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OPTIMAL CONTROLLER DESIGN
FOR ACTIVE SUSPENSION SYSTEM ON CARS

Vu Van Tan
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ABSTRACT

Suspension system is one of the most important parts when designing a car, playing a key element
in comfort of drivers and passengers (comfort criteria) and keep the contact of the tyres with road
surface (road holding criteria). This paper presents a two-degree-of-freedom quarter car model
using active suspension system with two optimal controllers: Linear Quadratic Regulator and
Linear Quadratic Gaussian. By using the Kalman-Bucy observer, the number of sensors used to
measure the input signals of the linear quadratic regulator controller has been minimized to only
conventional sensors such as the sprung mass acceleration. In order to evaluate the effectiveness,
the comfort and road holding criteria when using those controllers are compared to the case of the
passive suspension system through the sprung mass displacement and its acceleration. The
simulation results clearly show that the root mean square value of the sprung mass acceleration
with the linear quadratic regulator, linear quadratic gaussian controllers has been reduced by about
20% when compared to a car using a passive suspension system.

Keywords: Vehicle dynamics; suspension system; active suspension system; optimal control;
Kalman observer design

Received: 07/9/2020; Revised: 15/11/2020; Published: 30/11/2020

THIET KE BQ PIEU KHIEN TOIUU
CHO HE THONG TREO TICH CUC TREN O TO

Vii Vin Tan
Truong Pai hoc Giao théng Van tdi

TOM TAT

Hé thong treo 1a mot trong nhitng bd phan quan trong nhit trong thiét ké 6 t6 va la yéu td quyét
dinh dén su thoai mai cua lai xe, hanh khach (d6 ém diu) va gilt dugc bam gitra lép va mat dudng
(d0 an toan). Bai bao nay gidi thiéu mot mo hinh % 6 t6 ¢6 2 bac ty do st dung hé théng treo chu
dong vai hai bo diéu khién t6i wu: linear quadratic regulator va linear quadratic gaussian (linear
quadratic regulator két hop v6i bd quan sat Kalman-Bucy). Bing cach st dung bd quan sat
Kalman-Bucy, s6 lugng cam bién dung dé do dac cac tin hiéu dau vao cia bd diéu khién linear
quadratic regulator da dugc giam thiéu t6i da chi con cac cam bién thong thuong nhu gia tbe cua
khdi luong duoc treo. PO ém diu va an toan chuyén dong khi 6 t6 sir dung hé théng treo chu dong
dugc so sanh véi 6 t6 sir dung hé thong treo bi dong thong thuong thong qua dich chuyén cua khoi
luong duoc treo va gia toe cua nod. Két qua mo phong di thé hién rd gia tri sai 1éch binh phuong
trung binh cua gia toc dich chuyén than xe v6i hé thdng treo tich cuc diéu khién t6i wu linear
quadratic regulator, linear quadratic gaussian da giam khoang 20% so véi 6 to sir dung hé thong
treo bi dong.

Tir khoa: Bong luc hoc 6 td; hé thong treo; hé thang treo chu déng; dieu khién toi wu; thiét ké bo
quan sat Kalman
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1. Introduction

In 1770, the first car running by steam engine
was introduced to public by Nicolas Joseph
Cugnot. As the world is developing rapidly
over the last centuries, the automobiles have
become more helpful and necessary for
transportation and trading, contributing to the
increase of competitiveness in car trade
market. Therefore, car producers around the
world need to improve the performance of
their products in order to occupy more market
share. Apart from increasing the power of the
car, refinements of comfort and safety of the
vehicles are also taken into consideration. An
efficient suspension system plays a vital role
in passenger comfort and road holding.
Almost of modern cars manufactured recently
are equipped with a passive suspension
system. However, the coefficients of spring
stiffness and damping of this type are
designed to be nearly constant or negligibly
change within a narrow range, meaning that
the passive suspension system tends to be
inadequate and not adaptable to some
infrequent situations of traveling on the roads.
As a result, an active suspension system with
optimal controller is becoming popular to
apply on luxurious vehicles to minimize
possibilities of collision between the tyres and
the vehicle frame and extinguishing quickly
the fluctuation of the vehicles when moving,
leading to enhancements of ride comfort and
road holding criteria.

In fact, there are a large number of works
discussing thoroughly about the active
suspension system. Due to the high energy
consumption characteristics, most active
suspension systems are used in cars.
Therefore, most of the types of car models
have been used in the studies of this system
such as quarter, pitch, roll and full car models
[1]. In addition, the actuator's properties were
also taken into consideration in building the
integrated model [2]. There are many control
methods that have been applied to the active

suspension system and are summarized in
some relevant studies as follows: Yoshimura
et al. presented the construction of an active
suspension control of a one-wheel car model
using fuzzy reasoning and a disturbance
observer [3]. Mouleeswaran et al. presented
work aiming at developing an active
suspension system for the quarter car model
of a passenger car to improve its performance
by using a proportional integral derivative
(PID) controller [4]. Advanced control
methods have also been applied to the active
suspension system such as robust control [5],
sliding mode control [6], linear parameter
varying control [7], and even nonlinear
control methods [8].

The Linear Quadratic Regulator (LQR)
control method is also used for the active
suspension system [9]-[12]. In all the studies
mentioned above, the authors focus mostly on
improving the ride comfort and a few
priorities on road safety. However, a major
difficulty in applying this control method is
that the number of sensors is often very large
because it covers all the state variables in the
state vector of the system, thus leading to the
cost of the system often increases a lot. One
of the most solution to overcome the
drawback of the LQR control method is that it
can combine with one observer in order to
receive the equivalent signals for the control
inputs. An Linear Quadratic Gaussian (LQG)
is established by combining an LQR
controller with a Kalman observer. Research
article of Hui Pang and his colleagues
investigated LQG control design for active
suspension without considering road input
signals [13].

On the basis of studies that have been done
for the active suspension system, in this study
the author performs the following main tasks:
1) The two optimal controllers LQR and LQG
are synthesized to improve the quality of car
vibrations through the ride comfort (sprung
mass displacement and its acceleration), the
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road safety (unsprung displacement) and the
suspension travel. By considering the above
criteria at the same time, the controllers have
met the control design goal. 2) The LQG
controller is designed on the basis of the
designed LQR controller and a Kalman-Bucy
observer. Instead of using four sensor signals
that are difficult to do in real cars, two sensors
are used here for the acceleration of sprung
and unsprung masses. Using the Kalman-
Bucy observer in this manner allows it to be
easily applied to more complex models and to
actual cars while ensuring the control quality.
Therefore, one of the outstanding advantages
of this paper is to present an interesting and
practical idea to be able to perform the optimal
control method for the active suspension with
the full car model and actual cars.

2. Vehicle modelling

In the areas of designing and researching to
refine the performance of automobiles, there
are three types of vehicle model that are
regularly used: full model, half model and
quarter model. Even though a full vehicle
model captures almost essential dynamic
features of an automobile, this article will
only consider the quarter model (Figure 1) in
order to be simplified. Specifically, with a
model of ¥ vehicle, it is assumed that the
effects of movements of passengers and
vibration of engine are ignored, thereby, the
unique disturbance is the road roughness.
Additionally, this model has two degrees of
freedom: (1) vertical motion of sprung mass
stood by Zs and (2) vertical motion of the
unsprung mass expressed by Z,. Based on the
model, the position, velocity and acceleration
of sprung mass, tyre and suspension space can
be identified. However, as to achieve the
simplicity of calculation and analysis, the %4
vehicle model takes into account of the
vertical dynamics with the road profile as the
only source disturbance. Table 1 given below
shows the symbols of parameters associated
to the considered model.

Figure 1. Quarter vehicle model

Based on Newton’s Second Law, the motion
differential equations of the quarter vehicle
model are formalized as follow:

mz =-c(z,-2,)-k(z,-z,)-f, 1)
muzu :C(Zs_zu)+k(zs_zu)_kl(zu _q)+ fd

Equations (1) can be transformed to state-
space representation:

X =AX+BW+B U
Y=C.X+DW +D,U

With the state vector x=[z. z Z Z],
the exogenous disturbance w =[q], the
control input U =[f,] and the output vector
y=[Z 'z 'z, z -z/]. It should be
emphasized here that the choice of output
signals  like this allows considering
simultaneously the most important criteria in the
study of car oscillation. For other purposes, it is
entirely possible to choose other output signals,
depending on the designer.

These matrices below are results of the
combination of equations (1) and (2):
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[—1] Estimates of the state and output vectors of
0 m the KBF filter are depicted in Figure 3.
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D, = 0 ; D,=| 0 ) Kalman-Bucy | L)
0 0 ¥t) —» Filter > V(1)
0

Table 1. Symbols and parameters of quarter
vehicle model [9]

Description Symbols  Value  Unit
Sprung mass ms 500 kg
Unsprung mass mu 50 kg
Stiffness coefficient k 20000 N/m
Stiffness of tyre kt 120000 N/m
Damping coefficient c 1000 Ns/m

3. Observer design

In this section, a Kalman observer is
developed. The input W (the sensor signals) is
considered. The main purpose of Kalman
observer in this article is to estimate unknown
signals. The Kalman filter (KF) is a discrete
filter over time. In fact, many cases require
estimating state parameters that are not able
to design a continuous filter over time to
change the KF filter to continuously calculate
the system's state parameters, Kalman-Bucy
Filter (KBF) is the continuous filter over time
of KF filter.

Figure 2 depicts a linear system that changes
continuously over time with the process noise
vector w(t) and the measurement noise v(t)
(assuming the normal Gaussian distribution
rules with zero and ghosts). The covariance
matches are Q and R, input vector u(t), state
vector x(t) (observable but not measurable;
actual output vector of the y(t) and the
measured output vector y(t).

u(t) y(t) y(t)
— [\ =Ax+Bu+w
y=Cx+Du
w(t) lf =y+v V(1)
W=

Figure 2. Linear system changes continuously
over time with noise and measurement noise
Given the input parameters, measurable
output and process noise assumptions, the
purpose of the KBF filter is to identify non-
zero state parameters (assuming they are
observable) and actual output vector.

Figure 3. Input and output signals of Kalman-
Bucy Filter (KBF)
Different from the KF filter that uses
“Prediction” and “Correction” algorithms, the
KBF filter requires Riccati differential
equations to be continuously integrated over

time. Mathematically, the filter update
equations are represented as follows:
K=PC'R™
X = AX + Bu + K [J— (CX+ Du)]
©)

y=CXx+Du
P=AP+PA" —-PC'R'CP+Q

where P: an estimate of covariance of the
measurement error; K: Kalman - Bucy gain;
R: weight matrix (covariance matrix) of
measurement noise; Q: weight matrix
(covariance matrix) of process noise (state).

After several tests based on the simulation
model presented above, the values of the
matrices Q, R for Kalman-Bucy filter
estimates the inertial parameters of the car
body selected as follows:

Q =diag([10" 10° 10" 10°])

R, =diag([10° 107])
4. Optimal controller design

The objectives of optimal control systems are
to improve comfort and road holding
performance of the vehicles. This section will
present two types of optimal controller:
Linear Quadratic Regulator (LQR) and Linear
Quadratic Gaussian (LQG).

4.1. LQR controller design

w u d X
ax_
dt =Ax+Bu

K

Figure 4. Feedback controller design diagram
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The LTI model is described by equation:
X=Ax+Bw+B,u
z=Cx+Dw+D,u

(4)

For the controller design, it is supposed that
all the states are available from measurements
or can be estimated. Then, consider the state
feedback control law [14]:

u=-KXx ()
where K is the state feedback gain matrix.
The optimization procedure consists of
determining the control input u which
minimizes some performance index J. This
index includes the performance characteristic
requirement as well as the controller input
limitations, usually expressed by:

J =.|.:(XTQx+uT Ru + 2x" Nu)dt (6)

where Q, R, and N are positive definite
weighting matrices. To achieve a solution for
the optimal controller (5), the LTI system
must be stablisable, which is true for the
system (4). The gain K minimizing (6) has the
following form:

K=R'B'P (7
where the matrix P is the solution of the
algebraic Riccati equation:

AP+ A"P—-PBR'B'P+Q=0 (8)

The optimal closed-loop system is obtained

from Equations (4), (5) and (7) as follows:
x=(A-B,K)x+B,w €)]

Remark 01: The choice of the state vector x

and the control input u will greatly affect the
finding of matrices Q, R, N.

Since the purposes of the optimal controllers
are to enhance comfort and road holding of
the vehicles, which are mentioned above, the
index J is chosen as below:

J :.[(plzsz + P23+ pZi+ p, fdz)dt (10)
0

Where Z., Z
comfort, and Z,is representative for road
holding criteria.

are criteria to evaluate

S

Remark 02: p,,p,,p5,0,=20 are the

weighting parameters, impacting considerably
the value of the index J. The values of
weighting parameters show the preference to
particular criteria. Specifically, if the comfort
is preferred, p, and p, need increasing.
Meanwhile, in case road holding is
preference, the value of p, is necessary to be

raised. The author would like to emphasize
that with the LQR controller, the control input
needs 4 variables of the state vector such as
the sprung, unsprung masses displacement
and their derivation.

4.2. LQG control design

However, such states of the system as
displacements and velocities of the sprung mass
and unsprung mass tend to be difficult to
measure. Therefore, using Kalman filter to
estimate the signals and combining them with
LQR would form another type of optimal
control design called Linear Quadratic Gaussian
(LQG) as shown in Figure 5 [15], [16].

w
Plant Y

u u

LQR — X Kalman Filter ’—'

LQG
Figure 5. LQG controller diagram
This control method has the following state models:
{ (1) = AX(t)+ Bu(t) + Gw(t) 1)
y(t)=Cx(t)+ Du(t)+Hw(t)+v(t)
with x(t) is state wvector, y(t) is output
vector, u(t)is input-manipulating vector, A

and B are state matrices, C and D are output
matrices, G and H are noise matrices, w(t) is

input noise vector, v(t) is output noise vector.
Root of (11) is:

u(s)

Y (s) (12)

=K (sl -A+BK_-K,C-K DK ) K,

K(s)=
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Remark 03: The author would like to
emphasize that with the LQG controller, the
control input needs only 2 signals such as the
sprung, unsprung masses acceleration, which
are easy to measure by the normal sensors.
This approach is very practical for the active
suspension system on real cars and there is a
big difference compared to the studies
mentioned above.

5. Simulation results analysis

In this paper, the system is simulated by road
profile of sine wave and step, and there are
comparisons among the simulation results in
the three cases: LQR, LQG and Passive
systems. Those results are displayed in the
time domain in the figures below. Looking at
the Figure (6), it is can be seen that the shapes
of the LQG controller in both cases are really
close to the case of LQR controller.
Moreover, Table (2) shows that the values of
Root-Mean-Square of the two control designs
are also not much of difference. Both two
models with controllers produce signals
representing for comfort performance and
road holding that are superior to those of
model with passive suspension system.
Technically, the LQR case uses x(t) - ideal
signal while the LQG case uses signals from
Kalman  Observer.  Therefore, it is
understandable and acceptable with the result
that LQR is more efficient than LQG.
However, when it comes to reality, the LQG
controller requires fewer sensors needing to
be equipped in vehicles than the LQR
controller so it is considered being more
suitable to apply on real vehicles.

Table 2. Root-Mean-Square of Z_,Z_,Z,,Z, —Z,

Z, Z, Z, Z.-2,
Passive 0,8736 0,0225 0,0165 0,0151
LOR 0,6899 0,0190 0,0161 0,0130
LQG 0,6929 0,0192 0,0160 0.0131

According to the values in Table 2, the
comparisons of RMS between the two
controllers: LQR and LQG with the passive
suspension system are shown in Figure 7.
Here, the author considers the signal values in

the case of the passive system as 100%. We
can see that the difference of RMS in the case
of LQG controller is insignificant, compared
to LQR controller. Therefore, the use of the
LQG controller by combining the LQR
controller and Kalman-Bucy observer is
suitable for satisfying the control objectives,
as well as adapting for the application on real
vehicles.

Sprung Mass Acceleration

5 T
4 Passive Ll
----- LQR Active
3 — LQG Active H
b
€ 2
B Ao
I h .
e
NI L
% 1 2 3 4 5
Time [s]
Unsprung Mass Displacement
0.08
0.06 l
£ 0.04 ¥
S 0.02
Passive
S LOR Active
— LQG Active
002 1 2 3 a 5
Time [s]
Srung Mass Displacement
01 T
Passive
008 /,,\ ————— LQR Active [
—LQG Active
0.06
o 004
: [N
0.02
0
-0.02

1 2 3 4 5
Time [s]

Suspension Space

NN

Zs-Zulm]
P
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Lo R i E et Ratiaited LQR Active
— LQG Active
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Figure 6. Time response of 7,z ,z .z -z with
the step road profile

100

Zsdd 7s Zu Zs-Zu
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Figure 7. RMS of Z_,Z.,Z,,Z, —Z, with the
step road profile
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6. Conclusion

This investigation has demonstrated the
effectiveness of using optimal controller
designs in suspension system on vehicles by
comparing vertical displacement, acceleration
of sprung and unsprung masses in various
road profile situations. The two optimal
controllers LQR and LQG are synthesized to
improve the quality of car vibrations through
the ride comfort, the road safety and the
suspension travel. The LQG controller is
designed on the basis of the designed LQR
controller and a Kalman-Bucy observer. The
acceleration of sprung and unsprung masses
are the only two control input signals. The
obtained results have shown that optimal
regulators are able to improve the
performance of comfort and road holding
criteria of the cars. Based on this simulation
results, it is an interesting and practical idea
to be able to perform the optimal control
method for the active suspension with the full
car model and actual cars.
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