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PIEU KIEN CAN HUU HIEU CHO NGHIEM HU'U HIEU
HENIG PIA PHUONG CUA BAI TOAN CAN BANG VECTO
CO RANG BUQC QUA PAO HAM STUDNIARSKI

Pinh Di¢u Hing'", Trin Vin Sy?, Nguyén Thuy Trang', Pham Vin Ngoc'
Truong Dai hoc Cong nghé théng tin va Truyén thong - DH Thai Nguyén
2Truong Dai hoc Qudng Nam

TOM TAT

Bai toan can bang vecto dugc Blum - Oettli dua ra nam 1994. Lop cac bai toan cin bang vecto bao
gdm nhiéu 16p bai toan quan trong nhu: bai toan bat dang thirc bién phan vecto, bai toan tdi wu
vecto, bai toan diém bat dong, bai toan bu vecto, bai todn can bang Nash vecto. Diéu kién t6i uu
cho bai toan can bang vecto va bai toan bat dang thirc bién phan vecto da dugc nhiéu tac gid quan
tam nghién ctru. Trong bai bao nay, ching toi sir dung khai niém dao ham Studniaski dwoc d& xuét
boi Studniaski (M. Studniaski (1986)), thiét 1ap diéu kién can hitu hiéu cho nghiém hitu hiéu
Henig dia phuong cta bai toan cin bang vecto c6 rang budc tap va bit dang thirc tong quat trong
khong gian Banach. Két qua thu dugc nay duoc ap dung truc tiép cho nghiém siéu hiru hi¢u dia
phuong cua bai toan.

Tir khéa: diéu kién can t8i wu cho bdi todn cdn b&ng vecto co rang buoc; diéu kién can hiru hiéu;
nghiém hitu hiéu Henig dia phwong; nghiém siéu hitu hiéu dia phwong; dao ham Studniaski.
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ABSTRACT

The equilibrium problem was first proposed in 1994 by Blum - Oettli which including a number of
important problems such as vector variational inequalities, vector optimization problems, fixed
poin problems, vector complementarity problems, vector Nash equilibrium problems. Currently,
optimality conditions for vector equilibrium problems and vector variational inequalities are
widely studied by many authors. In this paper, we’re using the concept of Studniaski’s derivative
was proposed by Studniaski in the reference (M. Studniaski (1986)), we establish in this article the
necessary efficiency conditions for local Henig efficient solution of vector equilibrium problems
with set and generalized inequality constraints in terms of studniarski’s derivatives in Banach
spaces. This obtained result is directly applied to local superefficient solution of the problem.
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1 MO DAU 2 KIEN THUC CHUAN BI

Bai toan can bing vecto cé rang budc téng quat duge
thiét 1ap vao nam 1997 bdi nhém tac gid Bianchi, Had-
jisavvas va Schaible [1] va ching giit mot vai trd quan
trong trong giai tich phi tuyén (xem Feng va Qiu [2],
Gong [3],[4], Long, Huang va Peng [5], Luu va Hang
(6]). Dau tien nhém tac gid [1] chi dé xuat khai niem
nghiém hitu hiéu va nghiém hitu higu yéu kiéu toan
cuc va dia phuong cho bai toan va sau d6 Gong [3] lai
xay dyng bd sung khai niém nghiém hitu hiéu Henig
va siéu hitu hidu bén canh khai niém hitu higu yéu
da biét. Bén canh nghién cttu sy tén tai nghiém cho
bai todn can bing vecto, didu kién téi wu ciing dugc
quan tam nghién cttu nhiéu, xem [3],[4],[5],[2],[7]. Gong
[3],[4] thiét 1ap diéu kién can va di i wtu cho nghiém
hitu higu yéu ctia bai toan can bang vecto bang cach vo
huéng héa cac ham muc tieu va rang budc véi diéu kién
13 cAc ham ddi tugng phai 16i theo nén. Long, Huang
va Peng [5] da md rong két qua didu kién can va da
t61 uu cho nghiém hitu hieu Henig trong [3],[4] ctia bai
toan can bang vectd cé rang budc tap va bat ding thitc
téng quat tir tinh 16i theo nén sang 16i suy rong theo
nén. Hang va Su [7] cung cép cac diéu kién can tbi
uu cho nghiém httu hiéu Henig va siéu hitu hiéu cho
bai todn can bing vects ¢6 rang budc tap va bit ding
thic téng quat theo ngon ngit dao ham theo hudng.
Studniarski [8] dé xuat khai niem dao ham Dini trén
va dudi theo hudng va khai niém nay duge dat lai tén
13 dao ham Studniarski bdi nhiéu nha nghién citu, xem
Luu [9]. Vai tro ctia dao ham Studniarski ding dé thiét
lap diéu kién t6i wu cho céc bai toan téi wu vecto tdng
quat, vi du Luu [9] cung cap diéu kién can va du tbi
uu cho cuyc tiéu chat Pareto dia phuong clia bai toan
t6i wu vectd theo ngdn ngit clia dao ham Studniarski.
Hién nay theo su hiéu biét clia ching to6i 1a chua c6 két
qud nghién cttu didu kién can va du t6i vu cho nghiem
hitu hiéu Henig va Henig dia phuong ctia bai toan can
bang vects c6 rang budc tap va bat ding thic téng
quét st dung cong cu cua dao ham Studniarski trong
khong gian vo han chiéu.

Muc dich ctia chung t6i trong bai bao 1a st dung dao
ham Studniarski dé thiét lap diéu kién can hiu hiéu
cho nghiém hitu hiéu Henig dia phuong va siéu hitu
hiéu dia phuong ciia bai todn can bing vects va bat
déng thitc bién phan vecto c¢é rang budc tap va bét
déng thic téng quat. Két qua thu dudc ciia ching toi
Ia hoan toan mdéi va chwa duge nghién citu trude day
va thém nita né cé thé duge 4p dung dé xay dung cac
thuat toan s6 cho bai todn can bing néi chung va bai
toan tdi wu néi rieng trong tuong lai.

2.1 Mot sb ky hiéu

Xuyén sudt bai bdo ching t6i quy usc X,Y va Z 13
cac khong gian Banach thuc va khong gian déi ngiu
topo ctia Y va Z theo thit tu duge ky hieu 1a Y™ va Z~.
Cho A 1a mot tap khac réng ctia X . Phan trong va bao
déng ctia A duge ky hiéu tuong ting béi intA va clA.
Cho T € X va 6 > 0, hinh cau md tam T ban kinh § 1a
tap B(%,0) = {x € X : ||[z—7| < 6}. Quy wéc t, — 0F
1a mot day sé duong (tn)n>1 hoi tu vé 0. Goi C' va K
13 cic noén 16i, déng va c6 phan trong khac réng xac
dinh mot tht ty bo phan trong cac khong gian Y va
Z tuong tng. Cac nén déi ngiu ctia C va K dudgce ky
hiéu theo thi ty béi C* va KT 1a 16i va déng yéu* va
dugc dinh nghia

CT={£eY":({c)>0 (Vee )},
KT ={¢e€Z :(d)>0 (Vde K)}.

Tya phéan trong cia nén C™T 1a tap hop
Ct={¢cCt:(£c)>0 (VeeC, c#£0)}
Cho tap 16i B C Y 1a co s ctia nén C, nghiala 0 € cl B
vaC =coneB:={tb:t >0, b€ B}. Vi0 ¢ cl B, dung

mot dinh 1y tach trong giai tich 16i (xem Rockafellar
[11]), ton tai y* € Y™ \ {0} sao cho

r=1inf{{y",b) : b€ B} > (y*,0) = 0.
Ky hieu
CA(B)={¢eC":3t>0, (£,b) >t (Vbe B)}.

Xét mot 1an can 16i mé can déi Vp ctia gbe O trong Y,
trong dé

* '
VB:{yEY:\<y,y>I<§}-

Cho truéc mot lan can 16i U cia O véi U C Vg, ta cé
cone(U + B) 1a nén 16i va nhon théa man 0 & cl(U + B)
va sy bao ham C'\ {0} C intcone(U + B) ding.

2.2 Nghiém httu hiéu Henig va siéu
hitu hiéu cta bai todn can bang
vectd c6 rang budc

Xét bai toan (CVEP): Tim T € K sao cho

Fx(z) ¢ —intcone(U + B) Vz € S. (2.1)

Trong d6, song ham F : A x A — Y thoéa méan
F(zo,70) = 0 v6i moi zo € A. V6i tap chap nhan
duge S ={zr € A:g(x) € —K}, g: A — Z la ham
rang budc cia (CVEP). Méi 7 € X, dat

Fe(S) =F(z,8) = | JF (@, ).

€S

http://jst.tnu.edu.vn; Email: jst@tnu.edu.vn

549



Dinh Diéu Hang va btg

Tap chi KHOA HQC & CONG NGHE PHTN

225(06): 548 - 552

e Mot vects T théa méan didu kién (2.1) dude goi 1a
nghiém hitu hiéu Henig ctia bai toan (CVEP).

e Néu ton tai & > 0 sao cho (2.1) dang v6i moi
z € SN B(Z,d§) thi T duge goi 1a nghiém hitu hiéu
Henig dia phuong ctia bai toan (CVEP).

e Néu véi méi 1an can V ciia 0, ton tai mot lan can U
ctia 0 va § > 0 théa man

cone(F=(S N B(z,6)))) N (U~ C) C V,

thi € S 1a nghiém siéu htu hiéu dia phuong cta bai
toan (CVEP).

Meénh dé 2.2.1 Cho B 14 co s6 cia nén C.

(i) Néu 7 € S 1a nghiém siéu hitu higu dia phuong clia
bai todn (CVEP) thi né ciing 1a nghiém hitu hiéu Henig
dia phuong ctia bai todn (CVEP).

(ii) Néu B déng va bi chan thi mot nghiém hitu higu
Henig dia phuong cta bai toan (CVEP) ciing 1a nghiém
siéu hitu hi¢u dia phuong clia bai toan (CVEP). Ngoai
ra,

intC* = C*(B).

Chiing minh. Dat Ky := K N B(T,5) va ap dung két
qué ctia Long et al. [5] ta nhan duge két luan. O

Tiép theo chiing t6i nhic lai khai niém dao ham Stud-
niarski trong [8].

Dinh nghia 2.2.1 ([8]) Chom € N, m > 1, T,v € X
va anh xa f : X — Y. Dao ham Studniarski cip m clia
f tai (z,v) duge ky hieu dg f(z,v) va duge dinh nghia
nhu sau:

f@+tu) — f(@)

tm ’

ds f(z;v) = lim
t—0+
néu gidi han ton tai. Trong trudng hgp m = 1, ta viét
ds f(Z;v) thay cho di f(T;v).
Khai niém céac nén tiép lién sau lam co sé cho viéc thiét
1ap didu kién can hitu hiéu cho nghiém hitu higu Henig
dia phuong cta bai toan (CVEP).

Dinh nghia 2.2.2 ([9]) Nén tiép lién cta tap A tai
T € cl A duge dinh nghia boi
Ta(@)={veX :3t, >0,z €A, 2, > T

sao cho tp(zn —T) — v}.

Dinh nghia 2.2.3 ([9]) Nén tiép lien phan trong cia
tap A tai T € cl A duge dinh nghia bdi

ITA(Z)={ve X :It, — 0" sao choV v, — v,
T+ tpvn € A, Vn du 16n}.

Ménh dé 2.2.2 ([10]) Nén tiép lien cla tap A tai
T € cl A duge phat biéu 6 dang tuong duong sau

Ta(@) ={ve X : 3z, € A\{T}, 2n > T

sao cho lim — 2L — 1 {0}.

oo [lan —Z( o]l

Tiép theo ching toi gidi thigu nén tiép lién trung gian
sau:

%A(E) ={ve X :3t, — 0" sao cho
T+ ty,v € A, Vn da 16n}.

D& dang kiém tra dugc ring
ITA(F) C Ta(@) C Ta(T).

Cho T : X — L(X,Y) la anh xa gia tri vecto, & day
L(X,Y) khong gian cac 4nh xa tuyén tinh bi chan tir X
vao Y. Bai todn (CVEP) bao gom bt déing thiic bién
phan vecto (CVVI) nhu trudng hgp dac biét, nghia la
song ham F' dugc xéc dinh béi

F(z,y) = (Tx, y —x), Vo,y € X.

Dinh nghia 2.2.4 Néu F(z,y) = (Tx, y —z), Vx,y €
X, va néu T € S 1a mot nghiem hitu hieu Henig dia
phuong hay mot nghiém siéu hitu hiéu dia phuong cta
bai toan (CVEP) thi T € S 1a mot nghiém hitu hiéu
Henig dia phuong hay mdt nghiém siéu hitu hiéu dia
phuong ciia bai toan (CVVI) tuong tng.

3 KET QUA MOI CUA BAI BAO

Chtng toi thiét lap diéu kién can cho nghiém Henig
dia phuong ctia bai toan (CVEP) theo ngon ngi dao
ham Studniarski trong khéong gian Banach va mot sb6
ap dung ctua ching.

Dinh 1i 3.1 Chox € S vd B la co sd cia C. Gia
st cac dao ham Studniarski dgFz(T;v) va dsg(T;v)
ton tai theo moi phuong v € X. Khi d6, néu 7 la
mot nghiém hitu hiéu Henig dia phuong ctua bai toan
(CVEP) thi Vv € Ta(T) thdéa méan dsg(T;v) € —intK,
ton tai (&§,n) € (Y x Z)* sao cho

£eC®B), neK", (3.1)
(€, dsFz(T;v)) + (n,dsg(@;v)) > 0.
Ching minh. Gid st T € S 1a4 mot nghiém hiu hiéu
Henig dia phuong cta bai toan (CVEP). Khi d6 véi

lan can 16i can déi U ctia 0 v6i U C Vi (xem Muc 2.1)
ton tai mot s6 thuc § > 0 théa méan

coneFix(S*) N (—intcone(Ux)) = 0, (3.3)

6 day S := SN B(T,9)), Ux := U + B. Xét modt nén
16i nhon va déng D = clcone(Ux). Ta c¢6 D thda man
quan hg bao ham C \ {0} C intD. Tw (3.3) vA ding
thitc intcone(U*) = int clcone(Ux), ta ¢6

cone(Fx(S N B(Z,0))) N (—intD) = . (3.4)
Theo Bé dé 2.1 ([5], tr. 720), ta c6
[cone(U + B)]T\ {0} € C*(B).
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Dé hoan thanh chitng minh dinh li, ta chi ra ring ton
tai € € [cone(U + B)]* \ {0} vin € ST théa man (3.2)
13 da. Dé lam diéu nay trudc tién ta phai kiém tra diéu
kién
dsFz(T;v) € —intD (3.5)
Vo € Ta(@) N{u€ X :dsg(T;u) € —intK}.

Gia st (3.5) khong dung, khi d6 ton tai mot phuong
v € Ta(z) \ {0} sao cho dsg(T;v) € —intK va
ds Fz(T;v) € —intD. Theo Ménh dé 2.2.2, ton tai mot
day (zn)n>1 C A\ {Z} v6i z, — T théa man

. Tp — T v
lim _— = —.
notoo |lzn =2l vl
Chon cac day t, = % va v, = % Khi do,
tn _>O+7 Un — v va
Tpn =T +thvn € AV > 1. (3.6)

Theo dinh nghia dao ham Studniarski:

lim Q(E + tnvn) - g(f)

n——+oo tn

=dsg(T;v) € —intK.

Ltc nay ton tai N1 > 0 sao cho Vn > Ny,
9(T + tovn) — g(T) € —intK, hay

9(T + thvn) € g(T) —intK Vn > Ni.
Khong kho6 dé kiém tra ring

g(T + thvn) € —K Vn > Ni. (3.7)
Két hop (3.6)-(3.7) ta két luan
T+tavn €S Vn > Ny (3.8)
Do T + tpv, — T € B(T, ), ton tai N2 > 0 véi
T+ thvn € SN B(Z,0) Vn > max{Ni, Na2}.

Dit N3 = max{Ny, N2}, ta thu dugc két qua

T+ thon € SN B(T,0) Vn > Ns. (3.9)
Ta c6
lim 2@ tn) = F@) _ oo 70y € —inD,
n—+oo tn

nén toén tai Ny > 0 sao cho Vn > Ny,

Fx(T + thon) — F5(T) € —intD hay

F(T + thon) € —intD Vn > Ny.
Chon N = max{N3, N4}, va tit (3.9) suy ra

T+ thvn € SN B(T,0) Vn > N, (3.10)

Fx(ZT 4 tovn) € —intD Vn > N. (3.11)

Két hop (3.10)-(3.11) mau thudn vé6i didu kien (3.4).
Do d6 véi moi v € T'4(T) thoéa mén dsg(T;v) € —intK
ta co

{dsFx(Z;v)} N (—intD) = 0.

Suy ra
{dsF=(Z;v),dsg(z;v)} N (—=intD) x (—intK) = ().

Ap dyng dinh 1i tdch manh cac tap 15i roi nhau
{dsF&(T;v),dsg(T;v)} v (—intD) x (—intK) (xem
Rockafellar [11]), ton tai £ € Y* van € Z* thda man

(€, dsFs(T;0)) + (n,dsg(@;v)) > (€, —c)
+(n,—d) YeceintD, d€ intK.

Diéu nay dan dén bat ding thitc sau

(€, dsFs(z;v)) + (n,dsg(T; v))
+{&c)+(n,d) >0VceD, dc K.

(3.12)

Vay (€,dsFz(T;v)) + (n,dsg(T;v)) > 0, nghia la bat
déng thic (3.2) duge théa man. Bay gio ta kiém tra
(3.1). That vay, trong (3.12) ta chon ¢ > 0 théa man

(&, ds Fa(;0)) + (1, dsg(T: ) (3.13)
+ (&, te) + (n,tdy >0 Vee D, dE€ K.
Chia ca 2 vé& (3.13) béi t > 0 ta dudc
L€ dsFe(@ ) + n.dsg(@0)))  (3.14)

+{,e)+(n,d)y>0VeceD, de K.
Cho t — o0 trong (3.14) ta thu dugc
&)+ (n,dy>0VeeD, de K.

Dau tién ching ta chon d = 0 € K, ¢ € D1\ {0} =
[cone(U+B)]™ \ {0} v sau dé chon ¢ = 0, n € K.
Chu y € # 0 1a do gia thiét dsg(T;v) € —intK suy ra
diéu phai chitng minh. O

Trong truong hgp nén C ¢ co sG déng va bi chan B,
ta c6

Hé qua 3.2 Cho = € S va B la co s6 déng, bi chan
ctia C. Gia stt cac dao ham Studniarski ds F(T; v) va
dsg(T;v) ton tai theo moi phuong v € X. Khi d6, néu
T 14 mot nghiém siéu hitu hiéu dia phuong cia (CVEP)
thi Vo € Ta(Z) thda man dsg(T;v) € —intK, ton tai
(&,m) € (Y x Z)* sao cho

£eintCT, ne Kt
(€, dsF(T;v)) + (n,dsg(T;v)) > 0.

Chimg minh. Ap dung Menh dé 2.1 ta nhan dugc két
quaé. d

Tiép theo ching ta 4p dung két qua thu dugc cho bai
toan (CVVI).

Dinh 1i 3.3 Choz € S va B la c¢o s§ clia nén C.
Gia st T : X — L(X,Y) la anh xa gia tri vecto va
dsg(T;v) ton tai theo moi phuong v € X. Néu 7 la
nghiém hu hiéu Henig dia phuong (t.@. siéu htu hiéu
dia phuong néu them B déng va bi chin) ctia (CVVI)
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thi Vv € Ta(Z) théa man dsg(T;v) € —intK, ton tai
(&,m) € (Y x Z)* sao cho

£eC®B) (ti £eintCh), ne KT,
<€7 <TE7 v>> + <7/7ng(§; ’U)> 2 0.

Chitng minh. Ap dung Dinh 1i 3.1 va He qua 3.2 véi
chii ring ds Fz(T;v) = (T7,v), ta nhan duge két qua
can chitng minh. O

Chii ¥ 3.4 Phat biéu trong Dinh Ii 3.1, 3.3 va He qua
3.2 vAn con ding néu ta thay non tiép lien T4 (T) boi
céc nén tiép lien phan trong ITa(T) va Ta(T) tuong
ung.

4 KET LUAN

Bai bdo da xay dyng dudc didu kién can cho nghiém
hitu hiéu Henig va siéu hitu hiéu dia phuong cia bai
toan can bang vectd cé rang budc tap va bat ding thitc
tdng quat theo ngon ngit dao ham Studniarski trong
khong gian Banach. Két qua nhan dugce 13 méi va chua
dugce nghién cttu trude day va thém nita, ching dugce
ap dung cho bat ding thitc bién phan vecto c6 rang
budc.
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