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TINH LIEN TUC CUA TOAN TU HESSIAN PHUC |
TREN LOP CEGRELL CUA HAM M- PIEU HOA DUOI
VA UNG DUNG

Nguyén Vin Phu
Truong Pai hoc Dién luc

TOM TAT

Nam 2015, L . H. Chinh ching minh sy tdn tai va tinh lién tuc dudi day giam cac ham thudc 16p
ham Emo (Q) ctia toan tir Hessian phtrc Hm(u) v6i ham u € Fm(Q). St dung két qua trén va cong
thirc tich phan timg phan trén 16p ham Fm(Q), chiing t6i chimg minh néu ham u € Fm(Q) thi toan
ttr hHm(u) lién tuc dudi ddy giam cac ham trén 16p Emo (Q) v6i moi ham h € SHm N Leoloc(Q2). Dong
thoi, chiing t6i mo rong mot két qua cua cac tac gia N. V. Khue va P. H. Hiep tir 16p cac ham da
diéu hoa dudi dén 16p cac ham Fm(Q).

Tir khéa: Todn tir Monge - Ampere phike; todn tir Hessian phirc; ham da diéu hod dwdi; ham m-
diéu hod dudi: tinh lién tuc.
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CONTINUITY OF THE COMPLEX HESSIAN
OPERATOR ON CEGRELL’S CLASSES OF MSUBHARMONIC
FUNCTIONS AND ITS APPLICATION

Nguyen Van Phu
Electric Power University

ABSTRACT

In 2005, L. H. Chinh proved the existence and continuity of the complex Hessian operator
Hm (u) with u € Fm(Q) under the sequence of decreasing functions in classes Emo (Q). By
using the above result and the integration by parts formula for functions in Fm(Q), we prove
that if u € Fm(Q) then operator hHm(u) is continuous under the sequence of decreasing
functions in classes Eo m(Q2) for all functions h € SHmN Leoloc(Q2). At the same time, we extend
N. V. Khue and P. H. Hiep ’s result from the classes of plurisubharmonic functions to the
class Fm(Q).
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1 MGéG dau

Ly thuyét da thé vi 1a mot linh vite quan
trong cua giai tich phic va todn ti Monge
- Ampere phiic (dd°u)" 1a nén tang, trong
tam ctia Iy thuyét da thé vi. Nam 1982 hai
tac gid E. Bedford va B. Taylor trong [1] da
chi ra sy ton tai clia toan tt Monge- Am-
pere trén 16p cac ham da diéu hoa duéi bi
chan dia phuong va tinh lién tuc ctia né trén
cac day don diéu . Tiép do6, nam 1998 trong
[2] U. Cegrell gidi thieu cac 16p ham da diéu
hoa duéi khong bi chin dia phuong ma trén
d6 todn tit Monge-Ampere van xac dinh.
Nam 2004, trong [3] U. Cegrell chiing minh
tinh lién tuc cia toan t Monge - Ampere
trén day gidm cac ham da diéu hoa duéi
khong bi chan dia phuong. Gan day, trong
[4] Z. Blocki gidi thigu 16p ham m- diéu hoa
duéi 1a sy md rong cta 16p ham da dieu
hoa duéi va nghién citu toan tit m- Hessian
phitc Hy,(u) = (dd°u)™ A B*~™ tdng quét
hon toan tit Monge - Ampere phic. Trong
bai bao trén Z. Blocki da dinh nghia toan
t® m- Hessian phiic trén 16p cac ham m-
diéu hoa dudi bi chin dia phuong va chi ra
tinh lién tuc ctia no trén cic day giam cac
ham m-diéu hoa duéi bi chin dia phuong.
Trong bai béo [5] L. H. Chinh gi6i thiéu
16p Cegrell F,,,(2) cac ham m - diéu hoa
duéi khong bi chéan dia phuong ma toan ti
m - Hessian phtic xac dinh va lién tuc dudi
day gidm (Dinh 1y 3.11). Trong bai bao nay,
chiing t6i mé rong két qua ciia L . H. Chinh
t6i mot dang manh hon bang cach xét tinh
lién tuc dudi day giam cta toan tit hH,,(u)
v6i moi ham h € SHy, N L5 () va tng
dung két qua dat dugce dé mé rong Dinh Iy
4.1 trong bai bao [6] tit 16p cdc ham da diéu
hoa duéi t6i 16p cac ham F,,(Q2).

2  Tinh lién tuc

Truée tien ching to6i nhic lai mot s6 khai
niém va két qua veé 16p ham m-diéu hoa duéi
dugc gidi thieu béi Z. Blocki trong [4].

Gia st © 1a tap con mé cia C*. Néu u 13

mot ham xéc dinh trén mién  thi ta dinh
n

nghia toan ti du = ) g—;dzj va toan ti
Jj=1

o n
u = > Zdz;. Ki hien f = dde|2]* Ia
j=1

dang Kahler chinh tdc tren C" véid = 0+0
va d° = 99
%

Véi moi 1 < m < n, ching ta dinh nghia

fmz{ﬂec(m)177/\3"_120,---7

¢ do ki higu C(; 1) la khong gian cac (1,1)-
dang vé6i hé s6 hing.
Gia st T' 1a mot dong song bac (n — k,n —
k)(k < m) trén tap md Q2 € C". T dugc goi
13 dong m— duong néu véi moi ay, ..., qx
thudc fm chiing ta c6 bat ding thic sau
day

ar AN Na, AT > 0.
Dinh nghia 2.1.  Gia st v 1a ham diéu
hoa dudi trén tap con mé Q C C". Khi dé
ham u duge goi 14 mot ham m-diéu hoa
tren Q néu v6i moi 1q,...,Mm_1 thuoce fm
chiing ta c6 bat dang thiic sau day

dduNm N Anm_1 AB"T >0,

theo nghia dong.

Chung ta ki hieu SH,,(2) la tap cac ham
m-diéu hoa dudi tren Q va SH,, (Q) la tap
cac ham m-diéu hoa dudi am tréen €.

Néu ham u € C%(Q) thi tit Menh dé 3.1
trong [4] ching ta khing dinh u la ham
m-diéu hod duéi tréen Q khi va chi khi
(dd°u)* A B7F >0, véi moi k = 1,...,m.
Toéng quét, gid sit ui,...,ur € C3(Q), thi
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V61 Mol M1, .. ., Mm—k € L, chiing ta c6 bit
déng thitc sau day theo nghia dong.

dd®ui A - -Addug AL A - Ak AB™T >0

Toan tit Hessian phtic cho cac ham m- diéu
hoa bi chién dia phuong duge dinh nghia
nhu sau

Dinh nghia 2.2. Gid s® ug,...,u, €
SHy, () N Le (). Khi d6, todn ti Hes-
sian phic Hy,(ug, ..., up) duge dinh nghia
quy nap theo cong thic

ddup A -+ N dduy AT =
dd*(upddup—1 A -+ A ddug A "),

Trong [4] Z. Blocki ciing chiing minh ring
toan td Hy,(ug, ..., up) la dong duong déng
song bac (n —m + p,n —m + p) va lién
tuc dudi day gidm cdc ham m-diéu hoa bi
chan dia phuong. Khi v = vy = -+ =
Um € SHp(Q) N L2 () thi do do Borel
Hp,(u) = (ddu)™ A "™ duge goi 1a m-
Hessian ctia ham w.

Tiép theo, chiing ta nhac lai cac khai niém,
két qua vé cac 16p ham E0(Q) va Fn(Q)
duge gidi thieu trong [5]. Gid st 2 1a mién
m-siéu 16i bi chin trong C". Ki hiéu

EY(Q) 1atap cac hamu € SH,,(Q)NL>®(Q)
thod man lim u(z) =0, [ Hp(u) < co. Ki

hieu F,,,(Q?) 1a tap cac ham v € SH,,(2)
sao cho ton tai day ham {u;} € €2, gidm
t61 w tren Q va sup [ Hp,(u;) < oo.
J Q

Trong truong hgp m = n ching ta cd cac
16p ham E9 (Q) va F,,(Q) tuong ting 1a cac
16p ham £°(Q) va F(Q) dugc gidi thieu bsi
U. Cegrell trong [3]. Dinh ly 3.11 trong [5]
chi ra rang néu u € F,,, () thi toan t& m-
Hessian phic Hy,(u) = (dd°u)™ A g™
duge xac dinh va lién tuc dudi day giam.
Dinh ly du6i day md rong két qua clia cia

Dinh 1y 3.11 trong [5] t6i toan t& hH,,(u)
voi moi ham h € SHy, N LS (2).

Dinh 1y 2.1. Gid st v € F,(Q),p =

1,....,m va (g?) € &EY() N\, uP,Vp. Khi

do, ching ta co

hHm(gjl-,gJQ-, e gt) & hH,(ul,u?, ... u™)
theo nghia yéu khi j — oo vdi moi ham

h € SH,, N L.(Q).

loc

Chimng minh.
Theo Dinh 1y 3.11 trong [5] ching ta c6

,97") = Hpy(ut,u?, .. u™).

Hp(gj g5,

Gia st

hHm(g;,gjz, cengit) =

Khi d6, ching ta c6

Ap dung tich phan titng phan trén 16p ham
Fm(2) ( xem Dinh ly 3.16 trong [5]) ching
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ta co Fm (), v e SH,, (). Khi dé ching ta cé
/d Liusoydd® max(u,v) A dduy A -

v
2 AddUp— 1 N BT = 1{u>v}ddcu
Addur A -+ A ddUp—1 A BT
> lim hddgj A ddg; A ... \ddg)
Q Ching minh.Ching ta chia ching minh
ABhT™ lam 2 buéc nhu sau:
= lim gjl-ddch A ddcgjz A...Nddgy Buéc 1. Chung ta chitng minh Dinh 1y cho
Jeo 5 truong hogp ham v = r < 0.
ApTT Theo Dinh 1y 3.1 trong [5] ton tai day cac
_ ham v/ € £2(Q) N C(Q) , v \, u vh vé6i
: 17c c 2 c_m m )
2}5& wdd h Add"gi A ... A dd’g; moi k = 1,...,m — 1 ta c¢6 day cac ham
Q up € EL(Q) N C(Q), uj, \, ug.
AprT™ ,
Do tap {w/ > r} la tap md nén ching ta c6
— Tim 2 5 qC c, 1 c . m . .
_jlggo gjdd hAddu™ N...Ndd g; l{uj>r}ddcmax(u],r)/\ddcujl/\---/\
e ddud, | A B = 1pysddud A ddud]
o Ao Addoul A pRT™.
> lim [ w’dd°h Addu' A ... Add°g] ,
jmeed Tu bao ham thic {u > r} C {w/ > r}
A g chung ta c6
S . Lysrydde max(u?,7) A ddcu{ ARRRVAN
- dd°ul, | A BV = 1gyspyddiu’ A dd°u]
> Tm [ hdd®u' Addu® A ... A ddou™ -l CB ; e !
7o) Ao Nddoud A BT
A BT Theo Dinh 1y 2.1 khi j — oo ching ta ¢6
= hHp(u' u?, .. ™). max(u — 7, 0)dd® max(u?,r) A dd°ul A - --
Addéul | A BT
Nhu vay ching ta c6 U1 N B
hoi tu yéu dén
v =hHy(u,u?, ... u™).

3 U’ng Dung

Trong muc nay ching t6i sit dung Dinh ly
2.1 dé dat dugc mot két qua 1a mé rong
Dinh 1y 4.1 trong [6] dén cac ham thuoc
16p Fn(€2).

DPinh ly 3.1. Gid s u,ui,...,um—1 €

max(u — r,0)dd’ max(u,r) A ddui A - -
A ddup, 1 A B
va
max(u — r,0)dd“u’ A ddcu{ ARV
ddu? | A BT
hoi tu yéu dén
max(u — 7,0)ddu A dduqy A -+ - A
ddUpm—1 NS,
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do d6 ching ta c6

max(u — r,0)[dd max(u,r) A dduy A ---
AddUp—1 A BT —ddu A ddug A - -
A dd“Upm—1 A "™ = 0.

Tiép theo ching ta ching minh rang

p = dd° max(u,r) Adduy A--- A
ddUpm_1 A BV —ddu Addur A - A
ddUp—1 A BT =0,

tren {u > r}. That vay, ching ta chi
can ching minh ring g = 0 trén Q. =
{max(u—r,0) > e > 0}. Theo Dinh Iy phan
tich Hahn [7] ton tai cc tap con QF va Q7
clia 2 sao cho Q. = QT UQ, QI NQ; =10
va >0 tren QF, u < 0 tren Q2. Khi d6

en(Q) < /max(u —7,0)dp =0
of

en(Q7) > / max(u — r,0)du = 0.
Qg
Nhu vay ta c6 p(QF) = u(Q2) =0, do do6
u =0 trén Q.. Tu d6 ta c6
dd® max(u, ) Adduy A - A ddUp,—1
A BT —ddu A ddur Ao A ddUp—1
BT =0,

trén {u > r}.

Bué6c 2. Lay ham v € SH,,(Q). Do biéu

dién {u > v} = U {u>r; > v}, nén ta
r;€Q—

chi can chiing minh rang véi moi s6 hitu ti

am r; ta co

dd® max(u,v) Adduy A -+ A ddupm—1

A BT =ddu A ddur A - A dd U1
/\ 6n—m7

trén {u > r; > v}.
That vay, ta c6 max(u,v) € Fn(Q2), theo
budc 1 chiing ta c6

Lmax(uw)>r; ) dd° max(u, v) A dduy A -+ A
ddUm—1 A B = Limax(uv)>r;}

dd® max(max(u,v),r;) Add°up A--- A
ddUm—1 A B = Limax(up)>r;}

dd° max(u,v,7;) Addur A -+ A dd“upm—1
A g 1)
va
Liysrjyddfu A dduy A -+ A ddupm—1 A
B = Liysr;ydd max(u, rj) A dduy A - -
A ddUp,—1 N\ BT (2)
Ta c6 max(u,v,r;) = max(u,r;) trén tap
mdé {r; > v}, do do
1ip,>0ydd® max(u, v, 7)) A ddug A - -

N ddUp—1 A BT = 14 5y dd” max(u, 1)
Addui A - AddUum_1 A BT (3)
Tu bao ham thic {u > r; > v} C {u >

rits {rj > v}, {max(u,v) > r;} va (1), (2),
(3) chiing ta c6 déng thiic

Liusr;>0ydd® max(u, v) Addug A -+ A
ddUp, A NPT = 1{u>rj >U}ddcu A ddui\
o Add U1 AN BT

4 Két Luan

Trong bai bao nay, chiing t6i da chitng minh
mot dang manh hon ctia Dinh 1y vé tinh
lién tuc trén 16p cac ham m-diéu hoa dudi
(Dinh 1y 3.11 trong [5]) ctia L. H. Chinh va
stt dung két qua d6 dé ching minh mot két
quéd mé rong Dinh 1y 4.1 trong [6] tu 16p
cac ham da diéu hoa duéi dén 16p cac ham
m - diéu hoa dudi.
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