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DINH LY DIEM BAT PONG CHO ANH XA CO SUY RONG
TRONG KHONG GIAN S-METRIC NON

Nguyén Thi Ngan
Truong THPT Quy Hop 8, xa Chau Quang, Quy Hop, Nghé An
Ngay nhan bai 04/5/2021, ngay nhan dang 18/7/2021

Tém tat: Trong bai bao nay, ching t6i ching minh mot dinh 1y vé sy ton tai
va duy nhat diém bat dong cho mot 16p 4nh xa co suy rong trong khong gian
S—meétric nén. Két qua clia ching t6i 1 md rong thuc sy ciia mot s6 két qua
tuong tu trong [2], [5], [6].

T1ir khéa: Diém bat dong; anh xa co suy rong; khong gian nén S—métric.

1. M3 dau

Dé mé rong céac két qua vé su ton tai diém bat dong ciia cic dnh xa co trong khong gian
métric, ndm 2007, H. L. Guang va Z. Xian [3] d& dua ra khai niém khong gian métric non,
con Sedghi va cac cong sy [7] da dua ra khai niem khong gian D*—métric va thiét 1ap mot
s6 két qua vé diém bat dong trong céc khong gian nay. Sau dé, vao nam 2012, Sedghi va cac
cong su [5] da md rong 16p khong gian D*—métric bang cach dua ra khai niém khong gian
S—métric va chiing minh mot s6 dinh 1y vé diém bat dong trong khong gian S—métric day
dt. Dén nam 2017, Dhamodharan va Krishnakumar [2] da gi6i thieu khai niem khong gian
S—meétric nén va mot vai két qua vé diém bat dong. Tit d6, van dé vé sy ton tai diém bat
dong trong 16p khong gian S—meétric v S—meétric nén da duge nhiéu nha toan hoc quan
tam nghién cttu va thu duge nhieu két qua (xem [2], [4], [5], [6]).

Trong bai béo nay, ching t6i chiing minh mot dinh 1y vé sy ton tai vi duy nhat diém
bat dong cho mot 16p anh xa co suy rong trong khong gian S—métric nén. Két qia cia
ching toi 14 md rong thuc sy cia mot s6 két qua trong [2],[5], [6].

Dau tién, chiing ta nhic lai mot sd khai niém va két qia vé khong gian S—métric non.
1.1. Dinh nghia ([3]). Gid sit E la khong gian Banach thuc va P la tap con cta E. P
dugce goi 1a nén néu

(i) P dong trong E, P khac rong va P # {0};

(ii) ax 4+ fy € P v6i moi x,y € P va v6i moi o, B € R, e > 0, 8 > 0;

(iii) PN (=P) = {0}.

Gia st P la nén trong khong gian Banach E. Ta xac dinh tht tw bo phan < trén F
tuong ting véi P béi

r<y&sy—xze P

Taviet z <ynéuz <yvax#yvavittz < ynéuy—z € intP (intP la phan trong cia
P).
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Trong bai bao nay, ta luon gia thiét P 14 nén trong khong gian Banach thyc E va < 13
quan hé thi tu bo phan trén E tuong ting véi P va intP # ().

Nén P duge goi 1a non chudn tic néu ton tai hing s6 K sao cho v6i moi =,y € E ma
0<z<ytaco

[|z]] < K-lyl]-

S6 duong K nhé nhat théa man diéu kien vita néu dude goi 1a hing s chuan tdc cta P.
1.2. Bé dé ([3]). Gid si P la nén trong khong gian Banach thuc E, a, b, ¢ la cdc phan ti

cua E. Khi do,

(i) Neua<bwvab<cthha<c;

(i) Neua <bwab< c th a < c;

(iii) Néu a < b thi aa < Bb vdi moi o, 3 € R,0 < a < 3;

(iv) Néu a < b thi aa < Bb vdi moi o, B € R,0 < o < B

(v) Néua € P va ton tai X € [0,1) sao cho a < Xa thi a = 0;

(vi) Néua € P va 0 < a < ¢ vdi moi c € intP thi a = 0;

(vil) Néu {xy,} la day trong P va {x,} hoi tu tdi 0 thh méi c € intP ton tai so tu nhién
Ne a0 cho x, < ¢ vdi moin > ne.
1.3. Dinh nghia ([3]). Gia st X la tap khéc rong va d: X x X — E. Ham d dugc goi 1a
métric non tréen X néu cac diéu kién sau dudc théa man

(i) d(z,y) > 0 v6i moi z,y € X va d(z,y) = 0 khi va chi khi z = y;

(i) d(z,y) = d(y, z) v6i moi =,y € X;

(iii) d(x,y) < d(x,2) + d(z,y) v6i moi z,y, 2 € X (bat ding thitc tam gic).

Tap X cung v6i mot métric nén trén né duge goi la khong gian métric non va duge ki
hiéu 1a (X, d) hoac X.

T dinh nghia trén ta thay khai niém khong gian métric nén téng quat hon khai niem
khoéng gian métric, vi mdi khong gian métric 1a khong gian métric nén trong trudng hop
E=RvaP={zeRlz>0}

1.4. Dinh nghia ([1]). a) Gid sit X 1a mot tap khac rong, E 1a khong gian Banach, P 1a

nén trong F va ham D* : X3 — E thoéa man céac diéu kién sau véi moi z,y,2,a € X.
(1) D*(2,y,2) = 0;
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(2) D*(2,y, ) = 0 khi va chi khi z = y = z;

(3) D*(z,y,2) = D*(z,z,y) = D*(y,2z,2) = D*(x,z,y) = D*(z,y,z) = D*(y,x,2)
(tinh d6i xing);

(4) D*(x,y,2) < D*(z,y,a) + D*(a, z, z) (bat dang thiic tit giac).
Khi d6, ham D* dugc goi la D*—meétric non trén X va cap (X, D*) dugce goi la khong gian
D*—métric non.
b) Trong Dinh nghia a), néu lay £ = R va P = {& € R|z > 0} thi ham D* dugc goi 1a
D*—metric trén X va cap (X, D*) duge goi la khong gian D*—meétric.
Nhan xét.
a) Khong gian D*—métric 1a mot truong hgp dédc biét ctia khong gian D*—métric non.
b) Gid st (X, D*) la khong gian D*—métric nén. Khi d6, véi moi z,y € X, ta ¢
D*(z,z,y) = D*(z,y,y).
1.5. Dinh nghia ([5]). Cho X Ia tap khéac rdng. Ham S : X3 — R dugc goi 1a S—métric
trén X néu théa man cac dicu kién sau v6i moi z,y, z,a € X

a) S(z,y,2) >0,
b) S(x,y,z) = 0 khi va chi khi z =y = z,

c) S(z,y,2) < S(z,z,a) + S(y,y,a) + S(z, z,a).
Cap (X, S) duge goi la khong gian S-métric.
1.6. Dinh nghia ([2]). Gid st P 1a nén trong khong gian Banach thuc F va X 1a tap hop
khéac rong. Ham S : X x X x X — E dugce goi 1a S—métric nén trén X néu théa méan cac
diéu kién sau v6i moi z,y, z,a € X
a) S(z,y,2) > 0.

b) S(z,y,z) = 0 khi va chi khi x =y = z,

c) S(z,y,2) < S(z,z,a) + S(y,y,a) + S(z, z,a).
Tap X cung v6i métric nén S trén X dugce goi la khong gian S-métric non va duge ky hiéu
bdi (X, S).
1.7. Vi du. Gia st (X, d) la khong gian métric nén va S : X x X x X — E 1a ham duge
cho bdi
S(z,y,2z)=d(z,y)+d(y,2) +d(z,2) Va,y,ze€ X.

Ta dé& dang kiém tra duge S 1a S—métric nén trén X. Do d6 (X, S) 1a khong gian S—métric
noén.

1.8. Nhan xét. a) Néu (X, D*) la khong gian D*—métric nén thi (X, D*) cling 1a khong
gian S—métric nén. That vay, st dung diéu kién (3) va (4) trong Dinh nghia 1.4 ta c6

D*(z,y,2) < D*(x,y,a) + D*(a, 2, 2)
< D*(z,a,a) + D*(y,y,a) + D*(z, z,a) Vx,y,z,a € X.
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T d6 suy ra D*—métric cling 1a mdt S—métric nén trén X.
b) Trong Dinh nghia 1.6, néu lay E 1a khong gian cac s6 thuc R v6i chuan thong thutng va
nén P = [0;+o00) thi ta nhan duge (X, S) la khong gian S—métric. N6i cach khéc, khong
gian S—métric la trudng hgp dic biét ctia khong gian S—métric non.
1.9. Bé dé ([2]). Néu (X, S) la khong gian S—meétric nén thi

S(z,z,y) =S (y,y,7) Yz,y, € X.

1.10. Dinh nghia. Gia st (X, S) la khong gian S—métric nén.
a) Day {xz,} trong X dugc goi la hoi tu t6i x € X va ky hiéu béi lim x,, hoac z,, — =

n—00
khi n — oo néu v6i méi ¢ € intP tén tai sd tu nhién ng sao cho véi moi n > ng ta c6
S(xy, T, x) K cC.
b) Day {x,} trong X dugc goi 1a diy Cauchy néu véi mdi ¢ € intP ton tai s6 ty nhién
no sao cho véi moi n,m > ng ta c6 S(xy, Ty, Tym) < c. Diéu nay 1a tuong duong véi: Véi
mdi ¢ € intP ton tai s6 tir nhién ng sao cho v6i moi n > ng va véi moi p = 0,1, ... ta ¢
S(xp, T, Tnip) K C.
c¢) Khong gian S—meétric (X, S) dude goi 1a day di néu moi diy Cauchy trong né déu hoi
tu.
1.11. Bd dé. Néu {x,} la mot day hoi tu trong khong gian métric non (X, S) thi {z,} la
day Cauchy va {x,} chi hoi tu tdi mot diém duy nhat.
Chitng minh. Gia st {x,} hoi tu z € X. Khi d6, v6i mdi ¢ € intP ton tai s6 tu nhieén ng
sao cho v6i mdi n > ng ta cé

S (T, Tn,x) <K 2

Do d6 theo diéu kién c) trong Dinh nghia 1.6 v6i moi n va m > ng ta c6

S (T, Ty Tm) < 28 (T, Tn, ) + S (T, T, T)
K5+ ike

Diéu nay chiing t6 {z,} la day Cauchy.

Gia st {z,,} hoi tu t6i hai diém z v& y. Khi d6, véi moi ¢ € intP ton tai hai s6 tu nhién
n1 va N9 sao cho v6i moi n > ny, ta co

S(Xp, T, x) K 2

va v6i moi n > ng ta co

c
S(.Tn,xn,y) < Z
Do d6, v6i moi n > max{ni,na} ta co

S<xaxay) S QS (x,:v,xn) + S(y7y7xn)
=25 (l‘n,l‘n,$) + S(-rmxmy) < % + % <ec

Két hgp véi Bo dé 1.2. (vi), suy ra S(x,z,y) = 0. Do d6 = = y.
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g

1.12. Dinh nghia. Gia st (X, S) la khong gian S—métric nén. Ham f : X — X dugc goi
la lien tuc tai diém z € X néu {z,} la diy bat ki trong X ma z, — x khi n — oo thi
f(zn) = f(x) khi n — oo.

2. Cac két qua chinh

Gia st (X, S) la khong gian S—meétric nén, f: X — X. V6i méi (z,y) € X x X ta ky
hiéu:

Q (flf,y) = CL1S(ZL‘,.’L‘,Z/) + CLQS (ZL‘,.’L‘,fI') + a3S (ya Y, fy) + a4S (-’E,ﬂf,fy)
+CL5S (y7y7 fl') + aﬁs (x7y7fq:) + a7S (x7y7fy)
+a85 (%f%fy) + a9S (yv f'ra fy)

va

S(y,y, fx),S (x,y, fr),S (x,y, fy), S (z, fz, fy),
Sy, fz, fy) },

trong do6, a; 1a cac hang s6 khong am, i = 1,2,...,9.
2.1. Dinh ly. Gid st (X, S) la khong gian S—métric nén day di va f : X — X. Khi dé,
néu ton tai cdc hang so6 khong am ay,as, ...,ag va o théa man cic dieu kién
(i) max {a1+as+asz+3as+as+2a7+2as+a9+3a, a1 +as+as+ag+ar+ag+ag+a}l < 1.
(ir) S(fz, fr, fy) < Q(z,y) + aM(z,y),V(z,y) € X x X

thi
a) f ¢6 duy nhat mot diém bat dong x € X va x = lim f"xg vdi moi xo € X.
n—0o0
b) Vdi moi ¢ € intP va vdi moin =1,2,... ta co
n " 2™
S(f x()vf $071‘) < 1— AS(anx()vfxO) +c,
trong do:

ay + az + 2a4 + ag + a7 + ag + 2a
l—a3—aq4—ay—ag—ag —

A=

c) f lien tuc tai diém bat dong .
Chitng minh. a) Lay zo € X. Dat

Tpt1 = fan = f" g

va
T = S(Tn, Tn, Tnt1), Vn =0, 1,2...
Stt dung diéu kién (ii) va dinh nghia S—métric nén, véi moi n=1,2,... , ta c6
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Tn = S(Tn, Tn, Tnt1) = S(frn—1, fTn_1, frn) < Q(xn_1,2n) + aM(xp_1, )

= a1S(Tp—1,Tn-1,%n) + a2S(Tpn-1,Tn_1,2n) + a3S(Tn, Tn, Tni1)

+ a4S(Tn—1,Tn—1,Tnt1) + a5S(Tn, Tn, Tn) + aS(Tpn—1, Tn, Tn)

+ a7S(Xp—1,Tn, Tny1) + agS(Tp—1, Tn, Tnt1) + a9S(Tn, T, Tpi1)

+ amax{S(zn—1,Tn—1,Tn),25(n-1, Tn-1,Tn) + S(Tn, Tn, Tni1),
S(Tp—1,Tn—1,Tn+1), S(Tn—1, Tn, Tnt1)s S(Xn—1, Tn, Tni1),
S(Tn, Ty Tnt1)s S(Tn—1,Tn, Tn)}

< (a1 + a2)rn—1 + (a3 + ag)rn + as(2rp—1 + 10) + a6Tn—1

+ ar(rn—1+71n) + ag(rn_1+7rn) + a(2rp_1 + ry)

= (a1 + a2 + 2a4 + ag + a7 + ag + 2a)rp—1 + (a3 + ag + as4 + a7 + ag + a)ry,.

Do dé6 ta c6

_a1+a2+2a4+a6+a7+a8+2a
l—a3—aq4—ar—ag—ag —

'm—1 = )\.’rn_l,Vn = 1, 2, PN

T'n
T do6 suy ra

P < M1 < XNrpo < ... < X'rg, Vn=1,2,... (1)

Tu diéu kien (i) suy ra A € [0;1). Vi moi n = 1,2,... va véi moi p = 0,1,2,..., st dung
diéu kién c) trong dinh nghia S—meétric nén va (1) ta c6

S(@n, Tn, Tnip) < 28(Tn, Tn, Tnt1) + S(Tntp, Trtp, Tnt1)
= 25(xn, Tn, Tnt1) + S(Tnt1, Tnti, Tnip)
<28(xp, p, Tpi1) + 28 (Tnt1, T, Tng2) + S(Tnt2, Tnt2, Tnap)
o L2(rn F gt o Tigp—2) F Trgp—1
2T F NV NPTy o APy
<2\ AT NPTy

A

IN

1—\P To
— n < n .
2N < 2N (2)
Vi A €[0;1) nén 2)\”1 T)\ — 0 khi n — oco. Do d6, theo Bb dé 1.2 (vii) véi moi ¢ € intP

ton tai s6 tu nhién n. sao cho

70

2\
)\1—/\

<c VYn>ne.

Két hop véi (2) suy ra v6i moi n > n. va véi moi p =0,1,... ta c6

S(xn, Tn, Tntp) K C.
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Diéu nay ching t6 {z,} la day Cauchy. Vi (X, S) day da nén ton tai x € X sao cho

o= M o = lim fon-s = lim, 70 = lim f20.
Tiép theo, ta chiing minh = 14 diém bat dong ciia f. St dung dinh nghia S—meétric va dicu
kién (ii) ta co

S(z,z, fr) <2S(z,x,xpt1) + S(Tnt1, Tnt1, fT)

28(z,x, xny1) + S(fxn, fon, fx)

28(x,x, xpq1) + Q(an, x) + oM (xy, x)

=2S5(x,x, xp1) + a1S(Tn, Tny ) + a2S(Tp,y Ty Tyy1)

+asS(x,z, fx) + asS(xpn, Tn, fx) + a5S(x, T, Tpi1)

+ agS(xn, ¢, xnt1) + a7S(xn, z, f) + agS(xy, Tni1, fT)

+ agS(x, Tpt1, fr) + amax{S(z,, Tn, x),25(Tn, Tn, Tni1)

+ S(x,z, fx), S(xpn, Tn, f2), S(z, 2, Tn41), S(Tn, 2, f2,),

S(xp,z, fx), S(Tn, Tnt1, f), S(x, xnt1, f)}

< (24 a5)S(z, x,xnt1) + a18(xn, Tp, ) + a2S(Tn, Tn, Tnti),

+a3S(z,z, fr) + ag [25(zp, T, ) + S(x, 2, f2)]

+ a6 [S(@n, Tn, ) + S(Tnt1, Tnt1,2)] + a7 [S(Tn, Tn, ) + S(x, x, f2)]

+ag [2S(zn, Tn, ) + S(Tnt1, Tnt1, ) + Sz, z, f)]

+ a9 [S(Tn+1, Tnt1,7) + S(z, 2, f2))

+ a25(zn, Ty x) + 25 (20, Tny Tng1) + S(, x, f2) + S(x, 2, 2041)] YR =1,2,. ..

+
+

IN

T day suy ra

< (2+as+apg+as+ag+ a)S(z,x,Tn41)
+ (a1 + 2a4 + ag + a7 + ag + 2a)S(xy, Ty, )
+ (a2 + 2a)S(zp, T, Tpy1) VR = 1,2, ... (3)

(1—a3—ag4—ay; —ag—ag — a)S(x,z, fx)

Vi 2, —  nén v6i moi ¢ € intP ton tai s6 tu nhién ngy sao cho véi moi n > ng, ta c6

(2+as+as+ag +ag + a)S(x,x, Tpi1)
+(a1 + 2a4 + ag + a7 + ag + 2a)S(xyn, Ty, T)
+(a2 + 2a)S(zp, Tn, Tni1) < C.

Két hop véi (3) ta co
(1—as—ag—ar —ag—ag —a)S(z,z, fr) < ¢ (4)

v6i moi ¢ € intP. Vi az + a4 + a7 + ag + ag + a < 1 nén tir (4) va Bo dé 1.2 ta c6
S(x,z, fr) =0, tiic x = fx. Nhu vay z la diém bat dong clia f.
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Bay gid, ta ching minh z 1a diém bat dong duy nhét ctia f. Gia sit y € X ciing la mot
diém bat dong cia f, tic la y = fy. Khi do, ta c6

S(z,z,y) = S(fz, fz, fy) < Qz,y) + aM(z,y)
=a15(z,z,y) + a2S(x,z,x) + a3S(y,y,y)
+ayS(z,z,y) + a5S(y,y, z) + asS(x,y, )
+a7S(z,y,y) + agS(z, z,y) + agS(y, z,y)
+ amax{S(z,z,y), S(z,y,9), S(z,y,2), S(y,,y)}
< (a1 + a4+ as+ag + ar +ag + ag)S(z,z,y) + aS(z,z,y)
= (a1+a4—|—a5+a6+a7+ag+a9+a)8(az,x,y).

Két hgp véi dieu kien
a1 +a4+as+ag+ar+ag+ag+a<l

suy ra S(z,,y) = 0 titc z = y. Do d6, = 14 diém bat dong duy nhat clia f.
b) Theo biéu thiic (2), véi moi n va moi p ta cé

22"
S (xna T, xn—i—p) < To-

“1-A

Tit 2, — x khi n — oo suy ra vdi moi ¢ € intP ton tai sd ty nhién kg sao cho v6i moi
p > ko va moi n ta cé
c
S(z,2, Tnyp) K 3

Do d6 v6i moi ¢ € intP va v6i moi n ta co

S(fnx07fnm07$) = S<$7Z7xn7x> - S(xaxw%'n) S 2S ($,1’,xn+p)
+S (xn>$mfcn+p) <c+ %TO = 1257;\5(1'07an fzo) e

c) Gid st x € X la diém bat dong clia f. Ta ching minh f lien tuc tai z. Gia st
2, — x khi n — oo. Dé chitng minh f lién tuc tai = ta can ching té fz, — fz khi
n — oo. Vi z la diém bat dong ctia f nén x = fz. Do d6, sit dung diéu kien (ii) ta c6
S(fx, fz, fxy,) <a1S(z,x,x,)
+agS (x,x,x) + a3S (Tp, Tn, fry) + asS (x,z, fr,) + a5S (zn, Tn, x)
+agS (z, xn, ) + a7S (x, Ty, f2n) + agS (z,x, fa,) + agS (zn, x, f2,)
+a max {S (z,z,2,),25 (x,z,2) + S (Tn, Tn, f2n),S (z,x, fz,)
S(n, n,x), S (T, 20, x), S (T, 20, f2n),S (z,x, fx,),S (zn,x, fr,)}
<a1S (x,z,xy) + a3 25 (zn, Tn, ) + S (x, 2, fon)] + asS (z, x, fz,)
+asS (z,x,x,) + a6S (z,x,20) + a7 [S (T, Tp, x) + S (2, 2, f2,)]
+agS (z,x, fryn) + ag [S (xn, Tn, x) + S (v, 2, fa,)]
+a 25 (z,z,20) + S (2,2, fo,)]
= (a1 + 2a3 + a5 + ag + a7 + ag + 2a) S (z, x, xp,)
+(as+ag+ar+as+ag+a)S(x,z, fr,) Vn=1,2, ...
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Két hop véi az + ag + a7 + ag + ag + a < 1 suy ra

<a1+2a3+a5+a6+a7+a9+2a

S (fz, fo, frn) < 1 — (a3 +ag +a7+ag+ag + @)

S (x,z,xy)

v6i moi n. Vi z,, — z khi n — oo nén tit bat dang thitc cudi cing suy ra fx, — fr khi
n — 0o. O

2.2. Chu y. Vi khong gian S—meétric 1a truong hgp dic biét cha khong gian S—métric nén
(xem Nhan xét 1.8. b) nén Dinh Ii 2.1 4p dung dugdc cho khong gian S—métric day dia. Mt
khac, néu ta lay F 1a khong gian cac s6 thyc R v6i chuan thong thuong va nén P = [0; 00)
thi trong khang dinh b) ctia Dinh 1 2.1 cho ¢ — 0 ta dudc

n

A
S (fnx()a fnx07x) S — )\S(:UO?:UO?fxO) vn.

1
Do d6, trong Dinh 1i 2.1, néu lay
ag=ac[0;l), a=a=0,i=2,3,...,9

thi ta nhan duge hé qua sau.
2.3. Hé qua ([5]). Cho (X,S) la khong gian S—meétric day di va f : X — X la dnh xa
co, tic la ton tai a € [0,1) sao cho

S(fx, fz, fy) < aS(z,z,y) Yo,y € X.

Khi dé, f c6 duy nhat mot diém bat dong x va vdi moéi xo € X ta c6 v = lim fPxy va
n—oo

n

a4 aS(xo,:co, fxo) Vn.

S (f"wo, fMzo, x) < 17—

2.4. Hé qua ([6]) Gid st (X, S) la khong gian S—meétric day di va f: X — X la anh za
sao cho ton tai cac hdang s6 khong am by, ba, ..., bs thoa man

max{b1 + by + 3by + bs, by + b3 + by, by + 2b5} <1

" S (Fa. £, fy) < 1S (2,2.9) + boS (2., o) +
bSS (y7y7 fx) + b4S (ZE, Zz, fy) + b5S (yayv fy)

vdi moi x,y € X. Khi do, f c6 mot diém bat dong duy nhat trong X va f lien tuc tai diém
bat dong.

Ching minh. Khzzmg dinh can chiing minh dudc suy ra tit viéc stt dung Dinh Ii 2.1 véi viéc
lay (X, S) Ia khong gian S—métric day du,

a1 = by,az = by,a3 = bs,a4 = by, a5 = b3, =a; =0,i=6,7,8,9
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Trong Dinh If 2.1, néu lay (X, S) 1a khong gian S—meétric day du va
1 .
o € 0;§ ,a; =0,0=1,...,9

thi ta nhan duge hé qua sau.
2.5. Heé qua ([6]). Gid st (X, S) la khong gian S—meétric day di va f: X — X la dnh xa

sao cho ton tai o € [0; g) théa man

S(fx, fr, fy) < a max{S (z,z,y),S (z,2, fr),S (y,v, fy),
S(x,z, fy), S (y,y, fx)}

vdi moi x,y € X. Khi do, f c6 mot diém bat dong duy nhat va f lién tuc tai diém bat dong.
2.6. Hé qua ([1], Pinh 1i 2.2). Gid st (X, D*) la khong gian D*—meétric nén day di va
f:X — X. Khi dé, néu ton tai cic s6 khong am a,b,c,d sao cho a+b+c+d <1 va

D* (fx, fy, fz) < aD* (z,y,2) + bD* (x, fz, fx) + D" (y, fy, fy) + dD* (2, fz, f2)

vdi moi x,y,z € X thi f c6 duy nhat mot diém bat dong trong X .

Chatng minh. Tu gia thiét clia he qua ta c6
D* (fa, fa, fy) < aD* (z,2,y) + bD* (=, fx, fz)
+cD* (x, fx, fx) + dD* (y, fy, fy) Ve,y € X
Vi khong gian D*—meétric noén 1a trudsng hgp dac biét ctia khong gian S—métric nén
nén tit bat déng thic nay suy ra khang dinh can ching minh nhan dudgc tit viec ap dung
Dinh 1y 2.1 v6iay =a;a2 =b+cja3 =d,a=a; =0, +=4,5,...,9. ]

2.7. He qua ([8], Dinh li 2). Gid st (X,D*) la khong gian D*—métric day di va
f: X — X la anh za théa man

D™ (fx, fy, fz) < a[D" (x,y,2) + D* (x, fx, fx) + D" (y, fy, f2)] ,Vo,y,2 € X, (5)

. . 1 . . .
trong dé a la hang s0 duong nao dé thudc [0; Z) Khi do, [ c¢6 duy nhat mot diem bat dong.

Chitng minh. Theo diéu kién (5), v6i moi z,y € X ta ¢6

D*(fz, fz, fy) < a[D*(z,2,y) + D" (z, fz, fx) + D* (z, fz, fy)]
Dit a1 = a,a3 = a,a8 = a,a3 = a4 = a5 = ag = a7 = ag = o = 0 . Ta dé dang kiém tra
dugc cac diéu kien ctia Dinh 1y 2.1 dugce théa man. Do d6 theo Dinh 1y 2.1 thi f c6 diém
bat dong duy nhat. O
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2.8. Hé qua ([8], Dinh li 3). Gid st (X,D*) la khong gian D*—métric day di va
f: X — X la anh za théa man

D* (fx, fy, fz) < aD* (z,y,2) + 5 [D* (x, fx, fy) + D* (y, fy, f2)]
+5 [D* (2,9, fy) + D* (y, 2, f2)] ,z,y,2 € X, (6)

3 3 . .
trong do a,b,c > 0 va a + ib + §C < 1. Khi do, f co duy nhat mot diem bat dong.

Chaing minh. T diéu kien (6), ta c6
D* (fz, fz, fy) < aD* (z,2,y) + § [D* (z, fx, fx) + D* (z, fz, [y)]

+5 [D* (z,z, fx) + D* (z,y, fy)] Va,y € X, (7)

b b . .
bat a1 = a,a9 = %,cw = %,ag = §,a3 =a4 = ag = a7 = ag = a = 0. Ta dé dang kiem
tra dugc cac diéu kien ctia Dinh 1y 2.1 duge théa man. Do dé theo Dinh 1y 2.1 thi f ¢6 duy
nhat diém bat dong. O

2.9. Hé qua ([2], Dinh 1i 2.5). Gid st (X, S) la khong gian S—métric nén day di vdi P
la non chuan tic va f + X — X la dnh za sao cho ton tai cdc hdang s6 khong am hi, ho, ..., hg
théa man
max{h1 +h2+3h4+h5+3h6,h1+h3+h4+h6} <1

Va4
S (fz, fx, fy) < hS(w,2,y) + haS (fz, fr,x) + h3S (fz, fx,y)

+h4S (fy7 fyv CC) + h5S (fya fy7 y)

+h6 sup {S(x,x,y),S(f:c,fa:,x),S(fy,fy,:r)

S(fx, fx,y), S (fy, fy,y)} Y,y X. (8)

Khi dé, f ¢6 duy nhat mot diem bat dong x € X va x = lim f"xg vdi moi o € X.
n—oo

Ching minh. Dt
a1 = hi,a2 = ho,a3 = hs,a4 = hy,a5 = h3,as = h3,a = hg
hy = hg = hg = 0.

Ta co
max{a1 + as + a3 + 3aq4 + ag + 2a7 + 2ag + ag + 3«
a1+ aqg + as + ag + ar + ag + ag + a}
:max{h1 + ho + hs + 3hyg + 3hg,
hi+hs+hs+he} <1

va (8) tré thanh

S(fxz, fz, fy) < Q(z,y) + aM (z,y) Vo,y € X.
Nhu vay céac diéu kién ctia Dinh 1i 2.1 duge théa man. Do dé diéu phai ching minh dude
suy ra tit Dinh 1i 2.1 O
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2.10. Chu §. Dinh 1y 2.5 trong [2] can thém gid thiét P 14 nén chuan tic nhung trong
Dinh 1i 2.1, khong can t6i gia thiét nay.

Vi du sau day chitng té Dinh 1f 2.1 thye sy tdng quat hon mot vai két qua trong [5] va
[6] (ttc la He qua 2.3 va Heé qua 2.5.
2.11. Vi du. Gia sit X = {1,2,3}. Ta xac dinh ham S : X3 — [0; +00) bsi

S(1,2,3) =4,5(2,2,3) = 3
S(1,1,2) = S(1,1,3) =2
S(z,y,2)=0x=y=2=2
S(x,y,2) =S (y,z,2) =S (z,2,y)

(S ¢6 tinh dbi xiing theo ca 3 bién).
Ta dé dang kiém tra dugc (X,.S) la khong gian S—métric day du.
Ta xac dinh ham f: X — X bdi

fl=f2=1,f3=2.

R6 rang f c¢6 duy nhat mot diém bat dong 1a 1.
Dau tién, ta chiing minh f théa man cac diéu kién ctia Dinh 1i 2.1 (tic Dinh 1i 2.1 4p dung

. 7 1
duge cho f). That vay, lay ag = g0 = 5 = 0v6ii=1,2,3,4,5,7,8 vi. a = 0.

Ta thay diéu kién (i) ctia Dinh 1i 2.1 dugc théa man.
Ta c6

S(f1,f1,f2) = 5(f2,f2, f1) = 0.

nén diéu kien (ii) duge thdéa man véi (1,2) va (2,1) € X x X.

Ta c6
S(f1, f1, f3) 5(1,1,2) =2,
Q(1,3)=15(1,3,1)+£5(3,1,2) = £.24+ 2.4 > 2= 5(f1, f1, f3);
S(f3,f3, fl) (2 2,1) =3,
Q(3,1)=15(3,1,2) + £5(1,2,1) = F.4+ £.2>2=5(f3, f3, f1);
S (2, f2, f3) S(1,1,2) =2,
Q(2,3)=15(2,3,1)+£5(3,1,2) = F. 4+ 14> 2=5(f2, f2, f3);
S (f3, £3, f2) S(2,2,1) =2,
Q(3,2)=15(3,2,2) + £5(2,2,1) = §.3+ £.2>2=5(f3, /3, f2).
Do dé6 diéu kién (ii) trong Dinh 1{ 2.1 duge thda man cho (1,3), (3,1), (2,3), (3,2) € X x X.

Nhu vay cac dieu kién ctia Dinh 1{ 2.1 dugce théa man.
Bay gio, ta chitng minh Hé qua 2.3 va Hé qua 2.5 khong ap dung dude cho f . Ta c6

S(f1,f1,f3)=5(1,1,2) =2 >aS(1,1,3) = 2a

véi moi a € [0,1). Do d6 diéu kién co trong He qué 2.3 khong ding cho (1,3) € X x X.
Nhu vay Hé qua 2.3 khong ap dung duge cho f.
Néu cép (1,3) théa man diéu kieén co trong He qua 2.5 thi

amax{S(1,1,3),5(1,1,1),5(3,3,2),5(1,1,2),5(3,3, 1)} =3a > 2 = S (f1, f1, f3).
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N . . 1
Diéu nay mau thuan véi a € [0; §) Do d6 Heé qua 2.5 khong ap dung duge cho f.
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SUMMARY

FIXED POINT THEROREM FOR GENERALIZED
CONTRACTIVE MAPPINGS IN CONE S—-METRIC SPACES

Nguyen Thi Ngan
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In this paper, we establish the existence and uniqueness of fixed point for generalized
contractive mappings in cone S—metric spaces. This results extend and generalize well-
known results in [2], [5], [6].

Keywords: Fixed point; generalized contractive mapping; cone S—metric space.
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