TAP CHi KHOA HOC CONG NGHE GIAO THONG VAN TAI SO 27+28 — 05/2018

o DANG PIEU TIEM CAN CUA'
MO HINH DICH TE SIR VOI BUOC CHUYEN MARKOV

ASYMPTOTIC BEHAVIOR OF A STOCHASTIC SIR MODEL UNDER
MARKOVIAN SWITCHING

Nguyén Viét Duong', Tran Pinh Tuwéng?

YKhoa Co ban 2, Hoc vién Cong nghé Bueu chinh Vlién théng co sé tai TP. Hé Chi Minh

2Khoa Co ban, Triwong Pai hoc Giao thong Van tai TP. Ho Chi Minh

_Tom tat: Bai béo nghién czu mo hinh dich té SIR véi nhiéu trang va nhiéu mau. Véi nhiing gid
thiet thich ,hpp, dieu kién ton ’tai va duy nhat nghiém cua hé duwoc chi ra. Hon nira, bai bao con ,Chz’ ra
nguong dé xac dinh tinh chat nghiém cua hé khi thoi gian du lon. C&c vi du va mé phong so duwoc

trinh bay dé minh hoa két qua ly thuyét.
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Abstract: This work is concerned with long - time behavior of a SIR epidemic model perturbed by
both white noise and colour noise. The existence and unique solution are given. Further, a threshold
value whose sign specifies whether or not the disease goes to extinct or survive permanently is
provided. Finally, some numerical solutions to illustrate our results are presented.
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1. Gi6i thi¢u

Lich st nhan loai da trai qua rat nhiéu dich
bénh nguy hiém. Tir ndm 165 — 180 dich bénh
Antonine da lam suy tan dé ché La M3 timg
hiing ba chau Au, hon 1/3 dan s6 chau Au thoi
d6 udc tinh hon 5 triéu nguoi da thiét mang do
bénh dich nay. Té6i nhimg nim 1338 — 1351 néi
am anh kinh hoang cua loai ngudi phai nhic
dén dai dich “cai chét den” da lay di sinh mang
hon 75 triéu nguoi. Ngay nay loai nguoi cling
da trai qua nhidu bénh dich nguy hiém nhu
bénh HIV/AIDS, dich bénh ta, sdi, sbt rét, cim
ga H5N1, SARS,...cac dai dich nay di lay di
hang triéu sinh mang dan dén nhimg tic dong
x4u dén kinh té, xa hoi. Vi cac thiét hai nang
né do bénh dich giy ra, c&c nha toan hoc da
nghién ctru mo hinh cta cac bénh dich nham dy
doan duoc toc do phat trién, phat hién céc quy
luat dich t&, cac yéu t& phat trién dich bénh va
dua ra co sd toan trong y hoc, sinh hoc dé xay
dung céc bién phap phong tranh bénh dich cling
nhu giam thiéu kha nang thiét hai cia bénh tat.

Trong nhimg khoang thoi gian gan day,
Bernoulli da dung cong cu toan dé nghién ctru
anh hudng cua vi¢c tiém phong ngira bénh dau
muia toi tudi tho trung binh ciia con ngudi. Tiép
theo d6 hai nha toan hoc Kermack va

Mckendrick da dua ra dugc md hinh dich t& dé
nghién ciru tinh chit mic do anh hudng cia
loai dich bénh va m6 hinh d6 dugc dat tén 1a
SIR (Susceptible — Infected — Removed). Trong
md hinh niy cac c4 thé ciia quan thé dugc chia
1am ba loai: (S ) 16p ca thé man cam d& bi mic
bénh, (I) 16p nhitng c thé bi nhiém bénh va c6
kha ning truyén bénh dén ca thé khac, (R) 16p
nhitng ca thé nhiém bénh da chét hodc cic ca
thé bj nhiém bénh nhung c6 kha ning hdi phyc.
Vi md hinh nhu sau:

dS(t) =[uK — uS(t) - AS(t)]dt
dit) =[BSMOIt)—(u+p+p)I()]dt (1)
dR(t) = [»1(t) - uR(t)]dt.

Trong d6 u cuong do chét t nhién cia ca
thé trong quan thé, p cuong do chét cua ca thé
bi nhiém bénh, A 1a hé sb truyén bénh,  la
cuong do phuc hdi cua cac ca thé da bi nhiém
bénh, hang s K 14 stc chita céc c4 thé trong
quan thé. Tuy nhién khi hé sinh thai trén bj tac
dong cac yéu t6 bén ngoai, tinh 6n dinh va cau
tric hé sinh thai co thé thay ddi. Khi 6 doi hoi
can c¢6 nghién ctru vé dang diéu tiém can cua
quan thé hay cy thé hon 1a diéu kién dé hé thoat
li cic mam bénh hay céc ca thé bi nhiém bénh
bi mat di ma khong dé lai cac yéu t6 lan truyén
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bénh tat khi moi truong bi tac dong boi cac yéu
t6 ngu nhién nhu vy 14 bai toan dang dugc
quan tim. Néu hé sb truyén bénh S chiu tac
dong boi “nhidu tring”. Khi d6 hé sb truyén
bénh s& bi chiu thém tic dong clia nhiu tring
va hé (1) tr¢ thanh:

dS(t) =[uK — uS(t)- AS(t)]dt
—oS(t)1(t)dB(t)

di®)=[S®I()—(u+p (2
+ )1 (©O]dt + oS ()1 (1)dB(t)

dR(t) = [¥1(t) - #R(O)]dt.

Trong mét s6 truong hop, ngoai tac dong
ctia nhidu tring, hé sinh thai con chiu tac dong
ctia nhiéu dién tin hay con goi 1a nhiéu mau.
Chrfmg han su khac biét v& mua mua va mua
kho ciing gdy nén anh huong dén hé sinh thuc
vat ctia quan thé. Nhiing tac dong ndy c6 tinh
khong nhd (memoryless) va co thé minh hoa
nhu mdt budc chuyén Markov giira it nhat 1a
hai trang thai cia moi truong. HE voi bude
chuyén Markov ndy di dugc ung dung rong
khép trong 1y thuyét diéu khién, hé sinh thai va
toan tai chinh. .. Ngay cang nhiéu tac gia tap
trung vao hudéng nghién clru nay (xem
[1,3,4,7]). Trong bai bao nay nhdm nghién ctru
déng di¢u nghiém cua mo hinh:
dS(t) = [u(r)K - u(r)S(t) - A(R)S 1) dt
—o(r)SM1()dB(t)

di(t) =[A(r)SO1() - (u(r) + p(r) (3)
+y(E)H(O)]dt+o(r)S(t) 1 (t)dB(t)

dR(t) = [ ()1 (1) - p(r)R(O]d.

Tiéu diém va chu trac chinh ciia bai bao
dugc trinh bay thanh nhu sau. Myc 1 dé cap veé
téng quan va hudng nghién ctiru bai bao. Muc 2
trinh bay nhiing két qua chinh ciia bai bao. Pau
tién chung t6i chimg minh (3) t6n tai nghiém
duong duy nhit va tinh bat bién cia tap R?.
Tiép theo chung t6i dua ra ngudng A ma theo
d6 ta co thé xac dinh dang diéu nghiém cua hé
khi thoi gian du dai. Str dung k¥ thuat tuong tu
nhu trong [8], ching t6i chung minh dugc khi
A <0 hé tuyét ching nghia 1a cic c4 thé bi
nhim bénh s& bi diét vong. Muc 3 danh dé tom
tat nhitng két qua chinh di dat duoc va trinh
bay nhimg huéng nghién ctu tiép theo.

2. Két qua chinh

Xét khong gian xac suat
(QF{F}0:P). Goi B(t) la qua trinh

Weiner mét chiéu dugc xac dinh trén khong
gian xac suat. Ki hi¢u:

R’ =(x,y) e R*, x>0,y >0,

A={(x,y) eR’ :x+y<K} R’
la khong gian Euclide hai chiéu va |.| 1a chuan
Euclide thong thuong. Goi I,t>0 Ia xich
Markov lién tuc phai trén khong gian xac suat

ddy di nhan gia tri trén khong gian hitu han
trang thai S =(12,..,N); (L<N <) véi ma

tran sinh I =(7/ij )n ; xac dinh boi:
Pir.,=ilr=i}
y,6+0(8)  khi i#]
1+ y,5+0(8) khi i

khi 5 — 0. Do vdy, y; la cudng do chuyén tir
i dén j va 7; 20 néu i#j. Do vay
Vi =—Zi¢j 7; - Gia st rang xich Markov T,
ludn doc 1ap vai B,.

B6 dé 2.1 (Lipschitz dia phwong) Xét
phwong trinh vi phdn ngau nhién voi budc
chuyén Markov co dang:

d x(t) = f (x(t),t,r(t))dt
+g(x(),t,rt))dw (t)
voi t>0, gid tri ban diu x(0)=x, € R?,
W (t) la chuyén déng Brown m—chiéu va ham
f,9 duoc dinh nghia:
f,g:R"xR, xS >R"

| F(x,tu)— f(y,tu)* v]g(x tu)—g(y,tu)|’

<l x-yf

(4)

khi do (4) ton tai nghiém dwong dia phwong
duy nhat cuc dai.

Chirng minh. Xem [6].

Pinh Iy 2.1 Véi cic gid tri ban dau
(S(0),1(0))eR?, thi (3) co mot nghiém
duwong duy nhat (S), 1(t))eR? voi t>0 va
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nghiém nay sé ¢ lai R> véi xdc sudt 1, nghia
la (S(t),1(t))eR? véi moi t>=0 hdu chic
chan.

Chimg minh. Vi cac hé sb ctia hé phuong
trinh la (3) la Lipschitz lién tuc dia phuong,
theo Bo de 2.1 voi bat ky gia tri ban dau
(S(0),1(0))eR?*thi ton tai duy nht
(S(t),1(t)) la nghiém dia phuong cuc dai véi
te[0,z,),trong d6 7z, la thoi diém nd. BE
ching minh nghiém trén 1a toan cuc ta can
chimg minh rang z, = hau chac chan. Viéc
chimg minh phan con lai kha co ban bing viéc
xét ham Lyapunov
V(X,y)=x-1-Inx+y-1-Iny va dé dam
bao khudn kho bai bao nhom nghién ciru bo
qua phan chimg minh con lai, néu quan tam
thém co6 thé xem tai li¢u [5]. m

Theo cong thirc Ito, goi ngudng:

2= Tp0K -ty o))+ -0

©)

Pinh li 2.2 Voi A <0 dwoc xdc dinh nhw
trén va voi diéu kién ban dau
1(0),S(0) e A, trang thai i € N ta co:
a) lim1(t) =0, limS(t) = K hau chdc chan.

. In(t e
b) |Im%=ﬂ<0 hau chac chan.

t—>o
bé chimg minh Dinh 1y 2.2 ta can chimg
minh hai bo dé sau.
~ B0d&2.2Néu 2<0, véibtkp & >0,
ton tai mot 6 >0 sao cho voi moi
(Syrigs1) €Uy x N = (K -0,K]x[0,0)x N,
v6i diéu kién ban dau S (0)=s,; 1(0) =i,

tacod P{!LTI(t):O}Zl—g,

P{IimS(t):K}zl—g.

tow
Chitng minh. Vi A <0, ching ta c6 thé
chon k >0 @ nho sao cho:
D (A(i) +k)7z; <0. Xét ham Lyapunov

jeN

V(x,y,i)=(K-=x)*+y” véi pe(0,1) la
hang s6 cho trude. Bang tinh toan tryuc tiép toan
tr £ twong tmg v4i (3) voi (X, Y,1) e AxN ta
duoc:
LV (X, y,1) ==2(K =x)[-A(i)xy + u(i)(K = x)]
+pyP[B(>)x = u(i) - p(i)

27\ 2 2 27\ y2.,P
_7(i)_6 (I)X 24,2 2(|)]+ p o (I)X y

+ X
2 ya 2

< =2u(i)(K =x)* + py [A()x = (u(i) + p(i)

o (zi)x 1+ y(2(K = x) B(i)x + X2yo? (i)

2 27\ y24,p
DXy’
2 r
Do tinh lién tuc cua cac hé so, tinh
compact cia tip AxNva Yy " —>0 khi
y—>0, ta co thé chon pe(01) va
8, € (0,K) sao cho véi mdi (X, y,i)elU; xN,

+y(i) +

Vol

U = (K -06,,K]x[0,4,),taco

o’ (i)x?
2

py" (B)x = (u()+ p()) +7 (i) + )

+y(2(K = Xx) B(i)x+ xzyaz(i))+w
< p(A(i) +6)y".
Khi p dunho, ta co:
=2u(I)(K =x)* < p(A(i) +x)(K = x)*.
Do vay,
LV (X, y,i) < p[A@) + &V (X, y,1) , voi
(X, y,i)eU; xN.
Theo [2, Pinh Iy 3.4] véi mdi & >0, véi

diéu kién ban dau ¢ trang thaii e N
S(0)=s,; 1(0)=i,,tac6 0< & <6, saocho

moi

P{!Lrg(l(t):o}zl—g; P{!Lrg(S(t)= K}21—g.
]

V6i mdi & >0, va didu kién ban dau ¢
trang thai i e N, S(O) =5,; | (O): iy, g0l thoi
diém dau tién ma (S(t),1(t)) thuoc U, la
7, =inf{t > 0:(S(t), 1(t) e U, }.
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Xét bo dé sau:

B6 a8 2.3. V6i méi & >0, va véi diéu kién
ban dau o trang thai ieN,
S(0)=sy; 1(0)=i, ta cd 7, <o hdu chdc
chn.

Chimg minh. Xét ham Lyapunov
U(x,y,i)=c —(x+1)%, trong d6 c,,C, la hai
hang s6 dwong duoc xac dinh. Ta co
LU (X, y,1) = ¢, (x+1)* *[(x+2)(u()(K ~x)

. c,-1 ,.
—ﬂ(l)XY)JrZTGZ(I)XZyz]-
bat o =min{u(i):ieN}. Do
(x+Du@i)(K-x)=J véi mdi xe[0,K-5],
ta ¢ thé tim dugc ¢, di 16n sao cho
(x+ DK =)= B0y
+ CZT_lxzyzo-(i) > 0.5 6,

v6i (Sy,ip,1) € AXN,Xx<K =7,
LU(X,y,1) <-0.5¢,u,.0
trong d6 (X, Y,i)€e AXxN,Xx<K-¢
Vé6i diéu kién ban dau ¢ trang thai
ieN,S(0)=s,; 1(0)=i,. Theo cong thuc
Dynkin ta co
EU(S(z,), 1(z;). 1. ) =U(S0.1.1)

+E[ 700 ((S(®), (1), r)dt
<U(sy,ly,1)—0.5¢, 1, 0E7;.
Do U bj chin trén trén mién Ri , do vay
Er; <oo. Diéu nay din dén 7, <o hau chic
chin. m

Chung minh Dinh ly 2.2.a.

Theo B6 @ 2.2, 1(t) —> 0 (trang thai hét
nhiém bénh) 1a 6n dinh dia phuong. Mat khac
th@o Bo6 d€ 2.3, v6i moi 0 >0 cho trudce, va
dieu kién ban dau ¢ trang thai
ieN,S(0)=s,; 1(0)=i,, thoi diém dau tién
dé Us; e (S(t), 1(t)) 1a vo cing. Két hop voi
tinh Markov manh cua hé, ta co:

P{Iiml(t)=0}21—g; P{!LrQS(t)= K}21—g.

tow
Do vay ta co
!im I(t)=0, !imS(t) =K (12)

hau chic chin trong d6 (X, Y,i) € AxN.

Két qua Pinh 1y 2.2.b. duoc suy ra truc tiép
tir viéc ap dung cong thirc It6 cho phuong trinh
cua cac ca thé bi nhiém bénh. m

Vi du minh hoa

Pé minh hoa lgét qua trén chung to1 xét vi
du sau. Gia st rang xich Markov lién tuc
{r,t >0} chi nhan hai gia tri cua trang thai

N ={1,2} nghia la khi I, =1ching ta xét &
trang thai 1 va I, = 2 chung ta xét ¢ trang thai 2.
Cudng do dé chuyén tir trang thai 1 sang trang
thai 2 14 v;, =0.5 va chuyén tir trang thai 2
sang trang thai 1 1a V,, =0.8, thi phan phdi
dung 7 =(7,,7,)= (%%} . Gia sir rang
K=10; u() =13; u(2)=1 1) =8
B2)=4c1)=1 0(2)=12y1) =1,
7(2)=2. Bang tinh toan tryc tiép ta co
A=-2.3<0,boivay voi t — oo thi 1(t) >0
va S(t) = K, cho ta két qua minh hoa boi hinh
1.

Sample path of I(t)

I(t)

| L DA
k |

0 i 4 [ 8 10 12 14 16 18 20

Hinh 1. Quy dao ciia | (t) trong truong hop A <0
(dwong mau xanh,).
Trong hinh 1 ta thdy rang khi t — oo thi
I (t) > 0 co nghia Ia cac c4 thé bi nhiém bénh
bi tuyét chung. Trong khi duong mau do thé
hién sy dich chuyén gitra hai trang thai cua hé.
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Sample path of S(tl
10 . = -
S{t)|

NS

S()
o

(8]

kww 'I_L .JL.l.l il

1] 2 4 ] ] 10 12 14 16 18 20

e -

Hinh 2. Quy dao cua S(t) trong truong hop A <0
(dwong mau xanh).

Trong hinh 2 ta thiy rang khi t — oo thi
S(t) » K =10 1a sirc chira ctia hé. Két qua md
phong phtt hop véi két qua bai bao.

3. Kétluan

Bai bao nghién ctru tinh chat nghiém cua
md hinh dich & SIR chiu ca nhiéu tring va
nhiéu mau. Bing viéc xdy dung ngudng aé
nghién ctru dang diéu tiém can ciia quan thé,
bai bao nay chi ra khi nguong A <0 céc ca thé
bi nhiém bénh sé& bi diét vong. Khi d6 c4c cé thé
con lai s& ton tai On dinh t6i strc chua tdi da cta
mbi truong. Do sy gidi han vé khuon khd cua
tap chi, nhiéu tinh chat va chimg minh chi tiét
chua dugc trinh bay ¢ day. Nhimg bai toan ly
tha ciia hé nhu trong truong hop 4 >0 thi dang
diéu tiém can hé s& nhu thé nao, tinh chat diéu
khién cta tap nghiém ciing nhu sy tac dong dot
ngdt giy séc clia modi truong sé& duoc nghién
ctru trong céc bai béo tiép sau.

4. Loicam on

Bai bdo nay dugc tai trog mot phén tir dé tai
“Nghién ctru dang di¢u tiém can ctia mé hinh
dich t& voi budc chuyén Markov” véi mi sb
KH1702. Nhom tac gia xin bay t6 long biét on
dén TS. Nguyén Thanh Diéu da giup d& va dua
ra nhing 161 nhan xét xac dang dé bai bao cta
chdng t6i hoan thién hon. Ngoai ra ching toi

xin cam on t&i Khoa Co ban 2, Hoc vién Cong
ngh¢ Buu chinh vién thong; Khoa Co ban,
Truong Pai hoc Giao théng van tai thanh phd
Hb Chi Minh da tao diéu kién tt nhét cho
ching tdi hoan thanh bai bao nay. Loi cudi
cung, chiing téi Xin chan thanh cac phan bién da
day cong doc va gop nhiéu y kién xac dang, gia

tri nham tang cudng chit lugng bai baod
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