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Nguyén Thi Khanh Hoa — Nguyén Thi Kiéu Trinh
Truong Pai hoc Thi Dau Mot

TOM TAT
Duea trén nhitng kién thirc dd c6 vé wée chung Ién nhdt (UCLN) cia C&C s6 nguyén, két
hop sir dung mot sé két qua vé ma trdn trén mién chinh, bai viét lam ré dinh nghia UCLN
cua cdc ma trdn vuong, chirng minh su ton tai UCLN cua cac ma tran vuong trén mién
chinh, trinh bay chi tiét phirong phdp tim UCLN cia hai ma trdn vudng véi cdc phan tir la
cdc s6 nguyén va chieng minh mét so tinh chat cia wée va UCLN cdc ma trdn vuong.

T khoa: voc chung, lon nhat, ma tran, mién chinh

1 GIOI THIEU

Trén vanh sb nguyén Z, d 13 UCLN
cla cac sb nguyeén a, ap, ..., a, khi va chi
khi idéan sinh boi {ai, a, ..., a,} ciing
chihh 13 idéan sinh bsi d. Vi Z 1a mién
chinh nén luén ton tai UCLN cua cac sb
nguyén va dua vao phép chia cé du trong
7., ching ta c6 phuong phap tim UCLN
chinh 1a thuat toan Oclit.

Khai niém “wdc chung 16n nhat” cia
cac ma tran da dugc Eugene Cahen dinh
nghia twong tu nhu UCLN cua cic sb
nguyén[4]. Tuy nhién, gitta vanh s
nguyén 7 va vanh cac ma tran M (R)

voi R la vanh tuy y, 1a ¢o su khac biét.
Chang han, phép nhéan cac sb nguyén co
tinh giao hoan nhung phép nhan cic ma
tran thi khong, trong vanh s6 nguyén co
phép chia c6 du nhung trong vanh ma tran
thi chwa co, vanh s nguyén Z 1a mién
chinh nhung véi R la vanh tdy y thivanh
M, (R) khong chic 1a mién chinh. Do do,
khi R 1a vanh tiy y thi sy ton tai cia
UCLN cua cac ma tran khong dugc dam
bao va phuong phdp tim UCLN cua hai
ma tran ciing khong thé 1am twong tu nhu
thuat toan Oclit dugc. Eugene Cahen ciing
chua dé cdp dén van dé rang UCLN cua
c4C ma trdn vudng c6 ludn ton tai hay
khong[4]. Phuong phap tim UCLN cua céc

68

ma tran cling khong dugc thé hién mot
cach tuong minh. Dé gbp phan lam sang to
van d& nay, chung t6i s& dua ra mot diéu
kién vanh R 1a mot mién chinh (b6 dé 2)
va tir d6 c6 thé khang dinh UCLN ciia cAc
ma tran vudng trén mién chinh ludn ton tai
(dinh 1y 1). Ching t6i cling sé trinh bay
chi tiét phuong phap tim UCLN cua hai
ma trdn vudng véi cac phan tir 13 cac sb
nguyén (dinh ly 2, dinh ly 3) va chung
minh mot s6 tinh chit cua wéc va UCLN
cac ma tran vudng.

2. KIEN THUC CO BAN

2.1 B0 dé 1 (dinh Ii 6.1, trang 218, [8]):
Cho R la mien chinh va M la médun con
cua R- modun R". Khi do M la médun tu
do voi hang khong virot quUa N.

2.2 Bo dé 2 (bai tap 17 chuong 15,
trang 203, [9]): Cho R la mién chinh. | 1a
idéan trai cua Mp(R). Khi do | 1a idéan trai
chinh ciua My(R).
3.MOT SO KET QUA

_Trong phan nay, ta luén gia sir R 1a
mién chinh.

3.1. Céc dinh nghia

Eugene Cahen dinh nghia udc cho céc
ma trén voi cap tuy y[4]. Trong pham vi

ctia bai viét ndy, chung toi chi dé cap dén
udc va UCLN cua cac ma tran vuong.
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3.1.1. Uéc ciia ma trign vuong
Dinh nghia:
Cho My(R) 1a vanh. Gia sau Ae M (R),
DeM,(R), D=O.
Ta n(’?i D 1a woc bén phdi (trdi) ciua ma
trgn A, néu ton tai P e M, (R) sao cho
A = PD (tuong (g A = DP).

Vidu:
Trén  M,(Z), cho hai ma tran
0 1] 01
A= , D= , D#0.
0 0] 10

D 1a wdc bén phai cuia A vi ton tai
Lo
_0 0_
Tinh chit:
i) A la woc bén phdi, trai ciia ma trdn
don vi | khi va chi khi A la ma tran kha
nghich.

P= e M,(Z) & A =PD.

Chtng minh:

(<) Gia str A 1a ma tran kha nghich.

Suy ra ton tai B 1a ma tran nghich dao

cua Asaocho |, =AB.

Do dé A vura 1a udc bén phai, vura la

udc bén trai cua |, .

(=) Gia str A 1a u6c bén phai, trai cia
| . Suy ra ton tai ma tran B sao cho
I, =BA.

Khi do6: detB.det A=detl =1. Suy ra

A kha nghich.
Chung minh tuong ty cho A 1a udc bén
trai caa .

i) (Muc 368, chuong 19, [4]) A la udc
(bén phai va bén trdi ) cua A.

Chimg minh: Hién nhién, bai vi ton tai
ma train donvi |, dé A=1 A=Al_.

iii) Néu A la wéc bén phdi ciia B va B
la wéc bén phdai cua C thiA la woc bén phdi
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cua C.

Chung minh: VIA 1a uéc bén phai cua
B va B la udc bvén phai cia C nén ton tai
P,QeM,(R) d¢ B = PAvaC = QB. Suy
ra C = (QP)A. Do d6, A la udc bén phai
cua C.

iv) Vi A,A,...A €M (R), néuD la
woc bén phai cua A, A,,..., A, thiD la uoc
(RA+RA+..+PA)
PeM, (R), Vi=1n.

Chirng minh: V1D la udc bén phai cua

bén phdi cua Vol

A, i=1,_n nén ton tai cdc ma tran
Q eM,(R), i=1n sao cho A =QD. Khi
do:

PA+BA +..+PA,
=R(QD)+FR(Q,D)+...+F,(Q,D)
=(PQ,+PQ,+..+PQ,)D.

3.1.2 Uéc chung ciia cdc ma trin
vuéng

Dinh nghia:

Trén M, (R), ma tran D dugc goi la
woc chung bén phai (trdi) cua cac ma trdn
A1,Az,...,Ayn néu D 1a udc bén phai (trai)
dong thoi cua moi ma tran do.

Vidu:

11
Trén M,(Z), D:{1 J la wéc chung

33V&B=22,
3 3 11

Vi ton tai cac ma tran M :B

bén phéi cua A= {

2

1!
2 0| 5

N:{O J de A=MD va B=ND.

3.1.3 UCLN ciia cdac ma trdn vuong

Dinh nghia:

Trén M,(R), cho D 1a mot udc chung
bén phai (trai) cua cac ma tran Ag,Ay,...,Ap.
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Néu moi uwdc chung bén phai (trai) cta
A1,A,..., Ay deu 1a udc bén phai (trai) gﬁa D
thiD duoc goi 1a wdc chung lon nhat bén

Uéc chung I6m nhat ciia cdc ma trdn vuong

bén phai ctia cidc ma tran va ta viét tat udc
chung 16n nhat cua AgAy...4n &

UCLN (A, A,,... A).

phdi (trai) cua cac ma tran dé.
Sau déy, ta chi xét wdc chung 16n nhét
Vi du:

o 1 2 4 3 i 1 2 .
Trén M,(Z),cho A= ,B= . Khido, D= la UCLN(A,B).
3 4 2 1 0 -1

1 2 1 0((1 2| (4 3| |4 5|1 2
s oo 2llo e i e
nén D la udc chung bén phai cia A va B.
1 2 1 01 2| |0 04 3
0 —1}{2 —2}{3 4}{1 o}{z 1]
0 } . {0 0}
vayY = .
-2 10
Do d6, néu D; 1a wdc chung bén phai cia A va B, tac A A=A.D,; B=B.D, thi
D =(XA)D,+(YB)D, = (XA +YB,)D,, tic Ia D1 1a udc bén phai cua D.
Nhdn xét:
1) Néu D va D' la UCLN(A_L,AZ,...,A]) thiD va D' sai khdac nhau mot ma tran kha
nghich, nghia la ton tai U, V € M_(R) kha nghich sao cho D=UD' va D'=VD.
Chtrng minh:
ViD, D' la UCLN(AL,AZ,...,AJ nén D la udc bén phai cuia D', D' 1a udc bén phai
cia D. Do d6 ton tai U,V e M (R)d& D=UD' va D'=VD.
Khid6 D=UD'=UVD. Suy ra det D =detU.detV.detD.
V1R la mién nguyén nén detU.detV =1. Suy ra U, V kha nghich.
2) Theo nhdn xét 1, ta cé thé két lugn UCLN (A, A,,..., A,) la khong duy nhat.

3.2 Sy ton tai va phwong phap tim UCLN ciia cic ma trin vudng

3.2.1 Sw tén tai UCLN ciia cdc ma trgn vuong

Pinh li 1: Gid sir R la mién chinh. Khi 6, luén ton tai UCLN bén phdi (trdi) ciia cdc
ma trdn vuéng thuoc S =M, (R).

That vay, ta co:

Hon nira, ta co:

1
hay D=XA+YB véi X :{2

Chung minh: Gid st Ay, Ay, ..., 4n 1a cac ma tran tiy ¥ thudc Ma(R), ta s& chimg minh
luon ton tai UCLN(A, Ay, ..., An).

—Xét M =SA +SA,+..+SA, ={DA +D,A, +..+D,A | D, D,

— Tathay M laidéan tréi cuaS. ‘

— Theo bo @€ 2 (muc 2.2), VIR la mién chinh nén moi idéan trai ctia S déu la idéan trai
chih. Suy ra ton tai De S sao cho: M =SD={K.D|K &S}.

— Ta chimg minh D la UCLN (A, A,...., A).

Hé¢ qua: Trén M, (R), néu D la UCLN(A,A,,...,A) thi ton tai cic ma tran

,...D, €S}.
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u,U,,..U,eM,(R) saocho D=UA +U,A +...+U A .
Pinh ly 2:
Cho R lavanh chinh va A, B la cdc ma trdn vuéng cdp n trong vanh M, (R).

A ; N
bPat C 2{8} la ma trdan cap 2nxn. Neu ton tai ma trgn kha nghich V. sao cho

VC =H ld ma trdn bdc thang thi cdc khang dinh sau ddy la ding:
i) GoiDla n dong dau cia H thiD la UCLN (A B).

: P
i) Ddt N cot dau cia V" 1A {Q} thi A=PD; B=QD.

iii) Pt N dong dau cua V 12 [X Y] thi XA+YB=D.
Chtng minh:

X Y -1 P * D ’ N
. s V= . i H= trong d6 X,Y,P,Q,D lacéac
2nx2n 2nx2n 2nxn

Giés&v{
Q

*
ma trin vudng cap n.
— Theo gia thiét VC =H ma V kha nghich nén C =V "H.
A P =D 5
Dodo C= =V'H = . Pieu nay chota A=PD va B=QD.
B Q =/ O
Co6 nghia D 1a udc chung bén phai cua A va B.

X Y| A D
—Cing tr VC=H tasuyra{ }{ }z{ :|:>XA+YB=D.
* x| B O

— Gia sit D’ 1a wéc chung bén phai ctia A, B nghia 1a ton tai P,Q' e M, (R) sao cho
A=PD'; B=QD'.Khid6 D= XA+YB=XP'D'+YQ'D’ :(XP’ +YQ')D".

Suy ra D’ 1a u6c bén phai cua D. Vay D la UCLN(A,B).

Két qua sau dugc chimg minh trong truong hop R=7%. L

DPinh 113: Bang cdch sir dung hai phép bien doi so cap trén dong (doi cho 2 dong;
Cong vao 1 ddng‘ mot boi cua dong khac) ta luon dwa dwoc mot ma tran C bat ky vé dang
bdc thang H va ton tai mét ma tran kha nghich V sao cho VC=H.

Chimg minh: ) ‘ ‘

— Ching minh: moi ma trén C bat ky déu dua dugc vé dang bac thang H.

— Chtrng minh: ton tai mot ma tran kha nghich V sao cho VC=H.

Gia str H 1a ma tran bac thang nhan dugc sau k phép bién doi so cap.

Khido E,..E.C=H .DatV =E,...E,. Ta s€ ching minh V kha nghich.

Néu E; (1<i<k) la ma tran so cip c6 duge do doi dong thi det E, =—det 1 =-1.

Néu E; (1<i<k) la ma tran so cap c6 duoc do cong vao mot dong mot boi cia dong
khéac thidetE, =detl  =1. Do d6 detV =+1. C6 nghia la V 1a ma tran kha nghich.

3.2.2 Phwong phdp tim UCLN cua cdc ma trgn vuong
Tur chirng minh cta dinh 1y 2 va dinh 1y 3 muc 3.2.1, ta ¢6 duoc thuit toan sau:
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Thudt todan tim UCLN ciia hai ma trgn vuéng A, B trén vanh M (Z)

. - A
V6i ABeM,(Z).bat C=
2nxn

Pua ma tran C vé dang bac thang H bang hai phép bién d6i so cap trén dong (phép ddi
cho hai dong, phép cong vao dong nay mdt bdi cuia dong khac).

Budce 1: Gia st j la c¢ot dau tién khac 0 cia C, su dung phép doi cho cac dong dé
C; # 0 1a phin tir dAu tién cta cot j va la phan tir c6 gié tri tuyét doi nho nhat trén cot j .

Buée 2: Khir cac phan tir C; (i > k) bang cach cong vao dong i mot boi —g, cua dong
Jj.Trongdé: ¢; =q.c;+1; 0<r <cy, q,LeZ.

Buoce 3: Lap lai cac budc 1 va bude 2 cho céac cot ké tiép cua C.

Buéc 4: Ma tran D tao boi n dong dau caa H 1a UCLN (A, B).

. 1 2 4 3
Vi du: Tim UCLN cua hai ma trdn vuéng A va B ,biét A:L } va B :{ }

2 1
1 2
3 4 y . 3 .
bat C = 4 3l Ta tién hanh dua ma tran C vé dang bac thang.
2 1

Budc 1: Taco ¢, =1#0 la phén tur ¢ gia tri tuyét ddi nho nhét trén cot 1 caa C.
Burée 2: Khir cac phan tir (ctia ¢ot 1) ndm bén dudi phan tir c, cua C.

- Pé khu C, =3, ta cong vao dong 2 mot boi —q, =-3 dong 1. Ta duoc:

1 2 1 2

0 -2 , A N A 0 -2
C = . Khtr phan tr ¢;; =4va c,, =2 thu dugc ma tran: C, = .

4 3 0 -5

2 1 0 -3

Budc 3: Lap lai budce 1 va budce 2 cho cot 2 cua ma tran C, .
Tacoc,=—2#01a phén tur co gia tri tuyét dbi nho nhét trén cot 2 ciia ma tran C,.

— Pé khu C, =—5, ta cong vao dong 3 mot boi —q,=-3 dong 2. Ta duoc:

1 2
0 -2

C,= .
0 1
0 -3

Vic,=1#0 la phan tir co gid tri tuyét ddi nho nhét trén cot 2 ciia ma tran C,, nénta
thuc hién phép déi ché d, <> d, cua C,.
— Ta tiép tuc khir phan tir c,, =—2Va c,, =3 tuong ty nhu trén.
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Buwée 4: Sau budce 3, ma tran C duge dua vé dang bac thang la C, =

O O O -
o O P, N

1 2 )
Vay UCLN(A,B) la D= {0 J (D 1a ma tran tao bai 2 dong dau cua C,).

Phwong phdp tim UCLN ctia nhiéu ma trdn:
Cho A, A,....A M, (Z).

Goi D, la UCLN(A,A,), D, 1aUCLN(D,,A,), ..., D, la UCLN(D, ;,A,).
Khidé D, 1a UCLN(A,A,,...,A).
That vay, ta thay rang moi udc chung cua A, A, .., A déu la uéc chung cua
D,,A,..., A, va ngugc lai. Vivay taco UCLN(A,A,,..., A )=UCLN(D,,A,,...,A).
Lip lai i luan nay nhiéu lan, ta s& dugc UCLN (A, A,,...,A))=UCLN (D, A,,....A))
=UCLN(D,,A,,...A) =...=UCLN(D,,A))
nghiala D, 1a UCLN(A,A,,...,A).

3.3 Mot s tinh chat ciia UCLN ciia cic ma tran vudng
1) (Muyc 379, chuong 19, [4]) VK e M, (R) , néu D la UCLN(A,A,,....A) thiDK la

UCLN (AK,AK,..., AK).
Chirng minh

—Gidsir D A UCLN(A,A,,...A).

Suy ra ton tai U,,U,,...U, e M (R) d& D=U,A +U,A, +..+U A

Suy ra DK =U, (AK)+U,(AK)+..+U_ (AK).

Suy ra DK la udc chung bén phai cia AK, AK,..., AK.

— Gia su E la udc chung bén phai tuy y cua AK,AK,...,AK..

Tacé: AK =X,E (X,eM,(R), Vi=1n).

Khi dé:

DK =U, (X,E)+U,(X,E)+...4+4U (X,E)=(UX,)E +(U,X,)E+..+(U X, )E

=(U X, +U, X, +..+U X, )E

Suy ra E 1a wéc bén phai cia DK . Vay DK 1a UCLN (AK,AK,..., AK)

2) Cho K la wéc chung bén phai cia A, A,,..., A (ticc la ton tai K, @é A =K K véi
i =1,n). Néu D 1a UCLN (K,,K,,...,K,) thiDK 12 UCLN (A, A,,..., A).

Chumng minh : Tinh chat 2 duoc suy ra tryc tiép tir tinh chat 1.
3) VK e M, (R), néu E la UCLN (AK,AK,..,AK) thiE=DKvéi DeM,(R).

Ching minh: Vi E 1a UCLN(AK,AK,.,AK) nén ton tai cic ma tran
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X X500 X, € M, (R)s20 cho
E =X, (AK)+X, (AK) 4.t X, (AK) = (XA + XA, +...+ XA ) K
Pit D= X,A +X,A +..+ X,A €M, (R).Khid6 E=DK.
4) Cho D ld wéc chung ciia A, A,,..., A (ticc ld ton tai E, dé A =E,D véi i=1n).
Khi d6, D 12 UCLN (A, A,,..., A,) khi V& chi khi 1 1A UCLN (E,,E,,....E, ).
Chémg minh: Gia st D 1a UCLN (A, A,,..., A )va U 1a UCLN (E,,E,,....E,).
Khi d6, theo tinh chét 1, ta suy ra UD ciing la UCLN (A, A,,..., A)).
Do dé, UD 1a uéc ctia D, tirc 14 ton tai ma tran V sao cho D=V (UD).
Suyra D=(VU)D. Suy ra det(VU ) =10 hay ma tran U kha nghich.
Do d6, theo nhan xét 2 (muc 3.1.3), tacé UU =1 ciingla UCLN(E,,E,,...,E,).

Diéu nguoc lai duoc suy ra tryc tiép tir tinh chat 1.

5) Néu | 1a UCLN (A, B) va B la wéc cua AC thiB la wéc ciia C.

Chimg minh: Vil 1a UCLN (A, B) nén ton tai X,Y e M, (R) dé I = XA+YB.
Suyra IC =(XA+YB)C. Suyra C = XAC+YBC.

V1B la udc cua AC va B 1a udc cua BC nén B 1a udc cua (XAC +YBC).

Do do6 B 1a uéc cua C.

6) Néu | 1a UCLN (A, B) vaD la UCLN (C, B) thiD la UCLN (AC, B)vc‘z nguoc lai.

Chtrng minh
— Gia str D 1a w6c chung ciia AC va B. Suy ra D 1a udc chung cua AC va BC.
Ma theo tinh chét 1, vi I 12 UCLN (A B) nén C 1a UCLN (AC,BC).

Do d6 D la udc cua C. Vay D la u6c chung cta B va C.
— Nguogc lai, gia st D la wdc chung ctia C va B. Suy ra D 1a udc chung cua AC va B.
— Nhu vay, tap hop cac udc chung cia AC va B trung véi tap hop cac wde chung cia C
va B nén néu D 1a UCLN (C,B) thiD la UCLN(AC,B).

7) Néu I la UCLN (A/B) valla UCLN(A,C) thilcing la UCLN (A BC).
Ching minh : Gia su D 12 UCLN (A, BC) , theo tinh chét 6, D cling la UCLN (A,C) .
Ma I la UCLN (A,C) nén D la uéc cua I, tire 1a D kha nghich.
Doddé D'D=1 ciingla UCLN(A,BC).

GREATEST COMMON DIVISOR OF SQUARE MATRICES

Nguyén Thi Khanh Hoa — Nguyén Thi Kiéu Trinh
ABSTRACT

Based on existing knowledge about the greatest common divisor of integers in
combination with matrix results on the primary domain, the article clarifies definition of
greatest common divisor of square matrices, proving the existence of the greatest common
divisor of the square matrices on the main domain, detailing how to find the greatest
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common divisor of two square matrices with elements as integers, and proving some
properties of the divisor and the greatest common divisor of square matrices.
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