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GIAl SO CHO PHUONG TRINH PAO HAM RIENG

TUA TUYEN TiNH
NUMERICAL SOLUTION OF QUASI-LINEAR PDEs

Huynh Vin Tung

Khoa Co Ban, Truong Pai hoc Giao thdng dn tai TP. Ho Chi Minh

T6m tidt: Trong bai bao nay tac gia trinh bay phai hop cdc phuong phdp sé, bao gom: Phuong
phdp ham co so ban kinh, phwong phap lwdi, phiong phap dwong dac trung va phuwong phdap Runge —
Kutta dé gidi sé cho phwong trinh dgo ham riéng tua tuyén tinh. Két qua sé dwoc so sanh véi nghiém

giai tich théng qua vi du mau.

Tir khoa: Phwong trinh dao ham riéng, twa tuyén tinh, ham co s¢ ban kinh, phwong phdp Runge

— Kutta, phwong phap ludi.
Chi sé phan logi: 1.1

Abstract: This paper presents the combination of numerical methods, includes: Radial basis
Function, grid-based, characteristic curves and Runge — Kutta to find numerical solutions for quasi-
linear PDEs. The results will be compared with analytic solution via examples.

Keywords: PDE, quasi-linear, Radial basis Function, Runge — Kutta method, grid - based

method.

Classification number: 1.1

1. Giéi thi¢u

Phuong trinh dao ham riéng (PDE)
thudng nay sinh trong vat ly Iy thuyét, dong
luc hoc, co hoc lién tuc, quang hoc, hoa hoc,
y hoc, ... Néi chung cac PDE nay thuong
khong tim dugc nghiém giai tich cua nd,
nhung thong qua cac sb liéu thu thap duoc tir
bai toan thuc té twong ung, bang cach ap
dung nhimg phuong phap 5O khac nhau
chdng ta c6 thé tim gia tri nghiém Xap xi tai
nhitng dlem roi rac trong mién khao sat — goi
1a 1o giai s6. Bai bao nay trinh bay phdi hop
bén phuong phap s6, bao gom: Phuwong phdp
ham co so ban kinh, phwong phap [udi,
phwong phap dwong ddc trung va phuwong
phap Runge - Kutta dé tim 1oi giai s6 cho
PDE tya tuyén tinh cip 1 c6 dang sau day:

u +au, +pBu, =F(Xy,tu) (@)

(x,y,t) e Dx(0,T); D =(a,b)x(c,d)

Trong d6: u(x,y,t) 1a ham sé can tim
ctia ba bién X, y,t; véi t 13 bién thoi gian.

a=a(XVy,t) ,
£ =pP(X,y,t) labaham so cho trudc.
F=F(x,y,tu)
Théa mén diéu kién dau:
u(x,y,0)=e(x,y), (x,y) e D (2)

Va cac diéu kién bién:

u@yt)=e(yt) je<y<d
{u(b y,t) =0,(y,t) {O<t<T ®)
u(x,c,t)=p,(x,t) [a<x<b

{u(x d,t) =¢,(x,t) {O<t<T )

Céc ky hiéu: u, = u U, = 8u Uy = au
6’t ' ay

2. Phuong phap luéi

Phuong phdp ludi la mot trong céc
phuong phap s6 thong dung dé giai bai toan
bién ddi véi cac PDEs. Y tuong cua phuong
phap thé hién nhu sau: Trong mién bién thién
ctia cac bién doc lap, ta tao ra mot ludi nho
cac mat phang song song v&i cdc mat phang
toa d6. Piém giao nhau cua cac - mat phang d6
goi 13 cac nat ludi. Ung v6i mdi bai toan, ap
dung cac phuong phap sb thich hop dé tim
gi4 tri nghiém xAp xi tai cac nat ludi.

Trong phan nay, xét ludi déu dugc xac
dinh boi ba ho mit phing song song véi ba
mit phang toa do (Hinh 1):

X, =a+ih,i=0N,
y; =b+jh,j=0N, (5)
t, =kh,, k=0,N,

Trong do:

N,,N,,N, € N" 1a s6 doan chia

h :b—a,h =d_c,ht=L (6)
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Xuét phat tir gia tri cua ham u tai cac
nut ludi trén 16p t =0 (dicu kién dau):
{Uﬁj =u(X, yjao) :(D(Xivyj')
1=0,N;; j=0,N,
Trén mdi 16p thoi gian t =tk = ZL,_I\I3 ké

(")

tiép, tim cac xAp xi:
u(x, yj.t) = uik,j; i=0,N,, ] :Q—|\|2 (8)
3. Phuwong phap dwong dac trung
Dé khao sat cac dac tinh cia ham u tai
nat nat ludi NS (X, y;) 6 16p t,, ta tim mot

N - k N A k
duong cong ddc trung y;; (Hinh 1) noi N,
véi mot diem AGH(x", yf) nao dé thudc I6p
t., da duoc khao sat. Biém A duoc goi la
chan dwong dac trung.
Phuong trinh (1) ¢6 ho dac trung [10] la:
dt dx d
= - (©)
1 oalxy ) Bxy.Y)
Néu coi x = X(t),y=y(t) la cac ham cua
X = X(t)
telt .t 1 1la phuon
y=y(t) [t o5t p g
trinh dang tham s6 ctia yi'f i xuét phat tir Ni'f J.

bién t thi {

va n6 la nghiém cua bai todn Cauchy:
X' (1) =a(xy.1)
y'(t) = B(xy.1)

X(tk) =X y(tk) =Y

Doc theo dudng dic trung | ;» ta co:

ctelt st (10)

u(x,y,t)=u(x(t), y(t),t) 1a ham cua mot
bién t. Khi do:
du ou oudx oudy
dt ot oxdt oy dt
=U +a(xy,tu, +B(xy,tu,
Thay (11) vao (1), thu duogc:
= F (xO.yO.LU(XO.YW)Y) (12)
Gia tri uik’ ; 12 nghiém xap xi clia bai toan
Cauchy sau:

?Tl: = F(x(t), (). t,u(x(t), y(y),t))

U(XiA' yjA’tk—l) = ui',Aj

11)

(13)

Ba bai toan quan trong cua phuong phap
duong dac trung can thyc hién la:

Bai toan 1: Xac dinh duong dic trung
7iy vadiem AT(X" ).

Bai toan 2: Tim gia tri ndi suy ui’fj cua
u(x?, yjA,tH) tai Aikj’l thong qua cac gia tri
dabiét: ui=0,N;, j=0,N,.

Bai toan 3: Tir gia tri u; va duong déc

trung 7, , tim lai gid tri U’ tai nat N,
t L6p thoi gian t,
k
N Céc nat ludi

~Buong dic trung 7/: i

.
Ak ; - chan duong déc trung

Hinh 1. Lu6i déu va dwong ddc tring.

4. Phwong phap Runge-Kutta bac 4
(RK4), giai bai toan 1 va bai toan 3

4.1. Giai bai toan 1 (tim 5, va A7)

D¢ bicu dién s6 cho », xuat phat fr
Ni‘fj trén 16p t,, ta 4p dung phuong phap
RK4 tir bai toan Cauchy (10) nhu sau:

Chia doan [t,_,;t ] thanh 2s doan bang

nhau véi bude At =h, /(2s), cac diém chia:
tP =t — pAt,p=0,2s (14)
Cong thirc RK4 x4c dinh (x*, yf) la:

0 . 0
X =X Y=Y, (15)
. 1
X = P +gl(k1p + 2k, , + 2Ky, + k4p) 16)
yPt=yP +E(I1p +2,,+ 21, +1,,)
Trong do:



14

Journal of Transportation Science and Technology, Vol 27+28, May 2018

k,, = —Ata(x’,y},t)

k, I, At
Kyp :—Ata(xip +7", y; +7",tkp —?]

I At
2p 2p

— At)

Ksp = —Ato{xip

kyp =—Ata(x? +k3p,yj 1y, 87

+|1—",tkp—g
2 2

_At
2

~At)

4p

1p Z_Atﬂ(xip’yj ’tkp)
k
Izp Z_Atﬁ(xip +%in[}

|
2p
20

K,
L3, :_Atﬂ[xip +7p’ yj + 2

Ly =—AtB(XP +Kyp, Y7+l

XM =x7
Khi p=2s-1 ta thu dugc { ' e
Yi =Y

dong thoi tai cac budc cia vong lap, ta luu

lai cac toa do (X, Y]), . YET) dé sir

( _25—1
dung cho bai toan 3.

4.2. Giai bai toan 3 (tim u/,)

Gia su bai toan 2 da thuc hién, nghia la
co xap xi u(x} y't.)~u. Ap dung
phuong phap RK4 cho bai toan (13) trén
doan [t ,;t.]. Pé s dung duogc cac toa do

1 1
(O I
doan [t_,;t ] thanh s doan bang nhau v&i

(x7,y5*) doc theo p;, chia

h h ,
budc: Az=—= 22—t = 2At, cac diém chia:
S S

2l =t _ +rAz,r=0,s

Khi re{0,1..,s-1}, taco:

2y, =t —2SAt+2r At=t>"
2y, +05AZ =t + At =t
20 A= L 2A =t
Suy ra:

X(Zi 1) = X;
X(z{_,+0.5Az7) = x>* 2"
X(2l, + AZ) ~ X5 202

( _1) yZS 2r
y(z;, +0.5Az7) ~ y3*

Y(zis+AZ) >y
Cong thie RK4 xéc dinh u/ i

(17)

(18)

2s-2r

(19)

(20)

k, r+1 k,r mlr + 2m2r + 2m3r + m4r (21)
i i 6
k,s

Khi r =s—1, thu duoc u; =u.

Trong do:

m —AZF 25 2r \,25-2r or k,r)

Y 1L Ui§

Az
X lyJZS -2r-1 r71+?,uikv,jr +%j

~ — Az m
ZF(XZS 2r 1,yJ25 2r 1 r +_’u_k,_r + 2rj

2s-2r-1

. = AZF

—1 2 ij 2

2s-2r-2 \,2s-2r-1 Z;_1+AZ,U:f'jr +m3r)

X Y
L&p thoi gian tk

AzZF

0 0
X =X, ¥ =Y

7~
|
!
|
;
!
b .
;e ‘\S‘“
i ( _25 1’ yJZS 1) :306
|
Akl—l (XiA, yJA) Lop thoigian t,

Hinh 2. Puong ddc trung xudt phat tir Nilfj .

5. Phwong phap ham co sé ban kinh,
giai bai toan 2

Phuong phap ham co s ban kinh (RBF)
dugc Powell (1987) dé xuat dé giai quyét bai
toan noi suy ham nhiéu bién [3]. Sau d6 dugc
Broomhead va Lowe (1988) gi6i thiéu nhu la
mang noron [4]. Uu diém ctia mang RBF a
thoi gian huan luyén nhanh va luén dam bao
hoi tu dén cuc tri todn cuc cua sai s6 trung
binh phuong. Véi cac ham co sé ban kinh cé
tam 1a cac méc ndi suy thi cd thé cho loi giai
cua bai todn noi suy. Vi vay, mang RBF to ra
la mot phuo’ng phap hiéu qud va dugc ung
dung rong rai dé noi suy va xap xi ham nhiéu
bién ([21,[3], [4], [, [7], [8], [9], [11]).

5.1. Ham co sé ban kinh va bai toan
noi suy

Xét ham nhiéu bién f:D(cR") > R"
cho boi tap N mau (mdc ndi suy):

X Y) véi XK eR", y* R

Saocho f(x*)=y" k=1N.
Powell [3] d& xut ham ndi suy dudi
dang t6 hop tuyén tinh cua cac ham co so ban
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kinh dang Gauss:
N
@(X) = Zwk¢k (X) + W, (22)
k=1
Théa man:
o(x') =y’ j=1N (23)
Trong do:
0, () =e Pk =1N (24)
1 1 N
=—(y +..+ 25
(v y") (25)

Ham ¢, trong (24) duoc goi la ham co
sé ban kinh dang Gauss, x* 1a tAm cua O
cac tham s6 W,,o, can tim sao cho thoa hé
(23), ||.|| 14 ky hiéu mot chuan nao d6 (thong
thuong 1 chuan Euclide).

Khi || x=x,||>30, thi p(x)<e™®. Do do
o, con dugc goi la tham s6 do rong cua Oy
n6 dung dé diéu khién mién anh hudng cua
ham co s¢ ban kinh ¢, .
h(x)

X

Hinh 3. Ham Gauss h(X) =e ™, o =1.
Xét ma tran vuong A cép N :

Azl:q)i'j:'NxN o (26)
0., = 0,(x) =
W, y' =W,
batW=| : |,Z= ;
WN yN _Wo

Khi @6 h¢ (23) twong duong véi phuong
trinh ma tran
AW =Z (27)
MICCheIII [2] da ching minh rang neu
cac tham s6 o, da dugc chon va cac mbc x*

khac nhau thi A 1a ma trdn kha nghich. Do
dé hé (23) (hay phuong trinh (27)) ton tai
duy nhat nghiém W,,..., W, .

Giai (27) theo phuong phap lap don. Khi
d6 (27) dugc viét lai nhu sau:

W =BW +2Z (28)

Trong do:
B=I,—A=[b]| (29)
Véi | 1a ma tran don vi cap N va
0 Jd=]
b, = i (30)
! AWt
—e NES

Chuén cta ma tran dugc xét la chuén cot:
IBII—m%Z|b. | (31)
Cong thuce lap cia phuong phap 1ap don:

W°=2
) ) (32)
Wt =BW"+Z,k=0,1,..

Pinh Iy 1. Néu |B|=0q, <1 thi day
{W*} duoc xdc dinh & (32) héi tu vé nghiém

dung W". Hon nira, co' danh gia sai so:

W -w- ||< JIWE W] (33)
B
Chirng minh:
. (Wr=BW"+Z
Taco:
W*=BW*'+Z
SWK-W"=B W"'-W")

=W =W [I<[BIHIW ™ -wW* |
<..<Q51Z-W7|
Vi gg <1 nén limqg =0

Suy ra: I!imW“ =W*
BW*+b

Wk+1:
{wk =BW " +b
=W -WE < q[[WE W
W =W [[<[WE =W [ W - |
SqB ”Wk _Wk_l ||+qB ”Wk -W- ”

= [W* W < —dB T wk —w |
1_ n

B

Mot cach tong quat d¢é tim ham noi suy
@(X) xac dinh trong (22) (xem chi tiét [5]),
nguoi ta thue hién hai pha: pha 1 tim cac o, ;
pha 2 giai (28) bang phuong phap lap don dé
tim nghiém w,,...,w, . Truong hop céc mbc
x* cach déu, pha 1 cua bai toan duogc xac
dinh theo dinh 1y 2 sau day:

DPinh ly 2. Vdi moi so thue q € (0,1) cho
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trudce, néu lcfy:
=[-n(ra-1/8)] vk

Thi B = max2|b, J| <q.

1<j<N

(34)

Trong d6: n 1a sé chiéu cua vector X,
chudn cta x=(x ..X)" dugc thay bang
chuan Mahalanobis:

2 X2
=— 35
M = )
véi h; (j=1,...,n) la cac bude.

Xem chang minh chi tiét trong [11].

5.2. Giai bai toan 2 bang phwong phap
RBF

Bai toan 1 da xac dinh duoc Akj_l b

2
A

tim gia tri ndi suy u” , xét N =9 diém miu

I]’

trén 16p t=t, , (Hinh 1):

o [sefi-L1i i+
{(xs,yp):u;;},{ T (36)
pe{j-Lj, j+1}
Cac toa do x;, Yt xdc dinh ¢ (5).

Ham ndi suy st dung RBF:

i+1  j+l
(/’(X y)_ Z Z p¢s p(X y)+W (37)
s=i-1p=j-1
Trong do:
L(x—xs) (y yp)
o6y =e " " (38)
Véi L=——t = |n[ﬂj (39)
oy 8
i+l j+l
L Z D, (40)
5|—lp j-1
W, uik:f i1~ Wo
W=| : |, Z= : (41)
Wo uik+fj+1 — W,
B=|b’ l) , la ma tran dbi xtmg, voi:
O ’(a!ﬂ)z(s’ p)
bl =1 Gumxr, ) (42)
- " V(@ B)#(s.p)

Giai (28) bang phuong phép ldp don thu
dugc nghiém w,...,W,.
Cubi cung:

u’y = e(x"y7) (43)

6. Giai s6

Trong cd hai vi du sau, ta ap dung
phuong phap RBF cho ham hai chiéu
(n=2), diéu kén ding cua (32) véi sai sd
(33) 1a £=10"°; ldy q=0.9 trong dinh Iy 2.
Tu (39) suy ra: L =-3.05123.

Vi du 1. Bai toan ndi suy 4p dung RBF

Cho ham u(x,y)=2xy+sin(3x—y+1)
trén mién D =[0;0.4]x[0;0.4]. Ldy N =99
diém mau c6 bude chia va toa d6 sau:

hx =0.05,hy =0.04

{(0.05i,o.o4j) :1=0,8, ] =m}
Lap trinh s6 bang phin mém

Mathematica, c6 bang gia tri ndi suy cua ham
u(x,y) tai mot sé diém trong mién D.

Bdng 1. Gia trj ngi suy cua ham u(Xx,y) théng qua 99
ham ban kinh co so.

X Y, Giatri | Giatri | Sai Sé,

ndi suy Ham | tuyét doi
0.0997 | 0.0395 | 0.95997 | 0.95984 | 0.00013
0.0012 | 0.2345 | 0.69812 | 0.69605 | 0.00207
0.1000 | 0.3246 | 0.89526 | 0.89285 | 0.00241
0.1500 | 0.3600 | 0.99463 | 0.99463 | 0.00000
0.2018 | 0.3987 | 1.09427 | 1.09536 | 0.00109
0.2509 | 0.3619 | 1.16409 | 1.16545 | 0.00136
0.3028 | 0.1215 | 1.04981 | 1.05032 | 0.00051
0.3500 | 0.0800 | 0.97737 | 0.97737 | 0.00000
0.3987 | 0.0397 | 0.86303 | 0.86504 | 0.00200
0.2068 | 0.1673 | 1.05424 | 1.06228 | 0.00804

Vi du 2. Xét phuong trinh PDE
u +au, +pu =F(xyu) (44)
Trong do:
a(X, y,t) =1+ x+3t — x> —9t* —2cos 2y
B(x,y,t) = —sin(2y)
F(x,y,t,u)=u®+(1—-2x—6t)u +6xt
voi (x,y,t) € (0,3)x(0,7)x (0,T)
Diéu kién dau:
u(x,y,0)=x-2cos2y
va thoa cac diéu kién bién:
u(0,y,t)=3t—2cos2y
{u(3, y,t) =3+3t—-2cos2y
u(x,0,t) =u(x,z,t) =x+3t-2 (48)
Nghiém diing ctia bai toan (44) dén (48) la:

(45)

(46)

(47)
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u(x,y,t)=x+3t—2cos2y (49)
Céc budce ludi tuong tmg truc 0x,0y,0t:
h,=0.1;h =7/20; h, =0.04
Tap cac diém luoi cua mién khao sat:

x. =ih =0.1i, i=0,30

y, = jh, =0.05zj, j=0,20

t. =k.h =0.04k, k=0,1,2,...
Xét 16p t,=0.04, tai mdi diém trong

(%,Y;); =129, j=119 thuc hién tinh toan

s6 bang phan mém Mathematica, c6 bang sau
cho gia tri xap xi va gia tri nghiém dung cua
bai toan (44) dén (48), trong d6 bai toan 1 va
31ay s=10:

Bdng 2. Gia tri xap xi va nghiém diing.

i | Gié tri | Giatri | Sai Sé,

xap xi ham | tuyét doi
1 | 1 | -1.69064 | -1.68211 | 0.00853
1 | 8 | 1.82317 | 1.83803 | 0.01486
3 | 19 | -1.49124 | -1.48211 | 0.00913
4 | 11 | 245369 | 2.42211 | 0.03158
7 | 17 | -0.38567 | -0.35557 | 0.03010
10 | 2 | -0.52216 | -0.49803 | 0.02413
15 | 7 | 273841 | 2.79557 | 0.05716
16 | 12 | 3.29870 | 3.33803 | 0.03933
19 | 18 | 0.38537 | 0.40197 | 0.01660
24 | 10 | 451196 | 4.52000 | 0.00804
27 | 13 | 3.94195 | 3.99557 | 0.05362
29 | 9 | 4.88655 | 4.92211 | 0.03556

7. Két ludn

Viée sir dung két hop cac phuong phap
s6 nhu phan trén da trinh bay s& giup ching
ta giai s dugc nhiéu PDEs tua tuyén tinh
phirc tap c6 dang (1) ma cac phuong phap
trudc day chua giai dugc. Két qua nay la
phan mé rong cua bai bao [12] vdi phan kién
thirc bod sung 1a phuong phap RBF. Bai bao
cling gop phan nang cao viéc day va hoc ddi

voi hoc phan Phwong phap tinh tai Truong

Pai hoc Giao thong van tai Thanh pho HO

Chi MinhQ
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