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SOLVABILITY OF THE NONLINEAR BOUNDARY VALUE PROBLEMS
USING THE GREEN FUNCTION

Ngo Thi Kim Quy
TNU — University of Economics and Business Administration

ABSTRACT

The Green function has wide applications in the study of boundary value problems. In particular,
the Green function is an important tool to show the existence and uniqueness of problems. In this
paper, we study solvability of nonlinear boundary problems using the Green function. Differently
from other authors, we reduce the problem to an operator equation for the right-hand side function.
Consider this function in a specified bounded domain, we prove the contraction of the operator.
This guarantees the existence and uniqueness of a solution of the problem.
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TINH GIAI PUQC CUA BAI TOAN GIA TRI BIEN PHI TUYEN
SU DUNG HAM GREEN

Ng6 Thi Kim Quy
Truong Dai hoc Kinh té va Quan tri Kinh doanh — PH Thai Nguyén

TOM TAT

Ham Green c6 tng dung rdng rai trong nghién ciru cac bai toan gia tri bién. DPac biét, ham Green la
cong cu quan trong dé chi ra su ton tai va duy nhat nghiém cua cac bai toan. Trong bai bao nay,
chung t6i nghién ctru tinh giai dugc cia bai toan bién phi tuyén ddi v6i phuong trinh vi phéan ¢6 sir
dung ham Green. Khac vé6i cach tiép can cua cac tac gia khac, chung t6i dwa bai toan ban dau vé
phuong trinh toan ti ddi voi ham vé phai. Xét ham nay trong mién bi chin xac dinh, véi mot sb
diéu kién dé kiém tra chimg t6 rang toan tir nay c6 tinh chét co. Didu nay bao dam bai toan gbc c6
nghiém duy nhat.
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1. Introduction

The nonlinear ordinary differential equations
with different types of
boundary conditions have been studied
intensively since the eighties of the last
century. The reason for this phenomenon is
that these  equations  describe  the
deformations of elastic beams under nonlinear
loads with different constrains at ends.
There have been many research results on the
qualitive aspects of the problems such
as existence, uniqueness and positivity of
solutions, where the upper and lower solution
method, the variational method, the
methods of fixed point theorems are used.
Differently from other authors, we reduce the
problem to an operator equation for the
right-hand side function. Under some easily
verified conditions on this function in a
specified bounded domain, we prove the
contraction of the operator. This guarantees
the existence and uniqueness of a solution of
the problem.

2. Green function for some problems

Consider the linear homogeneous boundary-
value problem

L[y(x)]
B dny dn—ly _0 (1)
=po( )an +p1(x)dxn_l +,,,+pn(X)y_ )
M;(y(a).y(b))=

naf o dX d*y(b

2o d);(ka) A d);& )]:O’ @

(i=1..,n)

which is assumed well-posed on the interval
(a,b). The coefficients of the equation

Definition 1. (see [1] ) The function G(x,t)

is said to be the Green function for the
boundary value problem in (1) and (2), if, as a
function of its first variable x, it meets the

following defining criteria, for any t e (a,b).
(i) On both intervals [a,t) and (t,b],G(x,t)

IS a continuous function having continuous
derivatives up to n™ order, and satisfies the

governing equation in (1) on (a,t) and (t,b),
ie.
L[G(xt)]=0,xe(at);
L[G(xt)]=0,xe(t,b).
(ii) G(x.t) satisfies the boundary conditions
in (2),i.e.

M;(G(a,t),G(t,b))=0,i=1...,n.
(iii) For x=t,G(x,t) and all its derivatives
up to n—2 are continuous

k k
jim 2 St _ MY
x—tt OX Xt~ OX
k=0,..n-2.

(iv) The (n-1) derivative of G(x,t) is
discontinuous when  x=t, providing

n-1 n-1
im &G0t 0Tk 1
po(t)

xott oxM L xott  ox"t

Theorem 1. (see [1]) (existence and
uniqueness). If the homogeneous boundary-
value problem in (1) and (2) has only a
trivial solution, then there exists an unique

Green function G(x,t) associated with the

problem.
Consider the linear inhomogeneous equation

Lly(9]

. . . 3)
. (x),i=0,...,n,are continuous functions on dn qnt (
pl( ) Epo(x)ﬁ"‘pl(x) dxn_i/‘*---"'pn(x)y:—f(x),
(a,b), where the leading coefficient _
) o subject to the homogeneous boundary
Po (X) must be non-zero in all points in (a,b). conditions
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where the coefficients p; (x) and the right-

hand side term f(x) in the governing
equation are continuous functions, with
Po(X)=0 on (ab), and M, represent

linearly independent forms with constant
coefficients.

Theorem 2. (see [1]) If the boundary-value
problem stated by the inhomogeneous
equation in (3) subject to the homogeneous
conditions in (4) is well-posed, then
the unique solution for (3) and (4) can be
expressed by the integral

:le(x,t) f(t)dt

whose kernel G(x,t) is the Green function
of the corresponding homogeneous problem.

Example 1. Considered boundary value
problem

u@(x)=g(x), 0<x<1, (5)
u(0)=u'(0)=u'(1)=u"(1)=0. (6)

The general expression of a Green function
for the homogeneous 4™ order differential
equation.

A+ AX+AXE+AX IFO<x<t<]
G(x,t)=1B,+B,(1-x)+B;(1-x)’ +B, (1-x)’
if 0<t<x<1

where A,A,,A;,A, and B;,B,,B;,B, are
functions of t. Knowing that the Green
function G(x,t) satisfies the condition (6)
we have

A =A,=B,=B,=0.
We deduce that the Green function for the
problem

X2 +AX if 0<x<t<1
G(xt)= X A ,

B, +B;(1-x)
The continuity conditions (iii) yield the
following equations

if 0<t<x<1

At? + AL =B, + B, (1-t)’
2At+3AL7 =-2B,(1-t)
2A, +6At=2B,

And the jump condition (iv) gives us the
equation

G (1711) =G (1) =1 .
Therefor, —-6A, =1.

From the above conditions we can solve

(t 2)

A= A=

t2
- leile By=——
% 4 4’

So the Green function of the above problem is
—t? (2t - 6x+3x°) /12if 0<t<x<1

G(x,t)=
(xt) x2(3t2—6t+2x)/12ifOsxstsl

Example 2. Considered boundary value problem
u(4)(x):g(x), 0<x<1, (7
u(0)=u(1)=u"(0)=u"(1)=0. (8)

Following the same procedure as in examples
(5) and (6) we find the Green function to be

t(x—l)(x2 —2x+t2)

5 if 0<t<x<1
G(xt)=
x(t=1)(t? =2t + x2
( )(6 ) if 0<x<t<1l

Example 3. Considered boundary value problem
u(4)(x):g(x), 0<x<1, 9
u(0)=u'(0)=u"(0)=u"(1)=0.  (10)

Following the same procedure as in the
example with (5) and (6) we find the Green
function to be
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3 2 2 3
—t—+t—x—ti+t%,0£t£x£1

Gxi)=) 8 2 2

, 0<x<t<1

3. The existence and unigueness of a solution

In this section, using the contraction mapping
principle for an operator equation for the
right-hand side we prove the existence and
uniqueness of a solution of the problem. This
idea of the reduction of boundary value
problem to operator equation for right-hand
side function was used by ourselves in a
previous paper [2] when studying the fourth-
order non-linear boundary value problem with
other boundary conditions.

Example 4. Considered the fully fourth order
boundary value problem

u(4)(x):f(x,u(x),u’(x),u”(x),u”’(x)), (11)
(0<x<1)

u(0)=u’(0)=u’'(1)=u"(1)=0. (12)

where f:[0,1]x; *— iscontinuous.

To investigate the problem (11), (12), for
ueC*[0,1] we set

p(x)= f(x,u(x),y(x),v(x),z(x)). (13)
Then problem becomes
u(4)(x):¢)(x), 0<x<1, (14)
u(0)=u'(0)=u'(1)=u"(1)=0. (15)
It has a unique solution
u(x):iG(x,t)gp(t)dt, (16)
where G(x,t) is the Green function
—t*(2t-6x+3x*) /12if O<t<x<1
G(x)= —x?(3t* -6t +2x)/12if 0<x<t<1

From (14) it follows

u'(x)zti(x,t)(p(t)dt,

1

U"(X) =[Gy (X, t)ep(t)dt,

0
1

u"(x)= ngxx (x,t)e(t)dt.
where
1tz(l—x) if 0<t<x<1l
Gx(x't): 21
——x(t2—2t+x)if 0<x<t<1
2
—lt2 if 0<t<x<l
Gy (x,t)=

—%t2+t—xif 0<x<t<1

6, (xp)=[0  TFostexs
AT Tl ifosx<t<l

It is easy verify that

1 1

ﬂe(x,t)dssi, fle.(xt)ds<0,3577,  (17)

0 24 0

1

J

0

2 1
G, (X, t)|ds < 3 .([ G (X 1)[ds <1 (18)

Clearly, the solutions u of the problems

(14)-(15) depend on ¢, that s,
u=u¢,(x).Therefore, for ¢ we have the
equation o = Ap, (19)

where A is a nonlinear operator defined by
Ap(x) = £ (%0, (x),¥, (x).Y, (x).7,(x)). (20)

with

Yo (X) =0, (X), v, (X) =", (%), 2, (X) = U™, (X).

Now, for each number M > 0 denote

D,, ={(x,u, y,v,z)| 0<x<d|y| s%, (21)

y|<0,3577M,|v|<—,[z| <M

and by B[O,M] we denote a closed ball

centered at O with the radius M in the space
of continuous functions C [0,1] with the norm
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o] = max

0<x<1

o (%)
Theorem 3.
Suppose that there exists a number M >0
such that the function  f(x,u,y,v,z) is
continuous and

|f(x,u,y,v,z)|sM, (22)

Then, the problem (11)-(12) has a solution
satisfying the estimates

\u\s%, u'|<0,3577M |u”

g%,\um\sm. (23)

Proof. Since the original problem (11)-(12) is
reduced to the operator equation (19), the
theorem will be proved if we show that this
operator equation has a solution. For this
purpose, first we show that the operator A
defined by (20) maps the closed ball B[O, M]
into itself.

Indeed, let ¢ be an element in B[O, M].

Then from (17)-(18) it is easy to obtain

<12 jyj <0357},

2lo] “
%

= =24 2] <ol

Taking into account (24) and [p|<M we
have

M
Jul| < £,||y|| <0,3577M,

(25)
3

Therefore, (x,u,y,v,z)eD,, for xe[0,1].
From the definition of A by (19), (20) and
the condition (22), we have ApeB[0,M],
i.e., the operator A maps the ball B[O,M]
into itself.

Next, we prove that the operator A is a
compact one in the space C[0,1]

Providing the
we have

u,(x)=[G(x,t)ep(t)dt, (26)

subscript ¢ for u

» () =[G, (xt)o(t)at, @7)

1

Uy (X) =[G (x.t)o(t)dt,  (28)

0
1

u;’(x):gGXXX(x,t)go(t)dt. (29)

According to [3] the integral operators in
(26)-(29) which put function @ eC[0,1]in
correspondence to the functions u,,,u;,uz,uy
are compact operators. Therefore, in view of
the continuity of the function f(x,u,y,v,z)
the it is easy to deduce that the operator A is
compact operator in the space C[0,1]. Thus,

A is a compact operator from the closed ball
B[O,M] into itself. By the Schauder

Fixed Point Theorem [4] the operator
equation (19) has a solution. The estimates
(23) indeed are the estimates (25). The
theorem is proved.

Theorem 4. (Unigueness of solution) Suppose
that there exist numbers M,c,,c,,c,,c; >0

such that

‘f(x,uz,yz,vz,zz)— f (x,ul,yl,vl,zl)‘s (30)

CoUp = Uy| + G| Y, — Ya|+ €5 Vo — V| + €52, — 74

forany (x,u;,Y;,v,2)eDy, (i=12) and
q=S010,3577¢, + 3¢, +c, <1 (31)

24 3
Then the solution of the problem (11)-(12) is
unique if it exists.

Proof. Now, let ¢,p,€B[0,M] and u;,u,

be the solutions of the problem (11)-(12) for
o, @, respectively.

We also denote
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yi=u', v =u", z =v, (i=1,2).).
Then, as induced above
(XU, Y;,v;,z ) € Dy, (i=12)for xe[0,1].
Due to the estimates (25) we have
1
Juz —uyf| < QH‘/’Z — il [y2 - 1| 0.3577|p, - . (32)
2
v, —vi|< gH‘/’z ~o| |z -] <], - ol
Now from (20) and (30) it follows
A9, — Ag|
:|f (X1U2: yz'Vzizz)_ f (X’Uy Y1’V1121)|
< Co|U =ty |+ €y |y, =i+ Co |V o=y  + 5|7, -2, -
Using the estimate (32) we obtain
C 2
A, - Ag| 32—Z+ 0,3577¢, 30t lo, — -
Therefore, A is a contractive operator in
B[O,M] provided the condition (31) is

satisfied. The theorem is proved.

The proposed approach can be used for some
other nonlinear boundary value problems for
ordinary and partial differential equations,
such as the problem (7)-(8); (9)-(10).

4. Conclusion

In this paper, we study solvability of
nonlinear boundary problems using the Green
function. We have established the existence
and uniqueness of a solution of
the fully fourth order nonlinear boundary
value problem. This method can be used for
some other nonlinear boundary value
problems for ordinary and partial differential

equations. This is the direction of
our research in the future.
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