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XAY DUNG TRINH THU'C THI CHO PHUONG PHAP
SAI PHAN LUI DANG KHOI LIEN TUC

Pinh Vin Tié¢p”, Pham Thi Thu Hing
Truong Dai hoc Ky thudt Céng nghiép - BPH Thdai Nguyén

TOM TAT

Phuong phéap da budc sai phan I0i dang khdi 12 mot cai tién noi troi dé tim xap xi nghiém cua
phuong trinh vi véi diéu kién ban dau. Phuong phap nay véi mién 6n dinh tuyét déi Ion nén dic
biét thich hop cho 16p cac bai toan stiff. Bai bao nay trinh bay cach xay dung trinh thuc thi cho
phwong phéap nay bang cach sir dung phwong phép lip Newton cho khéi. M6t chwong trinh bang
Ngbn ngir Matlab dugc dua ra dé md ta thuat toan va trinh thyc thi véi sé bude k cu thé. Céc vi du
trinh bay dua ra sy so sanh vé tinh hiéu qua va chinh xac ciia phuong phap.

T khéa: phuwong phdp tuyén tinh da buéc; phirong phdp sai phan Wi; phwong phép sai phan liii
dang khai lién tuc; bai toan stiff; mién on dinh tuyér doi.

Ngay nhdn bai: 19/5/2020; Ngay hoan thign: 27/5/2020; Ngay ding: 29/5/2020

CONSTRUCTING THE IMPLIMENTATION
TO THE CONTINUOUS BLOCK BDF METHODS

Dinh Van Tiep”, Pham Thi Thu Hang
TNU - University of Technology

ABSTRACT
The k-step methods of continuous block backward difference formula (or BDF) have great benefit
to approximate the differential equation with the initial condition. These methods possessing very
large absolute stability regions are especially useful for the stiff equations. This article presents a
method of implementation to these k-step scheme by using the Newton’s iteration for the root
finding problem of the non-linear multivariable case. Also, a program written in Matlab with a
particular k is presented. The numerical experiments introduced to illustrate the efficiency and
exactness of these scheme comparing with some conventional BDF methods.
Keywords: linear multistep method; backward difference formula; continuous block backward
difference formula; stiffness; absolute stability region.
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1. Mé dau
Xem xét bai toan gia tri ban dau

y =fty)ast<by(a)=aqa, 1)
véi gia thiét diéu kién Lipschitz theo y cua
ham f. Cac phuong phap xap xi nghiém cua
phuong trinh bao gdom cha dao cic phuong
phap don budc va da budc. Ho cac phuong
phap sai phan Iui (ky hiéu BDF) vai sb budc k
nho, k < 6, thé hién uu diém Ién véi mién on
dinh tuyét dbi gan chiém tron mit phang
phtrc. Thyuc té cac mién d6 cua cac phuong
phap nay chira toan bo phan am cua truc thuc
trén mat phang phic. Diéu dé cho thiy kha
nang ap dung cda cic phuong phap nay cho
cac bai toan stiff, mot trong nhitng van dé gay
kho khan I6n déi véi da sb cac phuong phap
xap xi khac.

Tuy nhién, mot trong nhitng trd ngai cho tinh
ap dung cua cac phuong phap ho sai phan lui,
cling giéng nhu cac phuwong phap da budc bac
cao khac, chang han céc phuong ho Adams,
d6 1a ching déu ¢ dang an. Céch tiép can dé
xt Iy van d& ndy gom cac huéng st dung
dang du bao - hiéu chinh va hudng sir dung
cac phép lap cho ban than mdi phuong phap.
Véi hudng tiép can du béo - hiéu chinh, mién
on dinh tuyét ddi kha bé. Khong may, diéu
nay dac biét ding vai cac cap du béo - hiéu
chinh véi kiéu hiéu chinh ho sai phan Iui. Khi
do6, cac uu diém ndi troi cua ho sai phan 1ui bi
triét tiu. DI v6i huong sir dung kiéu lap co
han ché & viéc nghiém hoi tu dén nghiém cua
phuong trinh sai phan, thay vi dén nghiém
cua phuong trinh vi phan.

Huéng tiép can sai phan 10i dang khéi lién tuc
dugc dua ra boi N.M. Yao va cong su véi bac
thap k <6 (xem [1] [2]) thé hién su noi troi
vé tinh &p dung ddi vai 16p cac bai toén stiff.
bac biét hon, kha nang tu khéi déng cua
phuong phép tao nén sy thong nhét giita khép
ndi ma nhiéu phuong phap da budc gap phai.

Trinh thyc thi ciia phuong phap khdi lién tuc
¢6 hai huéng tiép can cha dao, mot 1a sau
budc khai dong, khdng ding quy trinh lap dé

giam khéi lugng tinh toan, hai 1a cac budc lap
khoi s& tién hanh cho dén cudi cung. Véi
huéng tiép can thir hai, do chinh xac tt hon,
song yéu cau sé budc chia phai 1a mot boi
nguyén lan sb budc ciua phuong phap.
2. Cong thirc sai phan I0i dang khéi lién tuc
Trong [1], [2], N. M. Yao va cong su da trinh
bay quy trinh xay dung phuong phap tong
quat, va dua ra cac cong thic khi cu thé cho
cac truong hop n = 2,3,4,6. Bong thoi, trong
cac bai béo nay, cac tac gia ciing d& cap dén
van dé vé tinh 6n dinh, bac va cac hé s bac
cua ting cong thuc khdi. Dbi véi cac cong
thirc n = 2,3, cac cong thic khdi dang nay la
A-6n dinh (tac A-stable). Voi n = 4,6, dic
tinh d6 ¢6 yéu di chut it song ching van la
Lo-0n dinh (tuc L,-stable) theo dinh nghia cua
Cash [3]. Céc tinh chat mién tuyét ddi nay
duoc bao ton tir cac phuong phap BDF thong
thuong. Nhu vay, cac uu diém vuot troi cua
phuong phap BDF khong bi mat di vai k < 6.
O day, khéc so véi trinh thyc thi giéi thiéu
trong [1], ta s& xay dung quy trinh lap tong
quat cho khéi dugc tao ra theo phwong phap
nay véi chitng minh sy hoi tu ciia nghiém xéap
xi khi h - 0%,
Xét cong thic dang khdi lién tuc xay dung
kiéu sai phan i [1]:

A(I)Yn+1 = A(O)Yn + hB(l)Fn+1: (2)
V61 Yp1 = Unst1r Ynaas ---IYn+k)T:

Yo = ks Yntio ---r}’n)T:

Fpy1 = (fn+1:fn+2' ---rfn+k)T:
yj = y(tj),f]- ~f (tj,y(tj)),‘v’j =12,..

AD A© B 13 cac ma tran cip k x k thu
duoc tir xay dung phuong phap. O day, gia sir
phuong phap BDF cho boi cong thuc:
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hfnvi = z aijYn+j + hbifnik
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Vi=1,... k-1 3)
k-1
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AM ¢6 cot k 1a (0,..,1)7, va hang k la
—(aq,..,an_k+1,—1), ot thir j cia ma tran la
—(asj, azj, - aj)T; ma tran A ¢4 tat ca cac
cot bang vécto khdng, ngoai trir cot cudi cling
la vécto (ayo, ---'ak—l,O:aO)T; ma tran B(M
c6 dang tam giac trén véi cac phan tir khac
khéng nam trén dudng chéo chinh va cot thi
k, trong d6 duong chéo chinh Ia vécto
(—1, ..., by), vacot k lavécto (by, ..., b)T.
Cac ma tran AW cho k = 2,3,4,5,6 déu la cac
ma tran kha nghich. Do d6, phuong trinh (2)
c6 thé dua duogc vé dang:

Yne1 = CYy + hBFyy4, 4)
v6i C 1a ma tran cdp k x k c6 cac phan tir
khac 0 ngoai trir cd thé céc phan tir cot k, ky
hiéu la:

A=(cy,Ch i) (4"
Trong (3), Fpy1 = F(tn1 Yns1)

= (f(tn+1'.Vn+1)v ---vf(tn+k'Yn+k))v

phu thudc vao Y,.;. Chinh vi thé, phuong
trinh (4) c6 thé xap xi nghiém bang phwong
phéap lap Newton hoac Newton suy réng voi
gia thiét ham f da kha vi. Qua trinh lap
Newton dugc ap dung cho phuong trinh
G(X) =0vsimdiq =0 la:

G(X) = ygA+ hBF (tges1,X) — X, (5)
X = (x1,....,x,)7T € R¥, @& tim nghiém xap
Xi cuia phuong trinh nay. Thyc té, khi h — 0,
nghiém cua (5) hgi tu vé nghiém dang:

V(tgers) = (v (tarn)s ¥ (Fqeni)
khi gia thiét v, = y(tg). Diéu nay duoc
chtrng minh trong Dinh ly 1 dudi day. Bac va
hé sb bac cua phuong phap khdi 1a bac nho
nhat va hé sb bac nho nhat dé xap xi céc
y(tqk+l-), vVi=1,..,k, bﬁng cac phuong trinh
sai phén thir i twong urng trong (3). Cong thac
Iap nghiém cho (5) (tai budc tha q) la:

x(m+1) — y(m) _ []G(X(m))]_lg(x(m)), (6)

VOi

x© = {(3’(q—1)k+1: "-'qu) néu q=1
0, ...,¥0), Y0 = @,néu q = 0.
Jacobian cua G la J;(X) =

thlag (fy(tqk+1,x1), ,fy(tqk_l_k, xk))
— Ik'

trong d6

diag (fy(tqk+1’x1)r ---:fy(tqk+k:xk))

la ma tran duong chéo véi cac phan tir nay

xép doc duong chéo chinh va I, 1a ma tran

don vi cap k.

Gia str s6 doan chia cua [a, b] 1a N = kp, tiac

N 1a boi nguy@n lan cua k. Tur diéu kién ban

dau y, = a, Vi ¢ = 0, ap dung (5) ta duoc

Vi = Y2, oy

Tiép tuc v6i g = 1, &p dung (5) thu dugc:
Yier = Va1 Viewzo s Yar) T

Ctr nhu thé, véi g = (p — 1), thu dugc:

Yep-1)+1 = Vkp-1)+1, Yk(p-1)+2- ---:}’N)T-
Nhu vay, sau qua trinh thu dugc ddy vécto
Yi,Yierr, o Yep-1)41

xap xi nghiém cua (1). Ménh d& duéi day chi
ra mot dac trung cua trinh thuc thi ta dang
xay dung.
Ménh dé 1. Ma tran A trong (4") c6 tat ca cac
thanh phan 1a 1, tac A = (1,1, ...,1)7.

Chuzng minh. Tur (3), ta duoc:

AD
—aiq —Qai2 —Q1k-1 0
—Qaz1 oY) —0az k-1 0
= : : : . )
—Qg-11 —Ag-12 —Qg_1k-1 O
- —a; —Qp_q 1
0O - 0 aqg
O EEEE _
A : : ak_l,o » Qo 1'
0 0 ag
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-1 0o - 0 by k-1 k-1 k-1
0 -1 bz Z a D] = — 2 a; D]
BW =1 : 0 w0 | —~ 70 o\ & st

0 i o =1 by, ’ = B

0 0 - 0 b -1 k—1( 1o k-1 k-1 |
A A -1 r L. ZZ Z _ajl Dj = EaﬂDJ

Viétmatran AW, [AD] ~ dusi dang khéi: =\~ S\
k-1

a0 =[5 L laer =20 9
trong d6, D~ la nghich dao cua D,
D = (=y) _1ypqe_sy D7 €Mk - 1),
0=1(0,..,00T e M(k —1,1),

U= (—aq, .., —a5_1),V €M(1,k—1).
Gia st V = (xq, ..., x,—1)T va D~ c6 céc cot
lan luot 1a DY, D?, ..., D*~1, hay viét la:

D~ =[DY, D? .., DK 1].
Ky hiéu E; la vécto cot don vi tha [ cua
M(k—11) =RLvi=1,.. k-1,
E; = (0,..,0,1,0,...,0)
V6i 6 1 6 vi tri thir 1. Goi I,,_, 1a ma tran don
vicap k — 1. Ta cé:
D™D =1,_, =[E, ..., Ex_1],

[v 1] [3] = (0,..,0) € M(1,k — 1) = RE"1,
nén
k-1

Z(—aﬂ)D} = EZ,VI = 1, ,k - 1, (7)
j=1

k-1

Z axj+a=0,vli=1,.. k-1 (8)
j=0

Vi k phuong trinh sai phan & (3) déu c6 bac
r > 0 nén hé sd bac 0 cua cac phuong trinh
nay la 0, tac ta co:

k-1
Z 4 =0Yj=1.k-1 (7
=0
k-1
Z a =1 8"
j=0
Két hop (7) va (7") duoc:

= E=(@1,.., )T eM(k—1,1) = R L,

bang thic ndy 12 k — 1 thanh phan dau tién
cua vécto A = (1, ...,1)T € R¥,
Két hop (8) va (8") duoc:

k-1 k-1 k-1

j=1 j=1 =1
k-1 -1 -1

- axj | =— a=ay—1=0.
1= j=1 l=

Ping thic nay 1a thanh phan thi k cua vécto
A=(1,.., D" € Rk, O
Dinh Iy sau khing dinh sy hoi tu (khi h —
0*) cua nghiém xap xi cia phuong trinh (5)
vé nghiém cua phuong trinh vi phén (1). Diéu
nay cho thay, dii phuong trinh phi tuyét (5),
tai mdi gia tri ¢ = 0, c6 thé ¢ nhiéu nghiém,
tuy nhién véi kich thude budc h da nho, viéc
lya chon y, va vecto

X = Y(q—l)k+1

= (}’(q—l)k+1'y(q—1)k+2f ---:)’qk)

nhu 13 x4p xi ban du cua mdi qué trinh lap
Newton (6) 1a dung dan. Tuc la nghiém cua
phuong trinh phi tuyén (5) thu duoc tir su hoi
tu cua day (6), voi mdi g = 0, c6 thé gan tly
¥ dén nghiém dung cua (1), chi can diéu chinh
gi& tri h da nho.

binh Iy 1. C6 dinh mdi ¢ > 0. Gia sir nghiém
thu dugc ¢ budc tht g — 1 1a nghiém dung,
B Yorer = Y(tgrer) NéU @ =1 VA yg =
Y(tqx) neu g =0. Goi X =Y, la nghi¢m
ding cua phuong trinh (5), G(X) =0, thu
duoc tir sy hoi tu cta day (6), lim xXm =y,
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tic Y, phu thudc Yoy Goi Y* =Y (tys1) =

T
(y(tqk+1), ...,y(tqk+k)) la nghiém dung cua
phuong trinh vi phan (1). Khi do,
lim ||Y, —=Y*|] =0.
h-0%

Chung minh. Gia str py(h)h5 1a véc to co
céc thanh phan 1a sai s6 1am tron (truncation
error) cua cac phuong trinh sai phan lan luot
trong (3) voi s la s6 Ion nhat sao cho A la
nhan tr chung caa k thanh phan nay. Vi cac
hé s6 bac 0 va 1 cua nhitng phuong trinh nay
bang 0, nén s > 2. Ta co:

Y* = y(tge)A + hBF (tgr1,Y*) + pr(RRS,
Y. =yl + hBF(tqk+1' Y*)

Do do, IY* =Y.l < hlIBII||F(tqrs, Y*) =
F(tqers Yl + pr(m)R® < RLIIBIINY* -
Y|l + pr(R)RS. (O day, st dung diéu kién
Lipschitz cua f suy ra su ton tai cua hing sb
Lipschitz L theo Y cho ham véc to F(t,Y))
Tu d0, véi h > 0 du nho, sao cho

1
=< (1= hLeIIBID,

pr(R)h*
1—hLglBI|
Do d6, ta c6 diéu phai ching minh.
Trén day 1a huéng tiép can thir hai cua trinh
thue thi nhu da d& cap ¢ doan cudi phan mo
dau bai bao. Huéng tiép can thir nhat chi xét
dén qué trinh 1ap Newton mét lan dé xap xi Y;
phan con lai s& s dung dong thoi phuong
trinh th k cta (3) nhu la phép hiéu chinh,
trong d6 vé phai c6 chira fi,,., ma gié tri nay
s& duogc tinh todn bang cach st dung phuong
trinh lién trudc nhéat thir k — 1, va phuong
trinh nay dugc coi nhu phép du bao. Nhu thé,
& huéng tiép can thi 2 ndy, ta 6 mot cap du
bao - hiéu chinh. Tuy nhién, cap nay c6 thé
lam hep di dang ké do 16n cua mién 6n dinh
tuyét d6i ma cac phuong phap BDF bac thap
(k < 6) von co.
DPbivoi k =3,taco X = (x4, %5, %3)7,

Iy —v,|| < < 2p (RS

4/11 -8/11 0
A(l):[14/11 —23/22 0],
9/11 -18/11 1

0 0 —4/11
A® =0 0 5/22|,
0 0 2/11
-1 0 -1/11 1
B =0 -1 2/11|,4= 1],
0 0 6/11 1
23 4 57
0 0 1 172 ; 112
c=|0 o 1|,B= 3 "3 3|
0 0 1 5 . 3
L 4 4
G(X) = ygrA + hBF (tgr1,X) — X
1 X1 f(tn+1,x1)
= yi |1| = |¥2| + hB | f(tn4+2,Xx2) |,
11 Ixs f (o3, x3)
J6(X)
fy(tn+1rx1) 0 0
= hB 0 fy(tn+2'x2) 0
0 0 fy(tn+3,X3)
—I.

Véi k = 5, cac ma tran khdi trong (4) va (4")
dugc cho nhu sau, cac khdi ndy do tac gia xay
dung,

A=(1,1,1117,

1901 1387 109 637 251
720 360 30 360 720
269 133 49 73 29
90 45 15 45 90
5| 237 99 39 69 27
| 80 40 10 40 80|
134 116 68 56 14

45 45 15 T 45 45
425 175 25 25 95

L 144 72 6 72 1441

3. Trinh thyec thi va thuét toan

Trinh thyc thi caa phuong phap khéi lién tuc
dang BDF bac k duoc trinh bay dang giai ma
sau ddy. Trong trinh thuc thi ndy, hing sé
tol > 0 dwoc dua vao 1am tiéu chudn ding
cho phép lap Newton, dam bao sai sb phép
lip mdi bude khong vuot qua s6 ndy. Ngoai
ra, hang sé6 M dua ra gi6i han cho sé lan lap
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dugc phép ma néu vuot qua sé nay, qua trinh
Iap that bai. S doan chia N duoc yéu cau la
boi nguyén lan cua k.
INPUT ham £(t,y), [a, b], gia tri ban dau
y(a) = a,’s{') doan chia N = kp, d¢ tin cay
tol > 0, so6 lan 1ap toi da M moi qud trinh lap.
OUTPUT day xap xi w; ciia nghiém
y(t),vi=0,,..,N,
hozc thdng béo qua trinh thét bai.
Trinh thyc thi
Budc 1. Khai tao:
to = a,;
Wy = a;

b—a
h = N
Y == (0,..,w)T; % VietY = (yq, ..., Vic)-
ma tran A, B;

i:=0;
ham G(X) = woA + hBF (t;11,X) — X;
FLAG = 0; % Dieu ki¢n thoat vong While
Buéc 2. Quy trinh lap:
While (i < N) and (FLAG = 0) do
k=1;
While k < M do % Vong While trong
tinh J; (Y), G(Y);
giai hé phuong trinh J;(Y)X = —G(Y);
capnhatY ==Y + X;
If [|X]] < tol then
cap nhat woy = yy;
chap nhan xap xi ;. = Y;
exit;%Thoat vong  While
trong

Else If (k = M) then
OUT="fail”;
FLAG = 1;
% Thong bao sé vong ldp viot qua

% Thoat vong lgp While ngoai.
End If.

k=k+1;
End do. % Két thiic vong While trong.
i=1i+3;

End do. % Két thic vong While ngoai.
Budgc 3. Xuat két qua Yy, Yy, o, Yep—1)+1,
hoiic thong bao qua trinh that bai do vuot qua
S0 vong lap M quy dinh.
Chuong trinh sau day lap trinh cho phuong
phap véi k = 3.
Chuong trinh Matlab

function
outp=BDFblock (f,a,b,alpha,N, to
1,M)

% NOTE: N must be a multiple
of k.

o

$—-—-—-—-Exact solution to
compare—-—-—-

syms p(r);

format long;

eqn=diff (p,r)==f(r,p);
icd=p (a)==alpha;
as=dsolve (eqn, icd) ;
xi=double (subs (as, r,a: (b-
a)/N:b));

ti=a: (b-a)/N:b;

t0=a;

yO0=alpha;

h=(b-a) /N;

A=[1;1;11;
B=[23/12,-4/3,5/12;7/3,~-
2/3,1/3;9/4,0,3/4];

syms sO s u z sl s2 s3;
K=diag([subs (diff(£(s0,z),z), [
s0,z], [s+h,s1]),subs (diff (f (s0
+2),2),[s0,2]1, [s+2*h,s2]),subs
(diff (£(s0,2z),2z),[s0,z], [s+3*h
»S31)1):

Jg=h*B*K-eye (3) ;% Jacobian of
G

http://jst.tnu.edu.vn; Email: jst@tnu.edu.vn

429


http://jst.tnu.edu.vn/
mailto:jst@tnu.edu.vn

binh Van Tiép va Dtg

Tap chi KHOA HOC & CONG NGHE PHTN

225(06): 424 - 431

G=u*A+h*B* [f (s+h,sl);f(s+2*h,s
2);f(s+3*h,s3)]-
[sl;s2;s3];%function G

t=[t0];
w=[yO0];
Y=[0;0;y01;

i=0;
FLAG=0;
%Use to STOP outer while-loop

while (i<N) & (FLAG==0)% Outer
while

k=1;
while k<=M % Inner while-loop
J=double (subs (Jg, [s,sl,s2,s3],
[£0,Y(1),Y(2),Y(3)]1));

Gl=double (subs (G, [u,s,sl,s2,s3
1,0y0,t0,Y(1),Y(2),Y(3)]));

X=linsolve (J,-Gl);
Y=Y+X;
if (norm(X)<tol)
w=[w,Y(1),Y(2),Y(3)];
y0=Y (3) ;
=[t,t0+h, t0+2*h, t0+3*h];
t0=t0+3*h;
break
elseif k==M
fprintf ('Faill!’);
FLAG=1;
end
k=k+1;
end
i=1i+3;

4. So sanh thuc nghiém

Phuong phap thuc nghiém dugc dua ra ¢ day
dé so sanh tinh chinh xac cua phuong phap
BDF dang khéi lién tuc (voi k=3) va
phuong phap BDF thong thuong sir dung truc
tiép vong lap Newton bac 4 va bac 5. Cac két
qua duoc thé hién trong bang 1 dudi day.

Vi du. Xét cac phuong trinh sau (xem [4])

1
y' =y -t +1y(0)=5,0<t<2,9)

y' =5e’t(y—t)2+1
y' = —20y + 20cost —sint
{ y(0) = 0,¢ € [0,2] an

r_ 2
{y =-20(y—t*)+ 2t (12)
y(0) =1/3,t € [0,1]
Cac két qua thuc nghiém duoc cho trong bang
1 dé danh gia sai s6 cho thiy uu diém cua céc
phuong phap BDF dang khdi so véi cac
phuong phap BDF thong thuong ¢ viéc tao ra
cac gia tri xap xi chinh xac cao hon véi kich
thugc budc h vira phai. Do chinh xéac cua
BDF dang khéi vsi k=3, ky hiéu
BDFblock3, giam dan khi h ting 1én so véi
cac phuong phap BDF4 va BDF5 (c6 bac 4,
va 5 twong ung). Piéu nay ciing dé hiéu tur
viéc cac phuong phap nay c6 bac cao hon so
v6i phuong phap dugc mang ra danh gia. Tuy
nhién, néu so sanh vé&i phuong phap cling bac,
thi cac phuong phap BDF dang khdi lién tuc
rd rang noi troi hon. Piéu nay cang dugc thé
hién rd hon trong céac bai toan stiff voi do
“nhat thoi” ( tac “transient”) cang 16n.
5. Két luan
Viéc xay dung trinh thuc thi cho cac phuong
phap BDF dang khéi theo phuong phap lap
Newton gilp khai thac tét do chinh xac cua
cac phuong phap nay, dac biét trong cac bai
toén stiff.
Céch tiép can thtr hai cua trinh thuc thi dwa
vao viéc giai phuong trinh phi tuyén tinh (5)
lién tiép qua mdi doan k - budc dugc giai
quyét t6t nho thuat toan Newton.

(10)
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