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Tém tat: Trong bai bao nay, ching toi thiét lap mot vai két qua vé su ton
tai va duy nhat diém bat dong ctia 4nh xa cyclic hau co kiéu Geraghty suy rong
trong khong gian b-métric day du. Két qua ciia ching toi 1a md rong thuc si clia
mot vai két qua trong cac tai lieu [2], [4], [6], [7].

T+t khéa: Diém bat dong; khong gian b-métric; co cyclic; anh sang cyclic hau
co kiéu Geraghty.

Nguyén ly anh xa co Banach trong khong gian meétric day da 1a mot trong nhitng két
qua quan trong dau tién ciia ly thuyét diém bat dong. Nhiéu nha toan hoc di mé rong
Nguyén ly nay cho nhiéu 16p khong gian va nhiéu loai 4nh xa khac nhau. Chiing ta dé y
rang, cac 4nh xa co kiéu Banach 1a lién tuc. Dé md rong Nguyen 1y anh xa co Banach cho
16p cac anh xa khong lién tuc, nam 2003, Kirk va céc cong su [5] da dua ra khai niém anh
xa cyclic v nghién citu sy ton tai diém bat dong cta 16p anh xa nay trong khong gian
métric. Sau dé, van dé vé sy ton tai diém bat dong clia cac anh xa cyclic théa man diéu
kien co nao d6 da dugc nhiéu nha todn hoc quan tam nghién ctu (xem [2], [6], [7]). Vao
nam 2018, Babu va cic cong sit [2] da chitng minh sy ton tai duy nhat diém bat dong ciia
cac anh xa cyclic hau co Geraghty. Dé mé rong 16p khong gian métric, nam 1993, Czerwik
[3] d& dua ra khai niém khong gian b-métric va mot s6 két qua vé sy ton tai diém bat dong
trong khong gian nay. Mot van dé duge dit ra & day 1a két qua ctia Babu [2] ¢6 thé mé rong
cho khong gian b-métric dugc hay khong? Trong bai bao nay, ching t6i dua ra khai niém
anh xa cyclic hau co kiéu Geraghty suy rong va chiing minh sy ton tai duy nhat diém bat
dong ctia n6 trong khong gian b-métric day du. Két qua clia ching toi 1a st md rong két
qué ctia Babu [2] cho khong gian b-métric. Hon nita, néu chi xét trong khong gian métric
thi két qua ctia chiing toi ciing 14 md rong thue sy ctia Dinh 1y 2.3 trong [2].

Dau tién, chiing ta trinh bay mot s6 khai niém va két qua co sd.

Ky hiéu

S ={g:[0;+00) — [0;1)]| v6i moi day bi chan {t,} C [0;4+00) ma g (t,) — 1 thit, —
0}.

Nam 1973, Geraghty da ching minh dinh Iy sau.

D Email: thaonguyenthpt@gmail.com (T. T. N. Théo)
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Dinh 1i 1.1. ([4]) Gid st X la khong gian métric day di va f : X — X la dnh za sao
cho ton tai g € S théa man:

d(fz, fy) < g(d(z,y))d(z,y),Vo,y € X.

Khi dé, f c¢6 duy nhat diém bat dong z trong X va vdéi moi xo trong X thi {f"wo} hoi tu
tdi z, trong do:

floo = fro, P20 = ffxo,..., f"xo = ff* 'xo,....

Dinh nghia 1.2. ([5]) Gia st Ay, ..., A, la cac tap con khéc rong clia khong gian métric
P

(X,d)y va F : |J 4; —
i=1

1

P . .
A;. Anh xa F dugc goi la p-cyclic (néi gon la cyclic) néu

— -1

F(A;) CAjpi véimoii=1,2,...,p, trong d6 Api1 = A;.

Dinh 1i 1.3. ([5]) Gid st Ay,..., Ay la cdc tap con déng khdc rong cia khong gian métric
P P

day di (X,d) va F: | A; — U 4; la dnh za cyclic. Khi dé, néu ton tai g € S sao cho
i=1

1= =1

d(fz, fy) < g(d(z,y))d(x;y),Vo € Aj,y € Ajpr,i=1,2,...,p
thi F ¢6 duy nhat diém bat dong.

Dinh nghia 1.4. ([2]) Gid st Xi,..., X, 1a cac tap con déng khac rong ctia khong gian

p p . N 2
meétric (X,d) va F': |J X; — |J Xi. Anh xa F dugc goi la cyclic hau co Geraghty néu F
i=1 i=1
1a 4nh xa cyclic va ton tai g € S va L > 0 sao cho

d(Fa. Fy) < g (d(2,y)d () + L min{d (2, Fz) d (y, F)},
v6i moi x € A;,y € Ajr1,i=1,2,...,p.
Dinh nghia 1.5. ([5]) Gid stt X 1a tap hop con khéac rong va s6 thuc s > 1. Ham d :
X x X — [0;4+00) dugc goi 1a b-meétric néu véi moi x,y,2 € X ta c6

d(z,y) =0&z=uy;

2) d(z,y) = d(y, ); 9
3) d(z,y) < s[d(z,2)+d(z,y)] (bat dang thic tam gidc).

Tap X clng v6i mot b-métric trén dé duge goi 1a khong gian b-métric vdi tham so s,
néi gon la khong gian b-métric va duge ky hiéu béi (X, d) hodc X.

Chai 9. 1) Tt day vé sau khi néi t6i khong gian b-métric ta luon hiéu tham s6 clia
no6 la s > 1.

2) Tt dinh nghia khong gian métric va khong gian b-métric ta thay ring khong gian
métric la trudsng hgp dac biét cta khong gian b-métric khi s = 1.
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Dinh nghia 1.6. ([3]) Gia st {z,} 1a day trong khong gian b- métric (X, d). Day {x,,} dugc
goi 1a b-hoi tu (no6i gon la hoi tu) t6i € X va duge ky hig¢u béi z,, — x hodc lim z, =z
n—oo

néu véi moi € > 0, ton tai s6 ty nhién ng sao cho d(z,,z) < & v6i moi n > ny.

Néi cach khéc, z,, — = khi va chi khi d(z,,z) — 0 khi n — oo.

Day {z,} dugdc goi 1a day Cauchy néu v6i moi € > 0, ton tai sé tu nhién ng sao cho
d(xp, Tm) < € v6i moi n,m > ny.

Khong gian b-métric duge goi 1a day di néu moi diy Cauchy trong né déu hai tu.
B6 dé 1.7. ([3]) Gid st {x,} la day trong khong gian b-métric (X,d) va x, — v € X. Khi
ds,

[ 1)]
1. {zp} la day Cauchy;

2. x la duy nhat;

1
3. —d(x,y) < Iirginf d(xn,y) < limsupd(zy,y) < sd(z,y) vdi moiy € X.
S n—00

n—o0

B6 dé 1.8. ([1]) Gid st (X,d) la khong gian b-métric, {x,} va {y,} la hai day trong X
lan ligt hoi tu tdi x va y. Khi dé, ta cé

1
?d(a;, y) < lirginf d(xp, yn) < limsupd(zn, yn) < s%d(z,y).

n—0o0

Dac biét, néu x =y thi lim d(zy,,yn) = 0.
n—oo

2 Cac két qua chinh

Dinh nghia 2.1. Gia st X,..., X, la cac tap con khéc rong ctia khong gian b-métric
P P ) . ,
(X,d)va F: | X; — U X;. Anh xa F dugc goi la cyclic hau co kieu Geraghty suy rong

=1 =1

néu F 1a anh xa cyclic va ton tai g € S va cac hang s6 khong am L, aq, as, ..., as sao cho
a1+ ag + az + 2048 < 1, (1)

a18% + (g +as)s <1, (2)

(s +aus)s < 1 (3)

d(va Fy) < g(d(x, y)) [ald(xa y) + a2d($7 FJ,‘)
+ a3d(y, Fy) + csd(z, Fy) + asd(y, Fx)]
+Lmin{d(z, Fx),d(y, Fz)} (4)

véimoi v € X;,y € Xiq1,0=1,2,...,p, trong d6 X, 1 = Xj.
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Nhan xét 2.2. Trong Dinh nghia 2.1, néutaldy oy = l,as =ag=ags=a5=0vas=1
(ttc (X, d) 1a khong gian métric) thi ta nhan duge khai niem anh xa cyclic hau co Geraghty
phat biéu trong Dinh nghia 1.4. N6i cach khéac, anh xa cyclic hau co Geraghty la trudng
hop diic biét ctia anh xa cyclic hau co kiéu Geraghty suy rong.

Dinh i 2.3. Gid st X1, ..., X, la cic tap con doéng khdc rong ciia khong gian b-métric day
P

di (X,d)va F: | X, —
i=1

1=

P .
X; la dnh za cyclic hau co kieu Geraghty suy rong. Khi do,
i=1

1=

d Z p ~ d p
F ¢6 duy nhat mot diem bat dong z € () X, va vdi moéi diem xo € |J X, day {F"zo} hoi
i=1 i=1

tu toi z.
Chaing minh. Lay xo € X; v6i i ndo d6 thuoc {1,2,...,p} va dat
Tp=Fr, 1 =F'z,Vn=12,....

Néu ton tai ng sao cho z,, = Tpgt1, tc T, = Fap, thi x,, 1a diém bat dong ctia F. Do
do ta gid st x, # Tp41 v6i moi n = 0,1,.... Vi F la dnh xa cyclic nén F(X;) C X1
voi i =1,2,...,p, trong d6 X,11 = X;. Tu d6 suy ra rang, véi méi n = 1,2,... ton tal
in € {1,2,...,p} sao cho x, € X; ,wpy1 € X;, +1. Do d6, sit dung didu kien (4) va bat déng
thitc tam gidc ta cé

d(mna$n+l) = d(Fxnflann)

< g(d(zp-1,7n)) [qu(xn,l, Tn) + agd(Tp—1,Zn)
+ azd(xn, Tpy1) + asd(Tp—1, Tni1) + asd(zp, xn)}
+ Lmin{d(zp_1,2n),d(xn, Tn)}
< (o1 + a2)d(Tp—1,%n) + azd(xn, Tni1)
+ aysd(Tpn—1, Tn) + casd(Tp11, Tn)
= (o1 + a2 + saq)d(xp—1,2,) + (a3 + sou)d(zy, Tpi1) (5)
v6imoin=1,2,.... Do dé

a1 + ag + say

d Yn=12,....
1—053—80[4 (-’L’n,.an+1), n )

d(%n, xn—&—l) <

Tit diéu kien (1) suy ra 21T 92F75% 4 py g4
1 — a3 — say

d(xn, Tpt1) < d(xp, Tp—1) VR =1,2,....

Nhu vay {d(xp,zn11)} 12 diy gidm cac s6 khong am. Do d6 ton tai lim d(zy, z,41). Dat
n—oo
lim d(zn,%n41) = r. Ta ¢c6 v > 0. Gid st r > 0. Khi do, tu (5) suy ra cac hang s
n—0o0
a1, g, a3, oy khong dong thai bang 0 va
d(xmxn-l—l)
(a1 + ag + saq)d(zp—1, xn) + (a3 + say)d(Tp, Tni1)

< g(d(zn-1,2n)) <1 (6)
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véimoin=12 ...

Mat khac

lim d(l‘n, anrl)
n—oo  (ag + oo + say)d(Tp—1,x,) + (a3 + saq)d(zy, Tpi1)

r 1
— = > 1.
(041 + oo + a3 + 28&4)7“ a1 + ag + ag + 2say

Két hop véi (6) suy ra lim g(d(zpn,xn—1)) = 1. St dung tinh chat clia ham g suy ra
n—oo

r= nh_)r{)lo d(xp, xn—1) = 0.

Diéu nay mau thuan véi r > 0. Vay r = 0, tiic

nl;rgo d(py1, ) = 0. (7)
Tiép theo ta chitng minh ring
lim d(xn, k) =0Vk € N, k=1 (mod p). (8)

n—oo

Gia stt khang dinh (8) khong ding. Khi d6, ton tai € > 0 sao cho v6i méi n = 1,2,... ton
tai hai s6 tw nhien my,, k, sao cho m,, > n, k, =1 (mod p),

va my, 1 86 tu nhién bé nhat thoa man (9), tic la:

Vi k, =1 (mod p) nén my, +k,—1—(m, —1) =1 (mod p). Do d6, néu z,,, 1 € X;, Vi i, €
{1,2,...,p} thi zpp, 4k, —1 € Xj,+1. Tt d6, stt dung diéu kién (4) v6i mdin =1,2,... ta c6

AT, s Ttk ) =d(Frm, -1, FTm, +k,-1)

I A @ =1, Ttk —1)) [0 A( @iy 15 Ty b 1)
+ a2 d(Tm, -1, Tm,) + 3 AT, 1k —15 Trmg +ky,)

+ g ATy =15 T tkn) + 05 ATyt lep—15 Ty )|
+ Lmin{d(zm, -1, %Tm,, ), A(Tm, 1k, -1, Tm,, ) }
9(d(@m, 1, Ty thn—1)) [alSd(xmn—lv T, )

4+ 182d(Tm,y s Ty k) + Q182 (T, s Ty k1)
+ od (T, —1, Tm,,) + a3d(Tpm,, 4k —15 Ty +k,, )

+ aasd(Tm, —1, Tm,,) + @48d(Tm,, s T, +k, )

+ 58Ty 4k —15 Ttk ) + 55T+ s Ty )]
+L d(Tm,—1,Tm, )-

IN

IN
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Tu day suy ra

0 [1— (a15® + aus + ass) g(d(Tm, 1, Tmy1h,—1))] AT, Ty 4k,)
9(d(@mp—1, Trmptkn—1)) [(Q15 + 22 + aus) d(Tm,—1, Tm,,)

+ (alSZ + ag3s + a58) d(xmn+kn_17 mmn+kn) + L d(‘rmn*l? xmn)] . (]‘1)

IN A

T (7) va g(t) € [0,1) v6i moi ¢ > 0 suy ra vé phéi ctia (11) tién t6i khong khi n — oco. Do
do, tur (11) suy ra

Jim [1— (s + as + as)s 9(d(@m, 1, Tmnthn—1))] ATy Ty 4h,) = 0-

Két hop véi (9) suy ra

lim [1 — (15 4+ s + as)s g(d(Tm,—1, Tm,+k,—1))] = 0.

n—oo

Diéu nay xay ra khi va chi khi (a1s + as + a)s = 1 va lim 9(d(Tm,—1, Ty 1kp—1)) = 1
n—oo

bédi vi theo diéu kien (2) thi (a1s + ag4 + as)s < 1 va ham g nhan gia tri trong [0,1) nén

lim g(d(@m, —1,Tm,+k,—1)) < 1. Tt (10) va tinh chat cta g suy ra

n—oo

lim d(xmn—17xmn+knfl) =0. (12)
n—00

Mat khéac ta co
€ S d(xmn7 xmn"‘kn) S Sd(xmn7 xmnfl) + 52d(a’:mn717 xmn"!‘kn_l)
+S2d(xmn+kn—1 » Tmp+kn ) :

Cho n — oo, sit dung (7) va (12) ta c6 ¢ < 0. Day la mot diéu vo ly. Vay khing dinh
(8) la dung.
Bay gio ta ching minh {z,} la diy Cauchy. Vi mdi j = 1,2,... at ton tai | €
{0,1,...,p — 1} sao cho
0<j—1=1 (mod p).

Do d6 theo (8) ta co

lim d(xn-‘rj—lv zp) = 0. (13)

n—oo
Mat khéac, sit dung bat ding thiic tam gidc nhiéu lan ta c6
0 < d(@ptj—1,Tntj) < 8A(Tnyj—i, Tnyj—i41)

+ STt 15 Tngjir2) T -
+ Sl_ld(l‘n+j—1, .’L'n+]) Vn (14)

Tu (7) suy ra vé phéi ctia (14) hoi tu t6i 0 khi n — oco. Do d6

im d(p4j—1, Tnyj) = 0. (15)

n—o0
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Tit (13), (15) va bat déng thiic
d(Zntj, tn) < s[d(@pyj, Tngji) + d(@Tngji, Tn)] V0
suy ra
lim d(xn4j,2,) =0véimoi j=1,2,....
n—oo
Do d6 {z,} la day Cauchy. Vi (X,d) la khong gian day di nén ton tai z € X sao cho
P

Tp — 2. Vi{z,} C U X; nén tt tinh cyclic ctia g va cach xay dung {z,} suy ra ring, v6i
moii=1,2,...,p t(%;lltai day con {z;, } cta day {x,} sao cho {z; } C X;. Do z,, — z nén
x;, — z. Két hop véi tinh dong clia X; suy ra z € X; v6i moi i = 1,2,...,p tiic z € ‘(p] X;.

Tiép theo, ta ching minh z 1a diém béat dong ctia F. Vi z € X; v6i moi i = 1, 217_.1. P
nén st dung diéu kien (4) ta c6

d(xpt1,Fz) = d(Fxy, Fz)
< g(d(zn, 2))[01d(wn, 2) + a2d(@n, Tni1)

+ asd(z, Fz) + caud(xp, Fz) + asd(z, zpi1)]
+ L min{d(zn, Tnt+1),d(2, Tny1)}
a1d(xy, z) + aod(Ty, Tni1)
+azd(z, Fz) + ays d(xp, 2) + ays d(z, Fz)

+ 045(1(2, :EnJrl) +L d($na anrl)

IN

véimoin=1,2,....
Vi z,, — z nén theo B dé 1.7 ta c6

1
—d(z,Fz) < limsupd(zpi1, Fz)
s

n—oo

< lim SUP[ald(xny Z) =+ Q’Qd(xnv xn-i—l)
n—00

+ (a3 + ays)d(z, Fz) + aysd(xn, 2) + asd(z, xp41)
+L d(xna xn+1)]
< (a3 + ags)d(z, Fz).
Két hgp véi didu kien (3) suy ra d(z, Fz) = 0 tiic z = Fz. vay z la diém bat dong cta
F.
Cudi ciing, ta chitng minh diém béat dong z clia F la duy nhat. Gia st y ciing 1a diém
p
bat dong ctia F, tic 1a y = Fy. Vi F 1a anh xa cyclic nén y € (] X;. Do do6, stt dung diéu
i=1
kién (4) ta co
d(z,y) = d(Fz Fy) < g(d(zy))lead(z,y)
+ agd(z, 2) + asd(y, y) + cud(z,y)
+asd(y, z)] + L min{d(z, 2),d(y, 2)}
= (a1 + a4+ as)g(d(z,y)) d(z,y).
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Vi0 < (a1 +aq +as)g(d(z,y)) < 1nén d(z,y) =0, tic 14 z = y. Vay diém bat dong cla
F 1a duy nhét.
O]

Sau day 1& mot sd hé qua ctia Dinh 1y 2.3.
Heé qua 2.4. Gid st (X,d) la khong gian b-métric day di, X1, ...,X, la cdc tap con déng
P P
khdc rong cia X, F: |J X; — U X; la dnh xa cyclic. Khi dé, néu ton tai cdc hdang s6
i=1 =1

= 1=

khong am L, B1,...,Bs sao cho

B1+ B2 + B3+ 284s < 1, (16)
B15* + (B1+ Bs)s < 1, (17)
(B3 + Pas)s < 1, (18)

va
+ Bad(z, Fy) + Bsd(y, Fz)
+ L min{d(z, Fx),d(y, Fz)} (19)
vdi moi x € X;,y € Xiqp1,0=1,2,...,p; trong déo Xpy1 = X1
p
thy F c6 duy nhat diém bat dong trong () X;.
i=1

(2
Chaitng minh. Tt (16), (17) va (18) suy ra ton tai cac hiang s6 khong am aq, as, . .., as sao
cho B; < ay,i=1,2,...,5va
al +ag +az+ 2048 <1,
ars® + (g +as)s < 1,
<

(a3 + ays)s 1.
Dit o = max{@ i=1,2,...,5;q; # 0} va xac dinh ham ¢ : [0,400) — [0, 1) béi cong
(67}
thic 1
-«
a+ —— VYt e (0,400),
g(t) = 14t ( )

o néu t=0.

Khi d6, g € S va g(t) > a véi moi t € [0,+00). Do d6 83; < a;g(t)Vt € [0,400). Két hop
v6i (19) suy ra:

d(Fa.Fy) < g(d(x.y))|ard(z.y) + axd(z. Fa)
+ asd(y, F'y) + ayd(z, Fy) + asd(y, F:U)]
+ Lmin{d(z, Fx),d(y, Fx)}
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v6imoi x € X;,y € X541,0=1,2,...,n
Nhu vay cac diéu kién ciia dinh 1y 2.3 duge théa man. Do d6 diéu can chitng minh dugc
suy ra tit Dinh 1y 2.3. O

Trong He qua 2.4 néu lay s = 1 (tic (X, d) 1a khong gian meétric) thi ta nhan dugce he
qué sau.
Hé qua 2.5. Gid st (X d) la khéng gian métric day di, X1, ...,X, la cdc tap con déng

khac rong cia X, F : U X; — U X; la dnh za cyclic. Khi dé, néu ton tai cdc hing so
i=1 =1

khong am L, B1,...,Bs sao cho

B1+ B2+ B3+ 264 < 1,

B1+ Bs+ Bs <1,
V4

+ L min{d(z, Fx),d(y, Fz)}

vdi moi x € X,y € Xiv1,1 = 1,2,...,p; trong d6Xp41 = X1 thi F ¢6 duy nhat diém bat
P
dong trong () Xi.
i=1
T He qua 2.5 tryc tiép suy ra hai hé qua sau.
Hé qua 2.6. ([7], Theorem 3.1) Gid sit (X, d) la khong gian métric day di; X1, Xo, ..., Xp, Xpy1 =
X1 la cdc tap con déng khdc rong cia X va

F . U X, — U X; la dnh za cyclic. Khi dé, néu ton tai cdc s6 thuc a € [0,1),b €

i=1 =1

1 1
[0, 5),0 € [0, 5) sao cho véi moi x € X;,y € Xip1,i = 1,2,...,p mot trong cic diéu kiéen
sau duge thdéa man:
d(Fz,Fy) < ad(z,y),
d(Fz,Fy) < bld(z,Fz)+ d(y, Fy)],
d(Fz,Fy) < cld(z,Fy)+d(y, Fz)]

. p
thy F c6 duy nhat diem bat dong trong () X;.
i=1
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Hé qua 2.7. ([6], Theorem 7) Gid st (X, d) la khong gian métric day di; X1, Xo, ..., Xp, Xp+1 =
P P
X1 la cde tap con déng khac rong cia X va F: |J X; — |J X; la dnh za cyclic. Khi do,

=1 =1
néu ton tai cdc s6 thuc khong am a,b,c sao cho

a+b+c<l1
va
d(Fz, Fy) < ad(z,y) + bd(x, Fz) + cd(y, F'y)
vot moix € X;,y € Xi41,0=1,2,...,p
o P
thi F ¢6 duy nhat diém bat dong trong () X;.
=1

1=

Heé qua 2.8. Gid st (X,d) la khong gian meétric day di; X1, Xo,...,X, la cic tap con
p p .

déng khac rong cia X va F : |J X; — U X; la anh za cyclic. Khi dé, néu ton tai cdc

i=1 i=1
hang so6 khong am oy, o, ..., a5 sao cho

al+as+...+as<1
va vdi mot x € X5,y € X1 hodcy € Xj,x € Xij1,i=1,2,...,p ta co

d(Fﬂj‘,Fy) < Oéld(x, y) + an(xa Fﬂl’) + Oé3d(y, Fy)
+ a4d(l‘a Fy) + a5d(y, Fl’), (20)
trong do X,11 = Xy
P
thi F' c6 duy nhat mot diém bat dong trong () X;.
i=1

Chiing minh. V6i moi x € X;,y € X1, tit (20) ta co
d(Fz,Fy) = d(Fy, Fr) < cand(z,y) + cad(y, Fy)
+ asd(z, Fz) + cud(y, Fx) + asd(z, Fy). (21)
T (20) va (21) suy ra

Qg + a3 Qg + a3

d(Fz,Fy) < aid(z,y)+

a4+ a5

d(z, Fx) +

a4 + as

d(y, F'y)

+ d(z, Fy) + d(y, Fx)

= md(z,y) +y2ld(z, Fz) + d(y, F'y)]
+3ld(z, F'y) + d(y, Fx)]

voi moi x € X,y € X411, trong do

a2 + Qa3 __agtas
9 ) V3 = 72 .

V1= o, 2 =
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Ta c6

Y1+2v%+2v3=a1+ar+ ...+ a5 < 1.
Nhu vay cac diéu kién ctia Hé qua 2.5 duge thdéa man v6i L = 0,81 = 71,82 = B3 = 72,84 =
B5 = v3. Do d6 dieu phai chiing minh dudc suy ra tu He qua 2.5. O

Trong Dinh 1y 2.3, néu lay s = 1,1 = 1,00 = a3 = a4 = a5 = 0 ta nhan dudc hé qua
sau day.
Hé qua 2.9. (2], Theorem 2.3) Gid st X1,...,Xs la cic tap con déng khdc rong trong
P P
khong gian métric day di (X,d) va F : U X; — U X; la dnh za cyclic hau co Geraghty.
i=1 i=1
2 7 p
Khi d6 F ¢6 duy nhat diem bat dong trong () X;.
i=1
Nhan xét 2.10. He qua 2.9 cho thay rang, Dinh 1i 2.3 14 md rong Dinh 1i 2.3 trong [2]
cho khong gian b-métric. Thyc ra, ngay ca trong truong hgp dac biét khong gian métric
thi Dinh Ii 2.3 van 14 mé rong thuc sy cia Dinh 1f 2.3 trong [2]. Vi du sau day chiing minh
khéng dinh nay.

Vidu 2.11. Cho X ={1,2,3},4; = {1,2}, 42 = {1,3}. Taxdcdinh d: X xX —R
béi cong thiic
d(1,2) = d(1,3) = 1,d(2,3) = 2,
d(x,x) =0, d(.%', y) = d(y,.’L‘) v,y € X.
Chitng minh. Ta dé dang kiém tra duge (X, d) 1a khong gian métric day da, A; va As 1a

cac tap con dong trong X.
Gid st f : X — X la anh xa dugc cho bdi

fl=f2=1,f3=2.
Ta thay f(A;) C Ag va f(A2) C A;. Do d6 f la anh xa cyclic.
Gia st g € S. Khi d6 g(t) < 1 v6i moi ¢ > 0. Do d6 v6i moi g € S ta c6
g(d(1,3))d(1,3) + Lmin{d(1,1),d(3,1)} < d(1,3) =1 =d(f1, f3).

Bat ding thitc nay ching té f khong 1a anh xa hau co Geraghty. Do dé Dinh 1 2.3 trong
[2] khong ap dung dugce cho f.

Bay gio ta ching té6 Dinh 1i 2.3 ap dung dudc cho f. Ta ldy oy = a9 = a4 = a5 =
0,as = = va xac dinh ham g : [0, +00) — [0,1) véi g(t)= 1 néu t =0
3

1—!—4(1_“5) néu t >0. Taco g€ S va
d(f1,f2) = d(f1,f1) =0,
A1, £3) = d(1,2)=1< zgz - Z.%d(f3,3)
< g(d(1,3))azd(3, f3)
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d(f2,f3) = 1< .2:%a3d(3, £3)

Do d6 f théa man cac diéu kién ctia Dinh 1f 2.3 v6i s = 1, L = 0. Nhu vay Dinh Ii 2.3 ap
dung dugc cho f va ta thay f c6 diém bat dong duy nhat 1a 1.
O
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SUMMARY

ON EXISTENCE OF FIXED POINTS FOR GENERALIZED
GERAGHTY TYPE ALMOST CYCLIC CONTRACTIONS
IN -METRIC SPACES

In this paper, we estalibsh the existence and uniqueness of fixed point for generalized
Geraghty type of almost cyclic contraction mappings in b-metric spaces. These results ex-
tend and generalize well-known results in [2], [4], [6], [7].

Keyword: Fixed point; b-metric space; cyclic contraction; Almost Geraghty cyclic type
contraction mapping.
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