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Tom it

Trong bai b&o nay, ching t6i trinh bay phuong phdp Proper Generalized Decomposition
(PGD) d@é giai quyét bai todn tam mong chiu usn trong khéng gian hai chieu. Phwong phdp
PGD duwoc &p dung dé dwa bai todn hai chiéu thanh chudi cac bai toan mét chiéu. Sau dé, mai
bai toan mét chiéu duwoc gidi bang phiong phdp sai phan hitu han. Két qua md phang sé duoc
ap dung cho bai todn tdm maéng chiu uon vdi cdc diéu kién bién khac nhau. Cac két qua tinh
toan sé dugc so sanh vai loi giai giai tich.
Tir khOa: giam bdc mé hinh, Proper Generalized Decomposition, tam mong chiu uén
Abstract

PROPER GENERALIZED DECOMPOSITION METHOD FOR THE THIN PLATE
BENDING PROBLEM

In this paper, we present Proper Generalized Decomposition (PGD) method to solve the
problem of thin plate bending in two-dimensional space. PGD method is applied to transform
the two-dimensional problem into a series of one-dimensional problems. Then, each one-
dimensional problem is solved by the finite difference method. Numerical simulation results are
applied to thin plate bending problem with different boundary conditions. The calculation
results are compared with analytical solutions.

1. Giéi thiéu

Nhiéu mé hinh bai toan thudng gap trong khoa hoc va ky thuat thuong duoc dinh
nghia trong khong gian da chicu, dicu d6 lam cho van dé chiéu tha nguyén tro nén cuc ky
phac tap khi ap dung ky thuat chia ludi roi rac thong thuong. Hon nira cd&c mé hinh theo
tiéu chuan co thé tré thanh da chiéu khi cac théng so thay doi. Vi vay viéc phat trien mot
phuong phap méi nham giai quyét bai toan mot cach nhanh chong hon 1a rat can thiét.

Phuong phap PGD lan dau tién dugc gigi thiéu boi gido su Chinesta va cac cong su
[1]. Su ra doi cua phuong phap PGD di gop phan hd tro giai quyét bai toan co sb chiéu
khong gian 16n mét cach hiéu qua vai thoi gian xu Iy nhanh va do chinh xac cao. Phuong
phap PGD ngay cang dugc mé rong ang dung dé giai quyét cac bai toan da chiéu trong céc
linh vuc nhu co Iuu chat [2], truyén nhiét [3], vat liéu composite [4].

Phuong phap PGD 1a phuong phap giam bac md hinh dua trén co so tach bién, 1oi
giai cua bai toan duoc tim dudi dang tong cua cac tich ham so6 trén moi chiéu khong gian.
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Gia sir truong u phu thugc N bién s6 (X,,X,,..., Xy ), khi d6 gié tri u duoc viét dudi dang
tach bién nhu sau:

U X %) = SF () FOQ)F(x) (D)

- trongd6 x (i=12,..,N) labién so khong gian, thoi gian hay tham s6 ma bai toan
can khao sét.

Bai toan phan tich tim mong chiu uén da duoc thuc hién thanh cdng véi nhiéu
phuong phéap sb khac nhau (phan ti hitu han, sai phan hitu han, phuong phap phd, ...).
Trong bai b&o nay, phuong phap PGD duoc dé xuat dé giai quyét bai toan tim mong chiu
udn. Phuong phap PGD duoc ap dung dé dua phwong trinh vi phan dao ham riéng cua bai
toan tim mong chiu udn trong khdng gian hai chiéu thanh chudi cac phuong trinh vi phan
trong khong gian mot chiéu. Sau d6, phuong phép sai phan hiru han dua trén so do sai phan
trung tam bac hai dugc ap dung dé giai cic phuong trinh mét chiéu.

Bai bao nay duoc to chirc nhu sau, phan 2 trinh bay phwong trinh vi phan chu dao cua
bai to4n tim mong chiu uén. Phan 3 trinh bay phwong phap PGD cho phuong trinh
biharmonic trong khong gian hai chiéu. Sau cling, céc két qua md phong duoc trinh bay ¢
phan 4.

2. Phwong trinh vi phan chi dao cho bai toan tam méng chiu uén

Phuong trinh vi phan chii dao cua bai toan tim mong chiu uén trong khéng gian hai chiéu
c6 dang phuong trinh biharmonic [7] nhu sau

4 4 4 , N ,
ow 12 oW + ow -P, (2) 6 day wdg vong cta tam, p luc tdc dung lén bé mat tam
8X4 aX28y2 8y4

Va p_ Eh’ ) d6 ctng chiu udn cua tim. Trong d6, E 1a mé dun dan hoi, h I chiéu day tim
12(1-v?

va v 1a hé sb poisson.
3. Phuwong phap PGD cho phwong trinh biharmonic
Xét phuong trinh biharmonic trong khéng gian hai chiéu nhu sau
o'u o'u  o'u
i t2 5 at
OX oxoy: oy
Muc tiéu cua ching ta la ap dung phuong phap PGD dé tim nghiém Xap Xi cia phuong
trinh (3). Gia st nghiém xap xi cua phuong trmh duoc viét dudi dang tach bién nhu sau

u(y)~ XX, (9%, (y) @
i=1
Gia sur 1oi giai ¢ budc Iép thir n da biét, ching ta can tim loi giai ¢ budc lap thir n+1
u™ (x ZX y)+R(x)-S(y) ()¢ day: R(x)=X,,,(x) va S(y)=Y,..(y).

Phuong tr1nh (3) dugc dua vé dang yéu nhu sau

4 4 4
J' u (a4+2%+6—3—fjdxdy=0, (6)
a0 OX ox-oy: oy

=f (X, y) trong mién Q=0 xQ, (3)

y

véi U'=R"-S+R-S" 1a ham trong sb. @)
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Thay (5) va (7) vao phuong trinh (6), ta dugc

- - [d'R d’R d’s  _ d’s . )
Qx.[Qy(R -S+R-S )-{W-S+2dx dyz+ dy jdxdy_gjx'gy(R .S+R-S )~fdxdy
. . d*X .
_QKLY(R 'S+R'S)§( ax’ Y]d"dy (8)
* o [ d?X, d,
_ZQXLY(R ‘$+R-S")- le( e jdxdy

- [ (R-s+Rs) ( ]dxdy
QxQ i=

Dé giai phuong trinh (8) tim R(x) va S(y), ching ta si dung giai thuat lap c6 dinh
luan phién gom céc budc sau:
Bwéc 1: Tim ham R(X)
Giasir S(y) dabiét, khi d6 S™ =0, thay vao phuong trinh (8) ta dugc
2 2 4
[ R [d IR g, pdR IS g d Sdedy_ [ R-s- foxay
oo dx dx® dy dy* 0,0,

x X33y

e sHGEpy g
—29!0 R™S- Z{d at -sz ]dxdy
EARS SCR

Vi tit ca cc ham phu thudéc y & phuong trinh (9) da biét, chung ta c6 thé thyc hién tich
phan mét chiéu trén Q,

ay:jszdy
Q‘/

d’s
by::!ys’dyz v
c =jS-d4S dy
y 5, dy4
f S-fd
o (x Qf Y o)
aiyz_[S-Yidy

Q‘/

i d?,
byzis- v
c! —J‘S-dAY‘dy

y 3 dy4
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Khi d6 phuong trinh (9) tré thanh
d* R d“R . L diX
jR [ v Ly 2+cR]o| [RO-f,(x)dx—[R 28, X
Q, Q, i=1
n 2
~2[ R 3op] e (41
i=1 X

—jR Zchx

Phuong trinh (11) 1a dang yéu mot chiéu duoc dinh ngh1a trén Q. Ngoai ra ching ta co
thé dua vé dang manh nhu sau
d’R d’R
ayd4+2by dXZ +C}’R:f)’(x) Zl y d4 22 y
Buwéc 2: Timham S(y)
Vé6i R(x) vira tinh & bude trén, khi d6 R =0, tién hanh tuong ty nhu buéc tim ham

! —Zn“c‘yxi (12)

R (X) , ta dugc phuong trinh dang manh cia ham S ( y) nhu sau
« d*s d’s . . Yy
S-a—F+2b,—+cSdy=|S -f (ypdy—|S -) a —dy
ij ( dy* dy’ Jd J N J 21 dy"
N dyY o (13)
2[5 3b Loy
(_2.. ; XdYZ y

-|s -Zn:ciindy
a, i1

o day
a, = | R%dx
QX
2
bx: Rd—zdx
o Ox
4
C, = j R-OI Td
o Ox
f.(y)=[R-fdx
QX
a, = [ R-Xdx (14)
QX
2
o = [R-9 2% g
4 dX
4
c‘X:IR~d >§idx
o dx
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Phuong trinh (13) c6 thé dwoc dua vé dang manh nhu sau
d4S d S n n n

+2b —+cS=f -2 b' cy, (15
Lo eas-t1,(y)- R D

Cac budc giai phuong trinh (12) va phuong trmh (15) dé tlm R( )Va S(y) dugc lap

cho dén khi két qua hoi tu. Néu ki hieu R (x) va R (x) Ia ham R(x) da duoc tinh &
budc 1ap hién tai va budc lap trude, tuong tu Vai s (y) va st (y), tiéu chuan dimg duoc
chon nhu sau
= [R (x)-5 ()R (x)-5 ()] < s (26
& day &q 1a hang s6 dugc chon du bé dé dam bao d¢ chinh xac.
Sau khi cac budc lap tim R(X) va S (y) hoi tu, chung ta xac dinh dugc
X1 (X)=R(x) va Y, (y)=S(y). Qué trinh tim céc cap ham (X, (x),Y,(y)) phai dugc

tiép tuc cho dén khi dat dugc su hoi tu todn cuc cua bai toan ¢ budc lap th N, khi d6 nghiém
Xap Xi cua bai toan dugc tinh nhu sau

Zx y) (17)
Diéu kién dirng toan cyc cua bai toan duqc tinh nhu sau

E=ﬂ<gu (18)

[t (xy),
& day ¢, 1a mot hang sé dwoc chon di nhé va res 1a ham thing du ctia bai toan
4 4 4
res—a—4+2 ou +au f(xy) (19)
OX oxoy*  oy*

Chung ta thay rang phuong trinh Biharmonic hai chiéu ban dau dugc dinh nghia trén
Q=0 xQ, da duoc chuyén doi thanh cac bai toan mot chiéu trén Q va Q véi phuong
phap PGD. 7

So @6 sai phén trung tdm bac hai duoc sir dung dé giai cac phuong trinh vi phan mot
chiéu c6 dang nhu phuong trinh (12) va (15) dé tim R(x) va S(y) tuong tmg. So d6 sai phan

bac hai cho dao ham bac hai va bac 4 cia mot ham f (X) bat ky duoc tinh nhu sau:

P0) IO =20+ 1) o 12y (a0
ox? h?
0'f (x) _ f(x+2h)—4f (x+h)+6f(x)-4f(x—h)+f (X_Zh)+0(h2) (21)
o h?

¢ day h 1a kich thudce budce ludi.
4. Két qua mé phéng s6

Bai toan 1:

Xét tim hinh chir nhat {OS X<1,0< ySl} c6 phuong trinh vi phan chi dao nhu
phuong trinh (2), véi vé phai dugc cho nhu sau:
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f(x,y) =%sin(7rx)sin(7ry). (22)

Trong trudng hop tim véi diéu kién bién 1a gbi twa don & ca bon canh nhu sau
o°'w o°'w . .
W=0, —-=0tai x=0va x=1(23), w=0, —=0tai y=0va y=1(24)
Ox? oy
khi d6 16i giai chinh xac cua bai toan 1a w, ., = 4;1[) sin(zx)sin(zy) (25)
Phuong phap PGD dugc &p dung cho bai to:ém Vv6i cac théng s6 md phong nhu sau:
p=-1, E=1092000 MPa, h=0.01, v =0.3. Mién tinh toan dugc raoi rac véi lugi 100 cho
mdi chiéu truc x va y. Hinh 1 trinh bay loi giai PGD cho d6 véng caa tim mong véi diéu kién
bién gbi tya don ¢ ca bon canh cua tam. Sai s6 gita loi giai PGD va 1oi giai chinh xac duoc
trinh bay ¢ hinh 2.
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Hinh 1. Loi giai cua bai toan bang phiong Hinh 2. Sai $6 |W,, —W| giiza l6i gidi giai
phap PGD cho tém mong Véi dieu kién bién goi ch va l6i didi n i 100100
tua don ¢ bon canh cua tam trén lwdi 100 x100 tich va lot gidi PGD trén luot x
Bai toan 2:

Trong trudng hop tim bi ngam & ca bén canh, ta c6 diéu kién bién tuong tmg nhu sau

w=0, ;ﬂ=0tai x=0vax=1, (26)
X

W:O,%:Otaiy:OVa y=1. (27)

Céc théng s6 md phong duoc cho twong tu nhu trudng hop & bai toan 1, vé phai cua
phuong trinh vi phan chu dao dugc cho nhu sau:

f(xy)=" 256400(a’ ~10ax +15x°) (b y)* '
+ %18800x2 (6a° —20ax +15x) y? (6b” — 20by +15y° (28)
+ %56400(51 - x)2 x* (b2 —10by +15y2)

V6i diéu kién bién bi ngam & bén canh 1oi giai chinh xac cua bai toan 1a
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w —32350x“(x—a)2 y“(y—b)2 (29)

exact
D
Hinh 3 trinh bay 1oi giai PGD cho d6 vong cua tim véi diéu kién bién ngam chat ¢ ca
bon canh cta tam. Sai so gitra loi giai PGD va loi giai chinh xac duoc trinh bay ¢ hinh 4.
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Hinh 3. Ldi gidi cua bai toén bang phuong Hinh 4. Sai s6 |w,_, —W| giiza loi gidi gidi
phap PGD cho tam mong véi diéu kién bién e P
ngam ¢ ban canh cua tam. tich va loi giai PGD trén luéi 100x100
5. Két luan

Trong bai bao nay, ching t6i da sir dung phuong phap PGD dé phan tich bai toan tAm
mong chiu uén véi cac diéu kién bién khac nhau. Cac két qua mé phong cho thiy sy dong thuan
kha tot cia phuong phap dé xuét véi 10i giai chinh xac cta bai toan. Vi viée dua bai toan da
chidu vé cac bai toan mot chiéu, phuong phap PGD s& gitip lam giam chi phi tinh toan va tiét
ki€ém by nhd may tinh.
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