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Tom tit

Dua trén nhitng kién thire dd c6 vé boi chung nhé nhdt ciia Cac s nguyén, két hop véi
khai niém boi chung nho nhdt ciia cac ma trgn da dwoc Eugene Cahen dinh nghia trong [1] va
sir dung mét sé két qua vé médun tir do, cac phép todn doi véi ma trdn, cdc phép bién doi so
cdp trén ma trdn, cdach xdc dinh nghiém cia hé phwong trinh tuyén tinh thuan nhdt trén mién
chinh. Bai viét lam ré dinh nghia béi chung nhé nhdt cia cdc ma trdn thong qua cdc vi du va
tinh chdt. Bai viét cung chitng minh su ton tai va phiong phap tim boi chung nhé nhat ciia cdc
Ma trgn vudng cung cap va cua cdac ma tran chi co cung so dong trén mién chinh. Bai viét cung
trinh bay chi tiét hon vé thudt todn tim boi chung nho nhat ciia cdc ma trgn trén vanh sé
nguyén.
Tir khoa: boi cia ma trgn, boi chung nho nhdt ciia cdc ma trdn, ma trgn trén mién chinh.
Abstract

LEAST COMMON MULTIPLE OF MATRICES

Based on existing knowledge about the least common multiple of integers, in combination
with the definition of least common multiple of matrices that Eugene Cahen definite in [1] and
used some results of free modules, matrix calculators, the matrix operations and how to
determine solution of a homogeneous system of equations over the main domain. The article
clarifies definition of least common multiple of matrices by examples and properties. The
article also proves the existence and how to find least common multiple of square matrices
which have same size and least common multiple of matrices which have same numbers of rows
on the main domain. The article also presents more detail about how to find least common
multiple of matrices with elements as integers.

1. Gié6i thi¢u

Khéi niém boi chung nho nhat (BCNN) cua c4c ma trin da dugc Eugene Cahen dinh
nghia trong [1]. Khai niém nay dugc dinh nghia tuong ty nhu BCNN cua cac so nguyén. Tuy
nhién, gitta vanh sé nguyén ¢ va vanh cdc ma tran M, (R) véi R la vanh tiy ¥, 1a c6 su
khac biét. Chang han: phép nhan cac sé nguyén c6 tinh giao hoan nhung phép nhan cac ma tran
thi khong. Hay ta ludn thuc hién dugc phép nhan trong vanh ¢ nhung d6i véi vanh M ( R)
thi khong phai lac nio ciing thuc hién dugc. Do d6, khi R 1a vanh tily ¥ thi sy ton tai BCNN ctia

cac ma tran khong dugc dam bdo va phuong phéap tim BCNN cua cac ma tran ciing khong thé
lam tuong ty nhu trong vanh s nguyén duoc. Trong [1], Eugene Cahen ciing da dé cap dén
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phuong phap tim BCNN cua cac ma tran, tuy nhién ching ngan gon va gan nhu chi 1a sy “hudng
dan. Vi vy, dé gop phan lam sang to Van dé trén, trong bai viét nay, tac gia s€ dua ra diéu kién
dé BCNN cua CAC ma tran trén vanh R’ ton tai va trinh bay chi tiét phuong phap tim BCNN cua
hai ma tran vudng vdi cac phan tur 1a s6 nguyén.
2. Kién thirc chuin bi
2.1. Bé dé 1 (Dinh 1y 5.3, [4]): Cho R la mién nguyén va Ae M_ . (R).Khi d6 h¢é phuong
trinh tuyén tinh thudan nhdt AX = 0 c¢6 nghiém khéng tam thwong khi va chi khi rank(A) < n.
2.2. Bo d@é 2: Cho R la mot vanh giao hoin va A€M, (R). Tdp nghiém N cia hé
phuwong trinh tuyén tinh thuan nhdt AX = 0 (1) la R-médun con ciia R-médun R" .
Chirng minh
Vi (1) ludn nhin X = 0 lam mdt nghiém nén N = .
Va,BeR; VX, X,eN tacéd AX, = AX, =0 nén
A(OtX1 +,BX2) = a(AX1)+,B(AX2) =0
Diéu niy c6 nghia 1a aX, + BX, ciing 1a mot nghiém cua (1), tic 1a X, + X, eN.
Vay N 1a R-médun con ciia R-médun R" .
2.3.Bé dé 3 (Pinh 11 6.1, [3]): Cho R 1a mién chinhva M ld médun con ciia R -médun
R". Khi @6 M la médun tir do véi hang khéng vieot qua n.

2.4. Bé dé 4 (B6 dé 2, [5]): Cho R la mién chinh. | & idéan phdi (trdi) ciia Mn(R). Khi dé
| la idéan phai (trai) chinh cua My(R).

2.5. B6 dé 5 (dinh Iy 3, [5]): Xét trén vanh M,..(¢). Bang cdch sir dung hai phép bién
doi so cdp trén dong (d6i ché 2 dong; Céng vao 1 dong mét béi ciia dong khdc) ta luén diea
dwoc mot ma tran C bat ky vé dang bdc thang H va ton tai mét ma trdn kha nghich V' sao cho
VC=H.

3. Nghiém ciia phwong trinh tuyén tinh thuin nhét

Trong phﬁn nay ta luon gia st R 1a mién chinh.

3.1. M¢gnh @ 1:Cho AeM

AX =0. (1). Khi dé tap nghiém cua hé (1) 1a mot mddun tu do.

Chitng minh: Tir B6 dé 2 va B dé 3 ta suy ra diéu phai ching minh. Cac ménh d sau
day ta xét trong truong hop R=¢ . Cho D =[d“} eM,_ (¢) 1a ma tran c6 tinh chat

(R). Xét hé phuwong trinh tuyén tinh thudn nhat

d. =0, Vi=1r (r <m) va cac phan tir khac bang 0. D duoc ki hiéu la D = diag(dy..., d
0,...0) voidi = dijj, vb6imoii = I,...,r. Dats=n-r.
3.2. Ménh dé 2: Hé phuong trinh tuyén tinh thuan nhat DX = 0 c6 vo s6 nghiém dugc

. 0
xac dinh bang cong thic X = L }[ai ]le.

S
Véi 0 1a ma tran khong cap rxS. | 1a ma tran don vi cép s. ¢ (Vi =1 S) la cac tham
s6 thudc ¢ .
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Chitng minh
Vi D =diag(dy, ..., d, 0,...,0) nén hé phuong trinh da cho c6 dang
d;x =0
d,X, =0
o)
dx =0
Vi d,#0 (Vi=Lr)néntasuyra x,=..=x =0. Do do h¢ co vo s6 nghiém xic

dinh bang cong thuc: (Xl,..., Xn) = (O,...,O,ﬂm,...,ﬂn)
véi S (‘v’i =r+1 n) 1a cac tham sb tiy y thudc ¢ .
Tadit & = f3.,q,... ¢, = f3,. Khi d6 cong thirc xac dinh nghi¢m dugc viét lai:

(X% ) =4 (0,..,0,1,0...,0) + &, (0,...,0,0,1,...,0) +... + 2 (0,...,00,...,0,1)

vay X :M[ai]w.

S
3.3. Ménh dé 3: Cho hé phwong trinh tuyén tinh thuan nhdat AX = 0. Khi dé luén ton tai
cdc ma trdn kha nghich L e M (¢ ); ReM, (¢ ) sao cho

i) ([2]) LAR = D =diag(dy, ..., d\, 0,...,0).
i) Hé phwong trinh thuan nhdt AX = 0 luén cé nghiém xdc dinh bang céng thirc

.

i) Theo B6 d& 5, bang cach sir dung 2 phép bién doi trén dong, ludn té)p tai mot ma tran
kha nghich L sao cho LA = H v&i H c6 dang bac thang. Hoan toan tuong tu, bang cach sir dung
2 phép bién doi so cap trén cot doi vai H, ludn ton tai ma tran kha nghich R sao cho HR = D
voi D = diag(dy, ..., d;, 0,...,0).

i) Vi R kha nghich nén ta c6 thé dat X = RY va vi L kha nghich nén
AX =0< LAX =0< LARY =0« DY =0.

Theo Ménh dé 2, hé phuong trinh DY = 0 [uén c6 nghiém xac dinh béng cong thiic

Churng minh

S

Y = { 0 }[a.] . Do d6 nghiém cua hé AX = 0 dugc xac dinh bi“mg cong thuc:
I dsx1

0
X =RY = R{Ij[ai]m-
4. Boi chung nh6 nhit ciia cic ma tran
Trong phan nay, ta luén gia sir R 1& vanh ¢6 don vi.
4.1. Cac dinh nghia
Céc dinh nghia dudi day 1a ciia Eugene Cahen dinh nghia trong [1].
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4.1.1. Boi cua ma tran

Dinh nghia: Gia st Ae M (R). Tandi M e M (R) la bgi bén tréi ciia ma trgn
A, néu ton tai Q € M, (R) sao cho M =AQ.Tandéi M e M (R) 1a bgi bén phai ciia ma
tran A, néu ton tai Q e M o (R) 580 cho M = QA.

mxn

Vidyu: Trong M (R), ma trdn 0 la bdi bén phai va bén trai ciia moi ma tran A vi 0 = 0.A
=A.0.

Tinh chit:

i) Moi ma trdn déu 1 bgi (bén phdi va bén trdi ) ciia chinh no.

ii) Néu A 1a béi bén phai (tréi) ciia B va B 1a bdi bén phai (tréi) ciia C thi A 12 bgi bén
phai (tréi) cua C.

4.1.2. Boi chung cua cdac ma trdgn

Dinh nghia: Cho cac ma tran Al, A, ..., Ay. Ma trafl M duoc goi 1~2‘1 boi chung bén trai
(phai) cua cac ma trgn Aq, A,, ..., Ay néu M la boi bén trai dong thoi cia moi ma tran do.

Vi du: Xét vanh s nguyén ¢ .

11
M = 012 la bdi chung ctia bén trai cia A = va B = 120 )
0 0O 00 0 0O

11 2 010
Vi ton tai cAc ma tran P = L0 — dé M = AP = BO.
: . L o0 ol’Q=[0 01 Q

0 0O

Nhdn xét: Ta biét rang phép nhan hai ma tran chi thuc hién duoc khi sé cot ctia ma tran
dung trudc bang sd dong cta ma tran dung sau. Do d6 khai niém boi chung bén trai (phai) cua
cac ma tran~A1, Az,q Ay chi ton tai khi ching c6 cung sb dong (cot). Vi vay néu khong co gi
gdy nham lan va dé cho gon, tir gio ta chi xét trong céc truong hop ma phép nhan ma tran la
thuc hién duoc.

4.1.3. Boi chung nho nhdt ciia cac ma trdn

Dinh nghia: Gia su M 1a boi chung béq trai (phai) ctia cac ma tran Ag, A, ..., An. Néu moi
bdi chung bén trai (phai) cua Ay, A, ..., 4y deu 1a bdi bén trai (phai) cua M thi M duogc goi la
BCNN bén trai (phdai) ciia cac ma trdn d6.

) Nhdn xét. Néu trong cac ma tran Ay, A,, ..., Ay c6 mot ma tran 0 thi 0 1a boi chung duy
nhat cta chung va do d6 0 cling s& la BCNN cta cac ma tran d6. Vi vdy, sau ddy ta chi xét
BCNN cua cac ma tran khac khoéng va cting chi xét BCNN bén trai, goi tat [a BCNN va viét tat
BCNN ctia A Ay,....4q 18 BCNN (A A,,... A)).

1

R 1 2
Vidu: Trén M ,cho A= B=
(¢) {O J {O

-3 . Khi do, | = 10 la BCNN(A,B).
1 0 1

0 1

chung bér] tréi cua A va B. Hon nita, néu M 1a mot boi chung khéac cia A va B thi ta ludn c6 M
= IM. Diéu nay c6 nghia M ciing 1a boi chung bén tréi cua I. Vay | [a BCNN(A,B).

1 -2 1 3
That vay, ta c6: | = AA'=BB™" véi A :{ } B™ :{0 J nén 1 13 boi
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Chay: 1) Néu Mva M ' 1a BCNN(Ay, Ay, ..., Ay) thiMva M ' sai khdc nhau mét ma tran.
Chitng minh:

Gid st Az, Ay, 4n €M (R)va M eM__(R),M'eM, (R).

ViM, M'la BCNN(A,A,,...A ) nénMIlabdicia M'va M' 1a bdi ciia M. Do do
tontaiPeM__ (R),QeM__ (R)&& M'=MP va M =M'Q.

2) Gid thiét thém R la mién nguyén va M, M "' 1a cdc ma trdn vuéng khac 0 cing cdp co
dinh thirc khac 0 tht Mva M ' sai khdac nhau mot ma trdn kha nghich.

Chitng minh: Theotréntacé M =M 'Q = MPQ. Suy ra detM = det M.det P.det Q.
Vi R 14 mién nguyén nén det P.detQ =1. Suy ra P, Q kha nghich.

3) Néu cac ma tran Ay, Ay, ..., An 20 ¢é BCNN la 0 thi 0 la BCNN duy nhat ciia chung.

Churng minh:

Gia st M= 0 13 mot BCNN clia cdc ma trdn Ay, Ag,..., An # 0. Theo nhan xét 1, tdn tai
mot ma trdn P sao cho M = 0.P. Diéu nay la vo ly. Do d6 0 1a BCNN duy nhat.

4) Theo chi Y 1 va 3, ta c6 thé két lugn néu cac ma trgn Ay, A, ..., A, ¢6 BCNN khéc 0 thi
BCNN cua chung la khong duy nhat.

4.2. Sw ton tai va phwong phdp tim bji chung nhé nhit ciia cdic ma trgn

mxn

pxq axp

Trudc tién, tac gia xin trinh bay dinh ly vé su ton tai BCNN cua cdc ma trén vudng khac
0 vai diéu kién R 1a mién chinh va BCNN nay cling s€ c6 cung cap vdi cac ma tran do.

4.2.1. Pinh li 1: Gia sir R la mién chinh. Khi d6, luén ton tai BCNN cia cdc ma trén
vudng khéac 0 thuge S =M (R).

Chd’ng minh: Gia sit Ay, Ay, ..., An 1a cac ma tran khac 0 tuy y thudc M, (R), ta s€ chimg
minh [udn ton tai BCNN(Ay, Ay, ..., 4p).

Xét 1 =ASI ASI .1 AS.

* Ta thiy | 1a idéan phai cua S. Theo bd dé 4, vi R 1a mién chinh nén moi idéan phai ciia S
déu 1a idéan phai chinh. Suy ra ton tai M € S sao cho: | = MS = {M K|K e S} :

*Vi M elnén ton tai Q,Q,,...,Q, €S sao cho M=AQ =AQ,=..=AQ,.
Nhu vay M 1a bdi chung cta Ay, A,, ..., 4n. (1)

Gia st N € Sciing 1a mot bdi chung cta Ay, Ay, ..., An. Khi @6 N el . Tuc 1a tn tai
K €S sao cho N = MK. Nhu vy N ciing 1a mot boi ctia M. (2)

Tir(1)va (2)suyraMla BCNN (A, A,,.... A).

Péi v6i hai ma tran khac 0 ¢6 cung s6 dong, BCNN ciia chung ciing ludn ton tai véi diéu
kién R 1a mién chinh va dinh ly sau cho ta cach tim BCNN cua chung.

4.2.2. 39,1'nh ly 2: Gia su R la mién chinh. Khi @6 luén ton tai BCNN cuia hai ma trén khéc
0 ¢ cung so dong.

Chimg minh: Gia st Ae M (R),B €M, (R), A B#0.Tasétim BCNN(A, B).

* Néu M 1a boi chung cua A va B thi ton tai hai ma tran P, Q sao cho
M = AP = BQ.
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bit C = [A —B] 12 ma tran cip mx(n+ p).

< P . .
Khi d6 moi vecto cdt cua { s€ 1a mot nghiém cua h¢ phuong trinh tuyen tinh thuan

nhat CX =0. (1)

* Theo B6 @€ 1 va Ménh dé 1, néu

+ rank(C) = n + p thi h¢ (1) chi c6 nghiém tam thuong. Khi d6 ma tran 0 12 bdi chung
duy nhat va do do 1a BCNN(A, B).

+ rank(C) < n + p thi hé (1) c6 tap nghiém 12 moét modun tu do véi co sé S gdm k vecto
(L<k <n+ p).Khido6 cdc nghiém ctia he (1) duge xdc dinh bang cong thirc:

X :{g}[ai] Vi [ai] 12 ma tran cot cac tham s6 cap K x1. {gb

}12‘1 ma tran gom cac
0 0

cot toa d clia cac vecto trong co sd' S Va Ag, Bg 1an lugt 1a cic ma tran cap Nxk va pxK.

Vi mdi vecto cot clia { } cling 1a mot nghiém cua (1) nén

0

BO
Nhu vay M = AA, chinh 1a bdi chung cta A va B.
* Gia sit N € M, (R) 1a mt boi chung khéc cia A va B, tic 1a N = AA = BB, véi
AeM_ . (R);B.eM_,(R).

A _B]V"} —0= AA BB,

RG rang mdi vecto ¢t clia ma tran { } cling 12 mot nghiém cua hé (1). Do do ton tai

1

céac gia tri ,6’ij IS R(i :ﬁ; i zl,q) sao cho

A2,

Tirc 1a A:A)[ﬂij]kxq.Vivay N =AA =AA | 5 ] —M[,b’i.]kxq.

kxq -
Piéu nay c6 nghia N 1a mot boi cia M. Vay M 1a BCNN(A, B).
4.2.3. Phirong phép tim béi chung nho nhdt ciia nhiéu ma trgn
Cho A, A,,..., A, lacac ma tran khac 0 c6 cung s6 dong trén mién chinh R.

Goi M, la BCNN(A_L,AZ), M, la BCNN(MZ,A3), o M, la BCNN(Mn_l,AJ.
Khids M, 1a BENN(A,A,,... A)).
That vdy, ta thdy ring moi bdi chung cia A,A,,...,A déu 1a bdi chung cua
M,, A,..., A, vanguoc lai. Vi vay ta co BCNN(AL,AZ,...,A1)=BCNN(MZ,P%,...,AJ.
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Lap lai Ii luan nay nhiéu lan, ta s& dugc BCNN (A, A,,..., A,)=BCNN(M,, A,,..., A))
=BCNN(M,,A,,...,A))=...=BCNN (M, A)
nghiala M, 1a BCNN(A,A,,..., A)).

T Ménh dé 3 va chirng minh cua Pinh ly 2, ta ¢6 duoc thuét toan tim BCNN cua cac ma
trdn trén vanh ¢ nhu sau:

4.3. Thudt todn tim BCNN ciia hai ma trdgn trén vanh ¢

Gid sir can tim BCNN cuia Ae M (¢ ), B eM_ (¢), AB=0.

Buéce 1: bat C = [A —B] 1a ma tran cap mx(n + p) va r = rank(C).

Xét hé phuong trinh tuyén tinh thuan nhit CX = 0. (1)

-Néur =n+ p thi hé (1) chi c6 nghiém tAm thudong. Do d6 BCNN(A, B) 1a ma trdn 0.

- Néu r < n + p thi chuyén sang budc 2.

Buoce 2: Tuong tu thuat toan tim UCLN cua hai ma trn vudng trong [5], ta dua ma tran
C vé dang D = diag(dy, ..., d, 0,...,0) bang hai phép bién ddi so cap trén dong (cot). Khi d6 ta
c6 hai ma tran kha nghich Le M | (¢ ); va Re M(n+p)x(n+p) (¢ ) sao cho LCR =D.

0
Bude 3: Gidi h¢ DY = 0. Gid str tim dwoc nghi¢gm 12 Y = L } (],
S J(n+p)xs

Véis=n+p-r.lsla ma tran don vi cép S. [ai ]le 12 ma tran coOt cac tham sé.
Buoc 4: Nghiém cua hé (1) dugc tinh theo cong thirc

K== 2la],

0
v6i Ag, Bo 1an lurot 13 cac ma tran cap NxS va PxS.
Bude 5: Khi d6 BENN(A, B) Ia M = AA,.

1 1 2
Vi du: Tim BCNN cia hai ma trén AvaB biet A=|0|vaB=|2 0].
0 1 0

bat C = [A —B]. Ta dua ma tran C vé dang chéo bang cach st dung hai phép bién do6i

so cap trén dong, ¢ot nhu sau:

1 -1 -2 1 0 O 1 0 O 1 0 O
C — 0 _2 0 C32—>032+20:|;L O _2 O d2<>d3 O _1 O d3—d3-2d2 O _1 O — D
0 -1 0 0 -1 0 0 -2 0 0 0 O

Phép bién d6i thir nhat twong duong voi viéc nhan thém bén phai C hai ma tran so cap
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cap

1 10 1 0 2
R=/0 1 0|va R,=(0 1 0
0 01 0 01
Phép bién d6i thtr hai va ba tuong dwong voi viéc nhin thém bén trai C hai ma tran so
1 10 1 0 O
L=(0 0 1|va L,={0 1 O
010 0 -2 1
Pit R = RiR, va L = LoL;. Khi d6 LCR = D.
0 0
Hé phuong trinh DY =0 c6 nghiém1aY ={ 0 |=| 0 [a] v6i ae ¢ la tham sb.
al |1
2a 2
Khi d6 h¢ phuong trinh CX =0 cé nghiém 1a X =RY =| 0 |=| 0 [[a].
a 1
1 2
viay BCNN(AB) 1aM =AA =|0|[2]=|0]|.
0 0
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