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ON PINH CQT CO MAT CAT THAY POI TUYEN TiNH
BANG PHUONG PHAP MA TRAN PQ CUNG

STABILITY OF THE COLUMN WITH CHANGED LINEAR CROSS SECTIONS
BY MATRIX STIFFNESS METHOD

Nguyén Ding Diém
Dai hoc Giao théng vdn tai —Phan hiéu tai Thanh pho Ho Chi Minh

Tém tidt: Trong bai béo tac gid xay duwng ma trdn dg cing cua phan tir chiu nén uon ¢ mdt cat
ngang thay déi theo quy ludt bac nhat, ham chuyén vi diroc lwa chon la da thirc béc ba théa mén diéu
ki¢n bién cuia bai toan. Ma trdn dé cing cua phan tiz chiu nén uon dong thoi diroc xem xét bao gom:
Ma trdn dg cimg cua phan ti thanh dan hoi tuyén tinh théng thuwong co mat cdt ngang thay déi tuyén
tinh va ma trdn do ciing cua phan tir thanh trong dé cé xét dén anh hieong cua luc doc P dén dé cimg
chong uén cua phan ti. Tdi trong P tac dung ¢ hai dau cua phan tir. Ma trdn do cimg tong thé duoc
xdc dinh bang phirong phdp chi s6, tdi trong t6i han dwoc xdc dinh bang bai toan tri riéng cia ma
trdn dg cing tong thé.

Tir khoa: On dinh, cét chiu nén, mdt cdt thay doi, luc téi han, ma trdn dé cimg.

Chi sé phan logi: 2.4

Abstract: In the paper, the author constructed the stiffness matrix of bending compressive
elements whose cross-section changes according to the first-order rule, the displacement function
selected as the third polynomial satisfying the boundary conditions of the problem. The stiffness
matrix of simultaneously compressible bending elements includes: The hardness matrix of a common
linear elastic bar element has a linear change cross-section and a stiffness matrix of the inner rod
element. it takes into account the effect of longitudinal force P on the element flexural stiffness.
Payload P acts at both ends of the element. The overall hardness matrix is determined by the index

method, the critical load is determined by the specific value problem of the overall hardness matrix.
Keywords: Stability, column compression, changed linear cross-sections, critical load, matrix

stiffness method.

Classification number: 2.4

1. Giei thiéu

Trong tinh toan thiét ké cong trinh,
ngudi ky su can quan tam dén do bén va do
on dinh cua két cau. Tinh toan 6n dinh cua
két cAu hay xac dinh tai trong téi han da
duoc giai quyét bai céc tac gia khéc nhau,
phai ké dén bai toan Ole khi xac dinh tai
trong toi han cua thanh c6 mat cét khong doi
lien két khop ¢ hai dau. C6 rat nhiéu phuong
phap tinh toan 6n dinh cua cot chiu nén.
Theo [3] cac phuong phap tinh toan 6n dinh
cot chiu nén dugc chia thanh ba nhém:
Phuong phéap tinh hoc, phuong phap nang
luong va phuong phap dong luc hoc. Trong
mdi nhom phuong phép lai ¢6 cic phuong
phép khic nhau, phuong phap ma tran do
cing nam trong nhom cac phuwong phap tinh.

Tinh toan 6n dinh bang phuong phap ma
tran d6 cung da duoc cac tac gia tap trung
nghién ctu va giai quyét theo huéng khac
nhau. Theo [2] tac gia da giai quyét cac bai

toan on dinh cua cot véi cac dang lién két
khac nhau voi mit cit khong thay d6i. Theo
[1] t&c gia da xac dinh luc téi han caa cot co
mat cit thay doi nhung theo phwong phéap
nang lugng, tdc gia xu ly bai todn theo
phuong phép nguoc, tim ham chuyén vi
trugc bang phuong phap binh phuong t6i
thiéu, khi xac dinh duoc ham chuyen vi, tac
gia cho xac dinh luc toi han bing phuong
phap ning luong. Nhu vay tinh toan on dinh
ctia cot ¢ mit cit thay doi theo phuong phap
ma tran d6 ctng can tiép tuc nghién cuu.
Trong bai bao nay tac gia di xay dung
ma trén do cing cua phan tr chiu nén ubn
ddng thoi c6 mat cit ngang thay doi tuyén
tinh, ma tran d6 cung caa phan tir duoc chia
thanh hai phan: Phan 1 1a ma tran do ctng
ctia phan tir thanh dan hdi tuyén tinh théng
thuong ¢6 mat cit ngang thay doi tuyén tinh
va phan 2 1a ma tran d6 ctng cua phan tir
thanh trong d6 c6 xét dén anh huong cia lyc
doc P dén d6 cting chéng uén cua phan tu.
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Tai trong P tac dung ¢ hai dau cua phan tu.
Ma tran d6 cung tong thé cua toan két ciu
duoc xay dung trén ma tran do cting tong thé
thugc phan tir theo phuong phap chi sb. Gia
tri luc t6i han dwoc xac dinh bang bai toan
gia tri riéng cua ma tran do cang téng thé.
Khi x@y dung ma tran do cung tac gia lua
chon ham chuyén vi 13 da thic bac ba day du,
thoa méan diéu kién bién cua bai toan.

2. Xay dung ma tran d¢ cing phﬁn tr
chiu nén udén c6 mit ciat ngang thay doi
tuyén tinh.

Xét mot phan tir chiu uon c6 mat cat
ngang thay d6i tuyén tinh nhu hinh 1. Phan
tu gom hai nat ¢ hai dau i va j, chiéu dai
phan tir 13 a. Ham chuyén vi duoc lva chon 12
da thuc bac 3 day du (1) va mé men quén
tinh dugc thay doi theo (2).

Hinh 1. Phan tir c6 mdt cdt ngang thay doi tuyén tinh.
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~ Xét mot phan tir c6 mat cit ngang thay
doi tuyeén tinh nhu hinh 2, chiu tac dung cua
tai trong P, véc to tai trong {Q}, véc to
chuyén vi {u}.
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Hinh 2. Phan ti chiu nén uén.
Thé nang bién dang dan hdi cua phan tir,
U, bo qua bién dang truot va bién dang doc
dugc xac dinh theo (3), st dung phuong trinh
vi phan dudng dan héi (4), U dugc xac dinh
theo (5).
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Phan tir duoc gia dinh chiu tai trong theo
hai giai doan, giai doan dau chiu tai trong
doc truc P, giai doan hai phan tir chiu udn
dudi tac dung cua {Q} trong khi tai trong P
khong dbi, cong cua ngoai luc Te dugc Xac
dinh theo (6), céng cua ngoai luc Tp bang thé
ning bién dang dan hoéi U, chu y ¢ (7), ta c6
quan hé nhu (8)
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Ham chuyén vi duoc lua chon theo (1)
thoa man diéu kién chuyén vi cua phan tur tai
nGt i (x = 0) va nit j (x = a) duoc viét lai
theo (9), (10), (11), (12), (13). Thay (9) vao
(8) ta c6 ma tran do cung [K] dugc xac dinh
theo (14), (15).
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3. Vi du tinh toian minh hoa
Trinh ty tinh todn 6n dinh (xéc dinh tai
trong toi han) bang phuong phap ma tran d¢
cling co ban bao gom cac budc sau day:

-Budc 1: Phan chia phﬁn tr, xac dinh
tryc phan tr va truc tong thé cua toan két
cu;

-Budc 2: Lua chon ham chuyén Vi Xac
dinh ma trdn d6 cimg cua phan tir trong hé
toa o phan tu;

-Budc 3: Xac dinh ma trdn do cung cua
phan tir trong hé toa do két cau, xac dinh ma
tran do cimg cua toan két cau bang phuong
phap chi sb;

-Bude 4: Giai bai toan tim gia tri riéng
clia ma trdn do cung tong thé cua toan két
cAu, tir d6 xac dinh dugc tai trong t6i han.

Dé thuan lgi cho viéc so sanh va dénh
gia két qua tinh toan, trong nghién ciru nay
tac gia tinh toan lai bai toan on dinh cua
thanh c6 mit cit thay d6i tuyén tinh bang
phuong phép ma tran do cing da dugc [1]
giai quyét bang phuong phap nira nguge. Xét
mot thanh nhu hinh 3 ¢6 chiéu dai L = 2 m,
lién két mot dau ngam mot dau tu do, mat cét
ngang hinh tron duong kinh d thay doi di =
0.04m, d2 = 0.02m, lam bang vat lidu thép E
= 2x108 kN/m?,

[

1

Hinh 3. Phan chia phan tiz.

Két cdu duoc chia thanh hai phan to
danh sb tha tu 1, 2 va 3 nit danh s6 thir tu
1,2,3, Str dung két qua (16) xac dinh ma tran
d6 cing cua phan tir 1 va phan tir 2 trong hé
toa do phan tu:

Ma tran do ciing cta phan tr s6 1, su
dung ma tran d6 ctiing sb (15) véi cac thdng
s6 E = 2.108 kN/m?, chiéu dai phan tra = 1
m, mé men quéan tinh I; = 0.05d* = 128.10°

m4, va lj = 405.101° m# ta duoc ma tran sb
(16).
2022 118.6 —202.2 83.6
1186 849 -118.6 33.7
KL=| 2022 1186 2022 _836
836 337 -83.6 499
12 01 -12 01 (16)
01 013 -0.1 —0.03
T l-12 01 12 -01

0.1 —-0.03 -0.1 0.13
Ma tran d6 cung cua phan tir s6 2 su
dung ma tran d6 ctiing s6 (15) véi cac thdng
s6 E = 2.108 kN/m2, chiéu dai phan tr a = 1
m, md men quén tinh Ii = 405.10°m*, va I;
= 80.10"1% m* ta dwoc ma tran so (17):

58.2 35.6 —58.2 22.6 |

35.6 259 -356 9.7

KL =| 532 _a5.6 582 226
226 9.7 -226 129 |
12 01 -12 01 ]
01 013 -0.1-0.03

-12 -01 1.2 -01
0.1 -0.03 -0.1 0.13 |

(17)

Ma tran d¢ cting cua toan két cau sau khi
xu ly diéu kién bién tai nut 1 c tat ca cac
thanh phan chuyén vi bang 0, ghép ndi cac
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thanh phan chuyén vi cua phan tir 1 va phan
tr 2 ta c6 ma tran so 18:
260.4 —48 -58.2 22.6
K] —48 758 -356 9.7
58.2 —35.6 58.2 —22.6
226 97 -226 12.9

24 0 -12 01

0 0.267 -0.1 —0.03

-12 -01 12 -01

0.1 -0.03 -0.1 0.13

Giai phuong trinh Det[K] = 0 cua ma

tran so 18, xac dinh dugc tai trong toi han Per
= 7.414 kN.

Bdng 1. So sanh két qua tinh toan.

(18)

Tai trong Ma tran Theo [1] Chénh
toi han do cung léch
Per 7.414 kN 6.86 kN 8.07%

Su chénh I¢ch gia tri luc té1 han bfing
phuong phdp ma trdn d6 cing va phuong
phap nang lugng theo tac gia [1] 1a do khi lya
chon ham chuyén vi theo [1] lwa chon 12 ham
da thirc bac 5 dy du, trong bai bao nay tac
gia lya chon ham chuyén vi 1a da thirc bac 3
day du. Dé ting do chinh xac khi tinh toan co
thé phéan chia v6i s6 lugng phan tir nhiéu hon
dan dén khdi luong tinh toan 16n nhung hoan
toan giai quyét dugc véi sy tro giup cia may
tinh.

4. Két luan

Bai bao da xay dung dugc ma tran do
cung cua phan tor ch1u nén udn co mat cit
ngang thay doi tuyén tinh, sit dung phuong
phép ma trdn d§ cung, gidi bai toan tim gia
tri riéng dé xac dinh tai trong toi han.

Két qua tinh toan on dinh duge dbi chiéu
so sanh véi cong bo khoa hoc trudc. Két qua
nghién ctru c6 thé dugc su dung lam tai li¢u
tham khdo tot cho céac k¥ su khi tinh toan on
dinh cong trinh.

C6 su chénh léch két qua tinh toan theo
[1] va phuong phap ma tran d¢ cing. Ngoai
viéc tang s0 lugng phan tr tlnh toan, tac gia
dé xuét huong nghlen curu tlep theo st dung
phan ttr bac cao dé xay du’ng ma tran do cing
cua phan tir chiu nén ubn cé mat cit ngang
thay doi tuyen tinhQ

Tai liéu tham khao
[1] Lwong Xuén Binh, Tinh 6n dinh 6n dinh thanh c6

mat cat thay doi, Tap chi Khoa hoc Giao thong

van tai, S6 24 -11/2008;

[2] Vi Hoang Hai, Nghién citu on dinh cia thanh
bang phwong phdp phan tu hivu hgn, Luan van
Thac si K§ thuat, Pai hoc dan lap Hai Phong
2017,

[3] Léu Tho Trinh, P§ Vin Binh (2005), On dinh
cong trinh, NXB khoa hoc k¥ thuat;

[4] Alexander Chajes, Principales of structural
stability theory, University of Massaehusetts;

[5] W.F.Chen, Structura stability theory and
implenmentation, Professor and Head of
Structural  Engineering  School of  Civil
Engineering Purdue University West Lafayette,
Indiana;

Ngay nhan bai: 21/4/2020

Ngay chuyén phan bign: 24/5/2020
Ngay hoan thanh sira bai: 15/5/2020
Ngay chip nhan ding: 22/5/2020




