TAP CHI KHOA HQC PAI HOC VAN LANG Lé Nguyén Hanh Vy va tgk

UNG DUNG PHUONG TRINH VI PHAN CO CHAM
VAO MO HINH BAI TOAN DAN SO

APPLYING DELAY DIFFERENTIAL EQUATION IN POPULATION PROBLEM MODEL
LE NGUYEN HANH VY®va TRAN LUU CUONG®?

TOM TAT: Bai viét tip trung vé phiong trinh vi phdn c¢é chdm théng qua viéc nghién cieu tinh on
dinh, 6n dinh tiém cén, én dinh tiém cdn toan cuc dwa trén dinh ly ham Lyapunov ba%ng phuong
phap tinh dé img dung vao mé hinh dén so. Trong bai viét ¢6 sir dung phan mém Maple dé tinh céc
théng s6 can thiét cho mé hinh, sau dé dwa théng sé can tinh vao phan mém mé phéng Matlab
théng qua viéc ldp code. Két quad thu dwoc la qui dao nghiém va biéu do Phase ciia mé hinh. N6
cho ta thcfy mirc do tang truong dan $6 phu thudc vao thoi gian co cham. Va dwoc dwa vao thuc
tién, tao ra nhiéu buéc phdt trién méi cho cac nganh khoa hoc khdc.

Tir khOa: ham Lyapunov; phwong trinh vi phdn c6 chdm; mé hinh Lotka-Volterra; bai toan phét
trién din so.

ABSTRACT: The paper focuses on the application of delay differential equation by digging deeply
into stabilization, asymptotic stability, and globally asymptotically stable based on Lyapunov's
theorem by calculating method in order to apply in population model. In this paper, we used Maple
software to calculate the necessary parameters for the model, and then put the parameters to be
calculated in Matlab simulation software through coding. The results are the root locus and the
Phase diagram of the model. It indicates that the rate of population growth depends on delay time.
And put into practice, creating many new developments for other sciences.

Key words: Lyapunov function; delay differential equation; Lotka-Volterra model; population
growth problem.

1. PAT VAN PE

Nhiéu hién tuong thyc té cudc séng trong
vat ly, k¥ thuat, sinh hoc, y hoc... ¢ thé duoc
mo hinh hoa béi gia tri ban dau cua phuong

Ep— {xa) ~ gt X2t
X(t,) =%,
Tuy nhién, dé mé hinh phi hop véi thuc té
hon, nguoi ta da s dung moé hinh hoa bdi
phuong trinh vi phan c6 cham nhu sau:

X(t) = f (t, x),t >t

Ly thuyét phuong trinh vi phan c6 cham
dugc phat trién rong rii boi Bellman va Cooke
[4], Hale [5], Dirver [6], ElI’sgol’ts va Norkin
[7] va hién nay c6 mot cudn sach méi noi vé
van dé nay cua Hale va Verduyn Lunel [8],
Kolmanowskii va Myshkis [9]... Viéc nghién
ctru nay yéu cau doi hoi khong chi vé mat Iy
thuyét ma ca tinh ung dung rong rai, thu hut
duoc sy quan tdm cua nhiéu nha toan hoc va da
dua ra nhiéu két qua quan trong. No di gop
phan x4y dung 1y thuyét chung cho nganh toan
hoc va cac nganh khoa hoc khac. N6 ¢6 mét va
gop phan nang cao tinh hap dan, 1y thu, tinh
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day du sau séc, tinh hidu qua, gia tri cua nhidu
nganh nhu téi wu, diéu khiéu t6i wu, giai tich
s6, tinh toan khoa hoc... Vi viy, 1y thuyét nay
da tré thanh mdt trong céc Iinh vuc toan hoc
hién dai nhét, c6 kha ning Gmg dung trong
nhiéu linh vuc khac nhu: Vat 1y hoc, Co hoc,
Kinh té hoc, Sinh thai hoc, Héa hoc...
2. NOI DUNG

Gioi thiéu ham Lyapunov trong phuong
trinh vi phan c6 cham. Ung dung vao mé
hinh phat trién 6n dinh dan sb.

Bang ky hi¢u:
Ky hiéu Y nghia
PTVP Phuong trinh vi phan
PTVPT Phuong trinh vi phan thutng
PTVPCC | Phutong trinh vi phan ¢6 cham
R. Tip cdc s6 thie khong am.
R" Khong gian Euclid n chiéu vi chuan || va tich vo hudng {.,.).
C([a.b],®") | Tap cdc ham lién tuc trén [a,b] vd nhan gid tri trong R”.
v Dao ham trén, bén phéi theo t cia ham V(t,¢) doc theo nghiém ciia PTVPCC
4l‘mx\ supz(f) | Gidi han trén cla x(t).
4luu\ infz(t) | Gidi han dudi cia x(t)
Re\ Phan thuc cta A

2.1. Gi6i thiéu phwong trinh vi phan cé
chim roi rac

Dang tong quét ctia phuong trinh vi phan
¢O cham roi rac:

X(t)=f(tx(t-5),..x(t-7,)), t>t,(1)
Véi g =g (t-x(t)) 2 0.vt 2 tg,i=1.n
dugc goi 1a cac cham roi rac x(t) = f(t.x) (@)
Trong do, X, = X(t +9),0 € [—F,O], la
mdt ham thudc khong gian cac ham lién tuc tir
[-r,0] vao R". Ky hi¢u: C ZCO([—F,O],R")
f:Q—>R"
QcRxC.
Bai ton gi4 tri ban dau:
x(t)= f(t,x),t>t
X, =X(t, +0)=¢(9)

la ham cho trudc, voéi
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Trong d6 ¢((9) € C biéu dién trang thai

ban du hodc trang thai dir liu.

2.2. Tinh 6n dinh Lyapunov trong phwong
trinh vi phan cé chim

2.2.1. Dinh nghia co bin vé tinh én dinh
Lyapunov

Pinh nghia 1: Nghiém tam thuong cua
phuong trinh (2) duge goi 1a 6n dinh Lyapunov
khi t — +00 néu v >0,t5>035 = 5(t.5) > 0,
sa0 cho ||g| < &5 =[x (t.4)| < &,t <t

Pinh nghia 2: Nghiém tam thuong cua
phuong trinh (2) duoc goi 14 6n dinh déu khi
khi t — o0 néu sd ¢ trong dinh nghia khong
phu thudc vao t;.

Pinh nghia 3: Nghiém tam thuong cua
phuong trinh (2) dugc goi 1 6n dinh tiém can
déu theo Lyapunov khi t — 400 néu

i) Nghiém tdm thuong 6n dinh déu

ii) 3A > 0 (khong phuy thude vao t,)

V¢ eC,|¢|<a= lim|x(t,¢)|=0

Dinh nghia 4: Xét phuong trinh (2), ham
kha vi lién tuc V:R"xC — R dugc goi la
ham Lyapunov néu ton tai cac hing cb a, b, ¢
>0 thoa man:

i afx(t)] <V (t.x)<blx,

ii)V (t, Xt) < —C“X(t)”2 vG6i moi nghiém
x(t) cia (2)

Dinh nghia 5: Néu anh xa v:R" xCc >R

2
’

lién tuc tur x(t0,¢) la nghiém cua phuong trinh

(2) thoa diéu kién ban dau (t,,¢), ta co:

[v (t 0% (t0,¢)) v (to,qﬂ

Ham v (t,4) goi 1a dao ham trén, bén phai
theo t ctia ham V (t,, ¢) doctheonghiémcia hé (2).

2.2.2. Dinh Iy co bin vé tinh én dinh
Lyapunov [1, tr.27]

1

lim —
h—0" h

\./=\./(t,¢)=
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Cho ham u(s),v(s),w(s):R* — R"lién
tuc va khong giam, u(s)>0,v(s)>0,vs>0
V& u(0)=v(0)=w(0)=0. Nhimg phat biéu

sau la dang:
i) NSuham V : RxC — R thoa man

o(o(0)) =V (t0) = v(ll)s v (t)<o(fo(o)) thi
nghiém x=0 14 6n dinh déu.
i) Néu thém vao (i), limu(s)=-+oothi

nghiém cua (2) 1a bi chin déu (tc 12 vi bat ky
a>0,ton tai f=p(a)>0 sao cho, Vi
oeRgeC,f<a taco ‘X(o‘,;ﬁ)(t)‘ <pVtzo-
iii) Néu thém vao (i), W(s) >0 véis >0
thi nghiém x=0 14 6n dinh tiém cén déu.
2.3. Ung dung phwong trinh vi phin cé
cham giai cac bai toan md hinh phat trién
dan sb
2.3.1. M6 hinh Lotka — Volterra cé chdm don
M® hinh Lotka — Volterra c¢é chdm don:
Xét hé dong vat an thit con mdi Lotka —
Volterra c6 chdm co6 dang [3]

X = x(t)(r —ax(t) - by(t)),

y = y(t)(-d+cx(t - 7)),

Trong d6: x(t), y(t) 1a mat d6 dan sb cta con
mdi va ké san moi tai thoi diém t twong tmg.

r,a,b,c,d,r 1a cic hang s6 duong

xo(6)=¢(0)20

06[—1’,0]
X(O) >0
y(0)>0

biéu kién ban dau:

Trong d6
$eC([-7,0],R"),R" ={x:x>0}va

|¢#] = max {|¢(6)]: 0 <[~z,0]}

B6 deé:

Pé xay dung Lyapunov, ta s& sir dung b
dé sau:

Cho @ ()va w,() la nhiing ham vo
lién khong am sao cho

hudng tuc
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x(0)=0,i=12, 0,(r)>0 v6i r > 0,
lima,(r)=+0 va V :C—>R la ham vi
phan vd hudng lién tuc. Vai tap S ctia nghiém
X(t) = F (x,) théa man:

V(8)= @ ($O)).V () < -, (4(0))

Khi d6 x = 0 1a 6n dinh ti¢m cam doi véi

tap S, nghia la nhimg nghiém bi chéan trong S
hoi tu dénx =0 khi t — +o0

Ham Lyapunov V:

Ham Lyapunov V dugc x4c dinh trong tap hop

{(6.0,): 8 = c([-.0].R) 4, (6) = 4(0).0 € [-+.0]} :

v =v(d.d)= %vo (4,04 (0))2

vy (40).6,(0)) +V, (417
Trong d6, ham v6 hudéng Vo, V1, V2 dugc
xac dinh nhu sau:

Vo t) = Vo (ug (1), us (1)) = In(L+uy (1)) + a In(L + Uy (1))
Vi Evl(ul(t), uz(t)) sup -7+ ﬁ(u2 - 22),

t ot o,
Vy =V, (g, ) = Ptf dsg[x (1+¢1(v))¢1(v)]2dv
=T

t | -
#Q I a5 Wy (e, )1%dv.

-7
M©b hinh:

B e
(\ Conmol )
1041 \A
\\
| Kesanmoi )

17 ||

e

0 2 40 60 80 100 120

Hinh 1. Quy dao nghiém cta m6 hinh Lotka —
Volterra ¢c6 cham don
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Hinh 2. Biéu d6 phase mé hinh Lotka —
Volterra ¢c6 cham don

2.3.2. M6 hinh Lotka — Volterra cé chim kép

M0 hinh Lotka — Volterra ¢ cham kép [2]

Ta xét h¢ dong vat an thit con mdi Lotka —
Volterra v6i ¢6 cham 7,7, € R, :=[0,+0) r0i

rac riéng biét
X(t) = X(t)[r, — ax(t) ~by(t - 7,)]
y(@t) =y -1, +ex(t —z,) - dy(t)]

Trong do: 1, r,,b, cla hing s6 duong va

a, d 1a hang s6 am, x(t), y(t) 1a mat do dan sb
ctia con mdi va ké san mdi twong ing
Piéu kién ban dau:
(x(0),y(0)) = (4.(0).¢,(0)) 20
6 €[ —-max(z,,7,),0]
¢,(0)>0,4,(0)>0
Trong do
¢=(¢.¢) € C(—max(z, 7,),0], RY)
B6 dé: [2]
Pé xiy dung ham Lyapunov, ta s& sit dung
b6 dé sau:
Cho @,(.) va @,(.) la nhing ham vo
hudng lién tyc khong dm sao cho @, (0)=0,

i1=12, lima(r)=+0, @,(r)>0 voi

r>0. Cho V: C—R la ham vi phan vb
huéng lién tuc va S 1a tip con rdng cua C thoa

man: V (4) > @, (|#(0)|, v (4) < -, (|4(0).
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Khi d6 x = 0 1a 6n dinh tiém can ddi véi
tap S, nghia 1a nhitng nghiém trong S hoi tu dén
Xx=0khit—o0.

Ham Lyapunov V:

Ham Lyapunov V duogc x4c dinh trong:

(#.¢,) €C(-7,0),R*),4(0) =0,

0 elr,—max(r,,7,)],i=12

V=V () =2V AO).4:0),
+a)V1 (¢1 (0): ¢2 (O)) +V2 (¢11 ¢2)

Trong d6 cac ham vo huéng V,,V,,V,
duoc xac dinh nhu sau:
V, (1) =In(L+u(t) + e In(l+u,(t)),

Vl(t) =U, -7 +ﬂ(u2 _22)7

V, () =Cu [ ds[[L+u, (1) u’(y —7,)dy

t-7y S

+Av j [L+u,(s)1Pu,’(s)ds
+Bv _i- dSt [1+u1(7)]2u22(7/_71)d7

t-z, s

t
+Curlj (u12+%uj)ds

t-7y

+(Du —% BDa) j [L+u, (s)TPu2 (s)ds

+Bvr, I (u22+%uf)ds-

t-r,

M® hinh:
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Hinh 3. Quy dao nghiém cua m6 hinh Lotka —
Volterra ¢ hai sy cham tré
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i 3. KET LUAN
i ' Bai viét da giai quyét duoc van dé duoc ra
vé tinh 6n dinh ham Lyapunov, mé phéng dugc

0.9 N
V7, .

0.8 =

o , // 7=\ quy dao nghiém bai todn Lotka-Vollterra trong
08 1 " NN mit phang Phase, sir dung phan mém Maple va

/ { X ) it ‘. N A \ ~ s
I MO NNSE V) Malab. Ngoai ra, bang cong cu nay ta s& co
5 ‘ ——— /) ] hudng nghién ctru tiép 1a dung cong cu giai tich
02 ~~——— 7/ ham dé tim diéu kién tudong minh thay thé

— , X

S S S ST e phuong phép ham Lyapunov cho tinh 6n dinh

L cua h¢ phuong trinh vi phan c6 cham, nhu: 46
Hinh 4. Biéu d6 Phase ctia m6 hinh Lotka - Volterra

o N do ma tran, ma tran Metzler.
¢6 hai su cham tré
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