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ON UNIQUENESS OF MEROMORPHIC FUNCTIONS
PARTIALLY SHARING VALUES WITH THEIR SHIFTS
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ABSTRACT
In 1926, R. Nevanlinna showed that two distinct nonconstant meromorphic functions f and g on

the complex plane C share five distinct values then f = g on whole C. If a meromorpic function
f with hyper-order less than 1 and its shifts g share four distinct values or share partially four
small periodic functions in the complex plane, then whether f =g or not. Our aim is to study

uniqueness of such meromorphic functions. For our purpose, we use techniques in Nevanlinna
theory by estimating the counting functions and use the property of defect relation of values on the
complex plane. Let a;,a,,a5,a, be four small periodic functions with period c in the complex

plane for c e C\{0}. Then we prove a result as folows: Assume that meromorphic function f of
hyper-order less than 1 with its shift f(z+c) share a; CM, shares partially a;,a, IM and
reduced defect of f at a,is maximal. Then under an appropriate deficiency assumption,
f(z)= f(z+c)for all zeC. Our result is a continuation of previous works of the authors and

provides an understanding of the meromorphic functions of hyper-order less than 1.
Keywords: meromorphic function; sharing partially values; uniqueness theorem; periodic
function; deficiency
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VE TINH DUY NHAT CUA CAC HAM PHAN HINH CHIA SE MOQT PHAN
CAC GIA TRI CUNG VOI CAC HAM DICH CHUYEN CUA CHUNG

Nguyén Hai Nam”, Nguyén Minh Nguyét, Nguyén Thi Ngoc, Vii Thi Thily
Truong Pai hoc Xdy dung
TOM TAT
Nam 1926, R. Nevanlinna chi ra rang hai ham phan hinh khac hing f va g trén mit phang phtic
C chia sé ndm gi4 tri khac nhau IM thi f =g trén toan bo C. Néu mot ham phan hinh f (z) ¢6
siéu bac nho hon 1 va ham dich chuyén f(z+c) cua né chia sé bon gia tri phan biét hodc chia sé
bbn ham nho tudn hoan trong mét phing phirc, thi liéu f (z) = f(z+c) voi moi z € C hay khong?
Muc dich cua chung t6i 1a nghién ctru tinh duy nhét cta nhimg ham phan hinh trong tinh hudng
nhu thé. Bé dat dugc muc dic’h, chung t6i st dung }(I thuétﬂ trong Ii thuyét Nevanlinna bang cach
dua vao udc lugng cac ham dém va st dung tich chat cua tong so6 khuyét cua cac gia tri trong mat
phang phtre. Xét bon ham nhé a;,a,,a3,8, tuan hoan véi chu ki ¢ trong mat phang phuc voi
c e C\{0}. Chiing t6i chimg minh dugc két qua nhu sau: Gia sir rang ham phan hinh f(z) c6
siéu bac nho hon 1 cung véi ham dich chuyén cua né f(z+c) chia sé a3 CM, chia s¢ mot phan
a,a,, dé)ng thoi sb khuyét thu gon cia f tai a, 1a cuc dai. Thé thi duéi diéu kién vé sb khuyét
tai mot gia tri bat ki khac a,, ta co f(z) = f(z+c) voi moi zeC. Két qua cia ching toi 1a sy
tiép tuc cac cong viée trude do cla cac tac gia va nd cung cip cho chung ta c¢6 thém hiéu biét vé
nhitng ham phan hinh c6 siéu bac nhé hon 1. ) )
Tw khoéa: Ham phdn hinh; chia sé mgt phan cdc gia tri; dinh Ii duy nhat; ham tuan hodan; sé khuyét
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1. Introduction

In this article, we consider meromorphic
functions in the whole complex plane C. We
denote proximity function and Nevanlinna
characteristic function of f by m(r,f) and

T(r, f) respectively. For each a meromorphic
function a in the extended complex plane, we

denote by N(r,fi) the zeros counting
-a

function of f —a with counting multiplicities
1
f-a
of f —a without counting multiplicities. We
N(r, f)

and N(r, ) the zeros counting function

use sympol instead of notation

N(r,L) and
f—o0
1

f -

N(r,f) instead of

reduced

N(r, ).The deficiency and

deficiency of a with respectto f are defined
respectively by

NE- 1) Ne )

. -a . -
o(a, f)=1-1 , O(a, f)=1-1I ,
& 1)=1-limsp— o Ol h=L-limsp s

The hyper-order »(f) of a meromorphic
function f are defined by

#(F) = limsup log" (log™ T (r, f)

o0 logr
Denote by S(r,f) a quantity equal to
o(T(r,f)) for all re(1,00) outside a finite
Borel measure set. In particular, we denote by
S(r, T) any guantity satisfying
S(r,f)=0(T(r,f)) as r—o outside of a

possible exceptional set of finite logarithmic
measure.

Let f and g be two meromorphic functions

and a function meromorphic a. We say that
f and g share a IM when f-a and g-a

have the same zeros. If f —a and g—a have

the same zeros with the same multiplicities,
then we say that f and g share a CM.

For positive integers k (may be k=-+x), we
denote by Ex)(a, f) the set of zeros of f—a
with multiplicity 1<k, where a zero with

multiplicity | is counted only once in the set.
The reduced counting function corresponding

to Ex(a f) is denoted by Ny, ).

f-a

! ) the
—a

Similarly, we also denote by N(k(r, :

reduced counting function of those a-points
of f whose multiplicities are not less than k

in counting the a-points of f. If k=+o0, we
omit character ¥ in the notation.

Uniqueness questions of meromorphic
functions and their shifts sharing values have
been treated as well [1]-[6]. In particular, in
2016 K. S. Charak, R. J. Korhonen and G.
Kumar [7] gave a result of partially shared
values and obtained the following theorem
under an appropriate deficiency assumption.

Theorem A [7]: Let f be a nonconstant

meromorphic  function of  hyper-order
y(f)<1 and c e C\{0}. Let

a,a,,a,,8, € §(f) be four distinct periodic
functions with period c. If §(a, f)>0 for

some aeS(f) and

E(a;, f(2) cE(a;, f(z+¢)), j =1,2,3,4

then f(z)=f(z+c) forall zeC.

Here, we denote S(f) as the family of all
small functions of f and S(f):=S(f)uU{e}.

Recently, W. Lin, X. Lin and A. Wu [8]
obtained a counterexample which showed that
Theorem A does not hold when the condition
"partially shared values
E(a;, f(2)) cEay, f(z+0)), j=1,2" is
replaced by the condition "truncated partially shared
values

Ex(a;, f(c)) cEn(ay, f(z+0)), j=1,2", even

if f(z) and f(z+c) share a;,a, CM as follows:

20

http://jst.tnu.edu.vn; Email: jst@tnu.edu.vn


http://jst.tnu.edu.vn/
mailto:jst@tnu.edu.vn

Nguyen Hai Nam et al.

TNU Journal of Science and Technology

225(13): 19 - 23

Example B [8]: Let f(z)=sinz and c=7. It
is easy to see that f(z) have hyper-oder
y(f)<1 and shares 0 and «» CM with its
shift f(z+c) and
Ey(+1, f(2)) = Ey (1, f(z+C)) = 2, but
f(z+c)=—-1(z) for all zeC. Althought, the
condition &(o, f) = O(o, f) =1> 0is satisfied.
A question is arised naturally at this moment:
If S5(c, f)>0 for some a =« then wheather
we obtain an uniqueness theorem in the
situation of Example B.

Our aim in this paper is to give positive
answer for this question. Namely, we have
prove the following.

Theorem: Let f be a nonconstant
meromorphic  function of  hyper-order
r(f)<1 and ceC\{0}. Let

a;,a,,85,8, € S(f) be four distinct periodic
functions with period ¢ such that
O(a,, f)=1. Assume that f(z) and f(z+c)
share a; CM and

Ey(a;, f(2)) cEn(a;, f(z+0)), j=1,2.

If o@,f)>0 for some
f(z)=f(z+c) forall zeC.
Obviously, Example B shows that condition
S(a, f)>0 for some a=a, is necessary and
sharp.

2. Some lemmas
Lemma 1 [9]: Let f

a=xa,, then

be a nonconstant

meromorphic function onC. If
af +b

= , Where a,b,c,d € S(f) and
cf +d

ad —bc#0,then T(r,g)=T(r, f)+0O(1).
Lemma 2 [10]:
entire function on C and f=e". Then
y(f)=p(h).

Let f be a nonconstant

Lemma 3 [11, Corollary 1] Let f be a
nonconstant meromorphic function on C. Let
a,8,,...,8, (d>3) be q distinct small
meromorphic functions of f on C. Then the
following holds

(@-2)T(r, f) ﬁquﬁ[r, . 1a J+S(r, f).
i=1

Y9
Here, a meromorphic function a is small with

respect to a meromorphic function f, we
mean that T(r,a) =o(T(r, f)) as r — o

Lemma 4 [12] Let f
meromorphic function and ceC. If f is of
finite order, then

m(r, f(Z+C)J:0[|Ong(r, f)j
f(2) r

for all routside of a subset E zero logarithmic
density. If the hyper-order »(f) of f is less

than one, then for each ¢ >0, we have

f(z+c) T(r, f)
e o)

for all routside of a subset finite logarithmic
measure.

Lemma 5 [12, Theorem 2.1] Let ceC, and
let f be a meromorphic function of hyper-

order y(f)<1 such that A f:=f,—f %0.
Let q=2 and &(2)....a,(z) be distinct

be a nonconstant

meromorphic periodic small functions of f
with period c. Then,

m(r,f)+Zq:m(r,f ! ) S 2T(r, £) = Npgir (1, F) + Sy(r, ),
=) ~ 8

where

N pair (1, £) = 2N(r, f)—N(r,ACf)+N(r,A1

7
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3. Proof of Theorem

f(z)-a; -2y
f(z)—a, . a—a,
and put b, =1,b, =c,b; =0 and b, = where
a,—-a; & -—a,
a,-a, a —as
c¢#0,1,c0. By the assumption of the theorem,

given meromorphic function and its shift
share 0 CM and

En(1,F(2)) c Ey(1,F(z+0)); En(c F(2) c Ey(c,F(z+c). (7)

First of all, we put F(z)=

c= Obviously, we have

In addition, by Lemma 1, we have

(o0, F) =1.

We denote by P(z) the canonical product of
the poles of f.

Then, by Lemma 4, we have:

P(z+c))
m(r, P(2) j_sl(r,F).

By ©(«x,F) =1, and since above equation, we
have

T(r, P(z+ C)J =S,(r,F).

P(z)
Since F(z) and F(z +c) share 0 CM, we get

F(Z"‘C) _ eh(z) P(Z +C)

F(2) P(2) ®

where h is an entire function. By Lemmas 1,
2, we have p(h) =y(f)=0.

It follows from Lemma 4 and the first main theorem that:
T(r,eh(z) P@+o) C)J = N(r,eh(z) P@+o) C)J + m(r,eh(z) P@+o) C)j +0(1) =S, (r,F).

P(2) P(2)

Put r(z)=e"® P10
P(2)

then ¢ is a small function with respect to F.

P(2)

We now assume that F(z) = F(z+c). It means that =1 and we can rewrite (8) as follows

F(z+c)=7(2)F(2),

(9)

forall zeC. If z, € Ey(b,,F) (i=1,2) then by (7) and (9), we get z(z,) =1. Therefore,

— 1
N“(r’ F@) —biJ

— 1
1)(!’, F(Z)—biJ+N(2£r' F(Z)—biJ (10)

I
Z|

N[r, L j
F(z)—b

It follows that

IA
N NP

N

<

1
F(z) b

< N(r, 1_1j +0(1) = §,(r,F).

J+Sl(r,F)

T(r,F(2))+S.(r,F), j=1,2.

By definition of the deficiency and since (10), we get ©(b;,F) > % j=1,2

and hence ©(b,F) +©(b,,F) +©(x,F) > 2.

It follows from the Second main theorem (Lemma 3) that ®(b,F) =0 for all b#b,b,,b,, i.e.,

S(b,F)=0 forall b#Dby;,b,,b,.
For each b # 0,0, applying Lemma 5, we get

m(r,F(z)) + m(r,Lj + m[r,

F(2)

1
F(z)-b
<2T(r,F)—2N(r,F(2))+ N(r,A.F) - N[r, Al

F}L Sy(r,F)

c

=2T(r,F)=2N(r,F(2))+ N(r,F(2)) - N(r,ij+ S,(r, F).

F(2)
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This together with First main theorem implies

1
that T(r,F(z2))= N[r, I:(Z)_bJ+S(r).

It means s(b,F)=0 forall b e C\{b;,b,}.

From the above ~cases, we have
O(b,F)=0,vb=b,. Using Lemma 1, we get

o(a f)=0 for all values aeCu{c}\{a,},

which  contradicts to the assumption.
Therefore, we obtain f(z)= f(z+c) for all

zeC. Theorem 1 is proved.

4. Conclusion

Under an appropriate deficiency assumption, we
showed that if a meromophic function f with
hyper-order less than 1 partially sharing four
small periodic functions with period ¢ in the
complex plane with its shift then f much be a
periodic function with period ¢, i.e.,
f(z)=f(z+c) forall zeC.
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