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CONSTRUCT INTEGRAL INEQUALITY FROM ALGEBRAIC INEQUALITY

Le Anh Tuan
Ha Noi University of Industry

ABSTRACT
Integral inequality is part of the inequality. This is a difficult content. It attracts many
mathematicians interested in, research and development. Integral inequalities are widely used in
optimization problems, calculus, differential equations, integral equations, etc. In this paper, using
the order-preserving property of the limit, we describe the construction of some integral
inequalities from some known algebraic inequalities.
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XAY DUNG BAT PANG THU'C TiCH PHAN TU BAT PANG THUC PAI SO

Lé Anh Tuin
Truong Pai hoc Cong nghiép Ha Ngi

TOM TAT
Bét dang thic tich phan 13 mot phin trong ndi dung bét ding thirc. Day 1a mot ndi dung kho. N6
thu hut dwoc nhiéu nha toan hoc quan tdm, nghién ctru va phat trién. Bit déng thirc tich phan duoc
stir dung nhiéu trong cac bai toan tbi wu, giai tich, phuong trinh vi phan, phuong trinh tich phan. ..
Trong bai bao nay, bang viéc str dung tinh chét bao ton thi ty clia gidi han, chiing t6i mé ta viéc
xay dung mot sé bat dang thirc tich phan tir mot s6 bat dang thic dai sé da biét.
Tir kKhéa: bdt dang thirc; tich phan; dai sé; kha tich; gidi han.
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1 Method description

In this section, we describe the method to construct integral inequalities from
algebraic inequalities. We recall the definition of integrable function on closed
interval [a;b].

Definition 1. Let f(z) definite on [a;b]. By a partition of [a;b], we mean a
finite set of points a =ty < t; < --- < t, = b. On each interval [t;_1;t;], we
choose z;(i = 1,...,n). Let §; = t; — t;—1. Put

S=>" f(z:)é;
=1

and A = max¢;. If the limits iim0 S exits and indepent on all partitions of [a; b]
_>

and x;, f(x) is called integrable on [a;b]. This limits is called integral of f(z) on
b

[a; b]. Denote [ f(z)dx.
a

It is easy to see that if f(x) is integrable on [a;b], we have
b

i Y f(a) = [ £ 1)
=1

n—oo N

a

1—1

here z; € [a + ;a+£],i:1,...,n.
n

The method of constructing integral inequalities from known algebraic in-
equalities can be described as follows:
Assum that we have inequality

P> ai, Y bi,..) > 0. (2)
=1 =1

Consider a;, b;, ... as values of functions f(z),g(x), ... at z; € [a;b].
We convert the inequality (2) into a form

b—a — b—a —
G, ——— i,...) > 0.
Q( n ;G@, n ;bu )_0 (3)

Here P, is continuos functions. By preserving order properties of limits and
(1), we have inequality (3) transformed into

Q(jf(x)dw,/bg(x)dx,...) > 0.

Now, we give some examples

Example 1. [1] Let ay, ..., ay, be positive real numbers. We have

1 1
(- tan) (b —) 22 (4)
al (7%



Inequality (4) is equivalent to
b—a b—a 1
(L L) =

=1

If we consider a; as the values of integrable funtion f(x), one have the following
result.
Let f(z) be positive and integrable on [a;b], then (see [2])

/abf(x)dx/abjféi) > (b— a)2.

Example 2 (Cauchy-Schwarz inequality). [1] Let ay,--- ,ay, and by,--- b, be
real numbers. Then

()

For a < b, inequality (5) equivalent to

b—a
ibi| < - Z ZbQ

=1

Consider a;, b; as the values of integrable funtions f(z) and g(x), we have.
If f(z) and g(x) are integrable on [a;b], then (see [2])

/\f D)ldz < /f2 \da /gQ(x)dm.

2 Some problems

Problem 1. [1] Let aq,--- ,ay, be positive real numbers. Then

n

Zaizn: ! ;ai < nzn:(l — a;). (6)
i=1  i=1 v i=1

Construct the corresponding integral inequality.

Solution. For a < b, inequality (6) equivalent to

(b;aiai)(b;ail;ai) < b;a(ﬁ:(l—ai)).

Consider a; as the values of integrable funtion f(x), we have the following result.
Let f(x) be positive and integrable on [a; b], then

/f(a:)d:ca/blf(‘i() dx < ( /b
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Problem 2. [4] Let 0 < m < a; < M for all i = 1,...,n, we have
n n
1 n?(M + m)?
, <
(Xa)(X0) <G g
=1 =1
Construct the corresponding integral inequality.

Solution. Inequality (7) is equivalent to

n n

—a —a m)?
(L ) (52 ,) < 0

1=

Consider a; as the values of positive and integrable funtion f(x), we have the
following result.
If f(x) is integrable on [a;b] such that 0 < m < f(z) < M, then (see [2])

(=
=

o (M +m)?

1
/f(:c)dx Td:c <(b—a) M

x)

a a

O]

Problem 3 (Chebyshev inequality). [1] Let ay,--- ,a, and by,---,b, be real
numbers such that a; < --- < a, and by < --- < b, (or a3 > -+ > a, and
by > - >by), then

n

(Zai)(iﬁgm) < zb ®)

i=1
Construct the corresponding integral inequality.

Solution. For a < b, the inequality (8) is equivalent to

n

I [ 3 U

= 1=

Consider a; and b; as values of funtions f(x) and g(z), we have the following
result.
If f(x) and g(x) are either both increasing or both decreasing on [a; b], then (see

[2])

b b
[ t@xs [ g@)ds < 0~ a) [ @)tz
]
Problem 4 (Holder’s inequality). [3] Let a1, -+ ,a, and by, - - , b, be real num-
bers and p,q > 1 such that % + % =1, then
n n 1 n 1
> laitl < (D lail?) " (3 il (10)
i=1 i=1 i=1

Construct the corresponding integral inequality.
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Solution. The inequality (10) is equivalent to

| < (b—a Zn]aip);(b—a
i=1

for a < b. We have the following result.

n 1
Z»Zl'b"‘q)q

If functions f(x), g(x) are integrable on [a;b] and p,q > 1 such that % + % =1,
then (see [2])
b b
1 1
/ f@@lds < ([ Iapds)( [lg@ar)".
]
Problem 5 (Minkowski inequality). [3]For ai,--- ,an, by,--- b, are real num-

bers and p > 1, then

(;Iaﬁb!”) (; ) (zn;bf); (11)

Construct the corresponding integral inequality.

Solution. The inequality (11) is equivalent to

(b—a:21|ai+bi|p);S(b—aia@;_{_(b;aibﬁ) .

i=1 i=1
forall a < b. We have the following result.
If f(z) and g(z) integrable on [a;b] and p > 1, then (see [2])

hSAl

b
1 1

(/bw”g(x)’pd””); < ([1s@pa)” + /Ig IPdz)”.

a

OJ
Problem 6. [4] Let ai,--- ,ay, b1, by, are real numbers, b; # 0 and m < % <M
i

foralli=1,---,n, then

zn:a?—l—mMzn:b% < (M—|—m)iaibi. (12)
i=1 i=1 i=1

Construct the corresponding integral inequality.

Solution. For a < b, the inequality (12) is equivalent to

b;“;ag “;bsgmm)f);fl;m.

We have the following result.

Let f(x) and g(x) be integrable functions on [a;b], g(x) # 0 and m < f(i; <M
for all € [a;b], then !
b b
/f (x )d:U+Mm/ x)dr < (M—l—m)/f(:v)g(x)d:v.



Problem 7 (Jensen’s inequality). [3] If ¢(x) is a convex function on [a, ], then
for aq, ..., ap € [a; B], we have

plar) +--- + plan)

<

(p(oq-i-'“ (13)

+Oén)
n

Construct the corresponding integral inequality.

Solution. For a < b, the inequality (13) is equivalent to

1 b—aw— 1 b—a
So(b—a n z;ai)_b—a n ngal).

1=

Consider «; as the values of integrable function f(z) on [a;b]. We have the
following result.

Suppose that f(z) integrable [a;b] and m < f(x) < M for all x € [a;b]. If ¢ is
continuous and convex on [m; M], then (see [2])

b
= [ et@s

b

o5 [ f@rs

a

O]

Summary: In this paper, by using order-preserving through limiting, we
give the method to construct some integral inequalities from known algebraic
inequalities.
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