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PO PHUC TAP TOPO BAC CAO CUA PHAN BU CAC PUONG THANG PHUC

Tran Hué Minh”, Nguyén Vin Ninh
Truong Pai hoc Suw pham — DH Thai Nguyén

TOM TAT
Phan b ciia sép xép cac duong thing phuc trong C?1a mot da tap tron co nhiéu tinh chit hinh hoc
va dugc quan tdm nghién ctru nhiéu trong 1y thuyét sap xép cac siéu phang. Mot sb bét bién hinh
hoc ciia da tap nay 1a xac dinh t6 hop, nghia 1a chung chi phy thudc vao dan céac giao cua cdc
duong thang. Trong bai bao ndy, nhom tac gia tinh toan d¢ phire tap topd béc cao cua phan bu ctua
sap xép tam cua cac dudng thang phirc trong C2 va chi ra sy phu thudc t6 hop cuia bat bién hinh
hoc nay.
Tir khoéa: sdp xép cdc dwong thang phirc; phu thugc t6 hop; dp phirc tap 0pé bdc cao; da dang
tron; bdt bién hinh hoc.
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THE HIGHER TOPOLOGICAL COMPLEXITY OF A COMPLEMENT OF
COMPLEX LINES ARRANGEMENT
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ABSTRACT

The complement of complex lines arrangement in C? is a smooth manifold with many geometric
properties v interested in studying the theory of the hyperplanes arrangement. Some geometric
invariants of this manifold are combinatorial dependence, meaning they depend only on the set
of intersections of lines. In this paper, we calculate the high topological complexity of the
complement of the center complex lines arrangement in C? and show the combinatorial
dependence of this geometric invariant.
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1 Do phiic tap topo bac cao

Cho X Lamdt khong gian lién thong duong,
Jn,n € N la tich két ctia n doan don vi [0, 1],
i=1,...,ntai diém co s61a 0. DatX 7/~ 1a khong
gian cac anh xa lién tuc tu J, t61 X véi topo
compact md. Xét anh xa

—
Y —

Xn
(’Y(ll)a ) 7(171))

v6i 1; 1a don vi cta [0, 1]; tuong tng. Khi dé e,
la mot phan thé theo nghia Serre.

Dinh nghia 1. Do phtc tap topo bac cao
TC,(X) cta khong gian topo X 1a s6 nguyen
duwong nhé nhat k théa man ton tai mot phu
mé {X;,i = 1,...,k} cia X" sao cho trén mdi
tap X; ton tai nhéat cit lien tuc s; : X; — X7
cla e, (nghia la, e, o s; = idx;).

Dinh nghia nay dugc Y. Rudyak dua ra
trong[1]. Trong truong hop n = 2, TCy(X)
trung véi khai niéem do phic tap topo T'C(X)
duge M.Farber dua ra trong [2].

C6 thé hiéu TC,,(X) la gibng Schwarz ciia
phan thé e,.

Remark 1. Chu y ring e, 1 cai thé phan
thé ctia d, : X — X" (nghia 13 ton tai mot
tuong duong dong luan h : X — X7» sao cho
dn = ep o h) va do d6 TC,(X) cing 1a gibng
Schwarz cia anh xa d,, (xem [1]).

Sau day 1a mot s6 tinh chat quan trong ctia
TC,.
1. TC,(X) 1a mot bat bién dong luan. Nghia
13 néu X tuong duong dong luan véi X’ thi
TC,(X) =TCh(X').
2. Cho X va Y la cac khong gian lién thong
duong. Khi do

TCH(X X Y) < TCo(X) +TCh(Y) = 1. (1)

3. Vi e, la cai thé phan thé cia anh xa d,, :
X — X™ nén ta c6 tinh chat sau: Gia st m
la mot s6 nguyen duong, u; € H*(X™) véi
i=1,...,m la cac 16p déi dong dicu thoéa man
diui =0vau UugU...Uu, #0 € H(X™).
khi d6 TCy(X) > k + 1.

Remark 2. Gia sit X la khong gian lién thong
duong va v mot 16p ddi dong diéu trong H*(X).
Dat
n—1 i
a= () 19..010u018..01)-18..018(n—1)u,
i=1
t

i =1019..91808..01 —u®1®...9101.

Day 1a cac 16p dbi dong diéu trong H*(X™) =
H(X)®..® H*(X) théa man dju = 0 va

n lan
dyuy =0 v6imoit=2..n.

Trong truong hgp téng quat viéc tinh do
phtic tap topo ctia mot khong gian rat phiic
tap. Do d6, thong thudng ta chi c6 thé dua ra
cac chan trén va chan dudi cho bat bién nay.

2 Do phic tap topo bac cao
cia phan bu cic dudng
thang phiic trong C?

Trong phan nay, ching toi dua ra két qua
cu thé vé do phic tap topo bac cao clia mot
s6 16p cac sip xép clia cac dudng thing phiic
trong C?. Trudc hét ta nhic lai mot s6 khai
niém cd ban sau (xem [3])

Dinh nghia 2. 1. Mot sip xép cac dudng
thing trong C? 1a mot tap hop hitu han A cac
dudng thang (phic) ctia C2.

2. Mot siap xép cac dudng thing A trong C?
dudc goi 1a sap xép tam néu giao clia tat ca
céc dudng thing trong A 1a khac rong.

Remark 3. Néu A 13 mot sip xép tam thi ta
c6 thé coi cac duong thing trong A déu di qua
gdc toa do.

Dinh nghia 3. Cho A= {Hy, -, H,} lamot
sdp xép cac duong thing trong C2.

1. Tap hop M(A) = C*\ {Uj_, H;} goi la phan
bl clia clia sap xép A.

2. L(A) = {NH;, H1,- -+ , Hy, C?} goi la dan
cua A.

3. Mot tinh chat hinh hoc ctia M(A) duge goi
14 x4c dinh t6 hop néu né dude xéc dinh hoan
toan tit L(A).

Dé tinh toan dudc do phiic tap topo bac cao
ctia phan bt ta nhéc lai két qua sau.
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Ménh dé 1. Goi X,, la tich két ciia m duong
tron St. Khi dé

n

n—+1

Két qua nay dugc trinh bay trong [1] véi
m =1 va trong [4] v6i m > 1.
Ménh dé 2. [5] Do phiic tap topo bac cao clia
zuyén T cho bdi
TC,(T)=n+1.
Trude hét ta xét truong hgp sip xép tam.
Ta c6 két qua sau

néum =1
TC(Xm) =

néu m > 1.

Dinh 1y 1. Cho A la sdp zép tam gom | duong
thang phatc trong C2, M = M(A) la phan ba.
Khi do

n néul =1
TC,(M)=<¢2n—1 néul=2
2n néu | > 2.

Chitng minh. Khong mat téng quat ta coi céc
dudng thing trong A déu di qua gbc.

Truong hop 1: Néu ! = 1 thi M tuong duong
dong luan v6i C*. Do d6 M tuong tuong dong
luan v6i St. Theo Ménh dé 1 ta c6 TC,, (M) =

Truong hop 2: Néu [ = 2 thi M = (C*) khi
d6 M c6 kiéu dong luan ctia xuyén hai chiéu 7.
Theo Ménh d 2 ta c6 TCp(M) = TCW(T) =
2n — 1.

Truong hgp 3. Néu ! > 2: Goi d.A 1a gidi non
ciia A. Khi d6 dA 1a sidp xép gom [ — 1 diém
trong C, do d6 M (d.A) 14 mit phang phiic bo di
[ — 1 diém nén M (dA) tuong duong dong luan
v6i X;_1. Do d6 4p dung Ménh dé 1 ta dugc.

TC(M(dA)) = TCo(Xi_1) =1 + 1.
Mt khac, ta ¢c6 M ~ M(dA) x C* (xem [3]),
do d6 ap dung bat dang thiic 1 ta dudc
TCo(M) < TCo(M(dA)) + TCo(C*) — 1
=n+14+n—-1=2n.

Vay ta chi can ching minh TC,(M) > 2n.
That vay, ta dong nhat cAc phan tit ciia A(A)
v6i cac phan ti cia H*(M). Do d6 dai s6
H*(M) sinh béi béi ay, ...,a; véi cac quan hé
nhu sau e;2 = 0, e;e; = —eje;. Chon 3 phan tir
tuong tng i = 1,2, 3 ta dat

t
@i, = 1819...0100;®...91-4;21®...01 t =2, ...

n n
T =as, Halt.Hagt £0
t=2 t=2

mat khac dya;, =0 v6imoii=1,...,1 —
2,...,n. Ap dung Dinh 1y ?? ta dugc

1,t =

TC,(M)>14n—14+n—-1+1=2n.
Tu dé ta c6 diéu phai chiing minh. O

Tit dinh 1y trén ta thay, ddi véi truong hop
sap xép tam thi T'C, chi phu thudc vao s6
dudng thang ctia A do do ta co

Corollary 1. Déi vdi sdp xép tam cdc duong
thing phic thi do phitc tap topo bac cao cia
phan bi, zdc dinh to hop.

3 Két luan

Trong bai bao nay ching téi da tinh dugce
do phtic tap topo bac cao ctia phan bl clia sap
xép tam céc duong thing phtc trong C2. Ti
két qua do, ta suy ra sy phu thuoc t6 hgp cta
do phtic tap topo bac cao clia 16p cac sap xép
tam cac dudng thing phic trong C2.
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