2) for the point B, that

is

0 -1 0 0 5 —85 T 1 0 —u* 0
0l=@ij(x)|| 0 1 0 s5 ¢35 0 01 0 0
0 0 0 1 0 0 1 00 1 1
0 -1 0 —s5 —c5 0 1 0 —u* 0
+@5(x)||1 0 0 5 —s5 0 01 0 0
0 0 1 0 0 0 0 0 1 1
0 -1 0 5 —s5 T 0 0 -1 0
+u*(x)||1 0 O s5 ¢ 0 0 0 0 0
0 0 1 0 0 1 00 O 1
[s3° + cu" s — (c3u” — )]
= [chu™ — s5u*@h — sju™ ]
1
It is easy to obtain
.k * .k * .k .k C; .k
U™ = ST = SaTwi; P =—p1t+ P

The absolute angular velocity of the sliding rod AB will be

7"2 2
— 5k N
Wo = Q1 + Py = 2l

The relative velocity of the pitton B with respect to the sliding rod AB is equal to

— * _ * sk - _
Ve = u SoT 1 o Twi

For the aim of calculating acceleration, let us write equation (2.3) for the point B,
that is

0 -1 0 0 5 —s5 T 1 0 —u* 0
0ll=p1(x)]| 0 1 0 s3 ¢ 0 01 0 0
0 0 01 0 0 1 00 1 1
0 -1 0 —s5 —c5 0
+@5(x)|| 1 0 O c; —s3 0
0 0 0 0 0 0
0 -1 0 5 —85 T 0 0 -1 0
+a@*(x)||1 0 0 s5 ¢ 0 00 O 0
0 0 1 0 0 1 0 0 O 1
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0 10 5  —Ss5 T 10 —u* 0
+@2() || =1 0 0 sy ¢ 0 01 0 0
0 01 0 0 11|00 1 1
010 —c5 s 0 1 0 —u* 0
+@52() |1 0 0 —s5 —c3 0 01 0 0
00 1 0 0 Oofffoo 1 1
-1 00 —s5 —c5 0 0
+2p5(x)@5() || 0 1 0 s —s5 0] 0
0 00 0 0 O0f1
-1 0 O c5 —s5 T 0 0 -1 0
+2pi(x)at ()|l 0 —1 0| s ¢ O[O0 0 0O 0
0 0 0 0 0 114{loo o 1
0 —1 0] —s5 —c3 00 00 1
+ 205" ()|l 1 0 0 5 —s5 0 00010
0 0 1 0 0 0 00 01

In the developing form the obtained equation will be
ok ok C; ok S; k2 .k sy U
2 w1+ o P + o 1 +2(p] + 902)—u*7

c ok

* . x2

i =s3r@T —wT(9] + 93)° + et
The absolute angular velocity of the rod AC' and the relative velocity of the rod AC'

with respect to the turning pistton B are of the form respectively
.k

vk ew Gy e ST AN /!
€2 =] + ¥y = u_ir‘pl + u_ir(% +¢5)2 +2(0 + 902)5

ar = — " = syr¢i —u (P + 3)” - resgi’.
At the given time we have
r
* /2 2. K .
ut=\rs+h% ¢y = Ny
sk = h . Wt = skrot *_—*—FC—;T’*
2 — \/m? = 89T P2 = —¥1 w* ¥1-
By substituting these date into the above expressions we find
2 i hr? 24 2 ] 9
€9 = € w1
N (R S LR I S
hr 2 2
Qy - 1)“)%7

prmg 6 p—

Ve RN ey v (7"2 + h?
where wy and 1 are the absolute angular velocity and acceleration of the crank OA at the
given instant of time respectively.
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4. CONCLUSION

In the paper the transmission matrix method is applied for investigating the relative

motion of planar mechanisms. The proposed method are an useful tool for solving the
problems of kinematics and dynamics of rigid body systems, for example, the synthetic
and analysic problem of motions. It is important that by such a way it is possible to
approach the softwere as MATCAD, MAPLE,... for studing the complexed systems
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PHUONG PHAP MA TRAN TRUYEN KHAO SAT CAC
CHUYEN DPONG TUONG DOI

Noi dung ctia bai bdo 1a tiép tuc xay dung phirong phap ma tran truyén dé khao sét bai todn

chuyén dong twong d6i cho hé vat ran (trong bai bao dé cap dén bai toan cic chuyén dong phing).
Bai todn nhwr viy dwoc quan tAm nhiéu trong ky thuat, dic biét trong cdc bai toin téng hop
chuyén dong, trirde hét 13 nhitng bai todn dieu khién chuyén déng chwong trinh céc hé co hoc.
Mbt két qua quan trong la phirong phap dwoc dé xuat cho mot quan diém tong quat dsi véi bai
todn khdo sdt dong hoc cdc hé co hoc.



