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MOT UOC LUQNG CHUOI TRUC GIAO
CHO BAI TOAN GIAI CHAP MAT PQ PHI THAM SO

AN ORTHOGONAL SERIES ESTIMATOR FOR NONPARAMETRIC DENSITY
ECONVOLUTION PROBLEM

LE THI HONG THUY® va CAO XUAN PHUONG®?

TOM TAT: Cho X la mét bién ngc?u nhién lién tuc voi ham mat do fy bi chan va co gia com-pcfc
trong [, x]. Trong bai viét, ching t6i khdo sdt bai todn wéc hrong fy trén co so mot mau ngau
nhién tir phan phéi ciia bién ngdu nhién Y dwoc sinh ra tir mé hinh Y = X +&. O ddy, & la mét
nhiéu ngdu nhién tudn theo mot phdn phéi biét truée. Bang cach dp dung phwong phap wéc lwong
chudi true giao, ching t6i dé xudt mot woc lwong phi tham sé cho fy . Sau do, ching toi thiét lap
mét s6 két qua hoi tu ciia wée heong twong iing theo sai s6 binh phwong tich phdn trung binh didi
mot s6 dieu kién nao dé dat ra trén cdc phan phéi cia X va €.

Tir khoa: bai todn gidi chdp mdt d; wée lirong chudi triee giao; sie bén viing,; Cac cap dg hdi tu.

ABSTRACT: Let X be a continuous random variable with a density function f, blocked and has a

compact supported on [-x, ] . In this study, we examine the estimation problem f, on the basis of a

random sample from the distribution of random variables Y generated by the model Y =X +¢.
Here ¢ is a random variable compiled with a known distribution. By applying an orthogonal series

estimation method, we propose a nonparametric estimator of f, . We then establish some

convergence results of the respective estimates against the mean integral squared error under some
certain conditions set on the distributions of X and ¢.
Key words: density deconvolution problem; orthogonal series estimator; consistency; levels of convergence.

1. DAT VAN DE o Y . Bai toan dat ra la udc lugng fy (x), x e [-n,n] ,

Cho X ,Y va ¢ la cac bién ngau nhién lién tuc,
nhan cac gia trj thyc va lién hé nhau théng qua déng
thitc Y = X +¢ . Gia thiét cac bién X va ¢ ladoclap.  nhu ham mét d f. cua e . Bai toan ndy thudc loai

trén co' SO cac quan trac ngau nhién Y,,Y,, ..., Y, cling

Goi f,, fy VA f, linlugtlahammatdocua Y , X cdc bai ton nguoc trong thong ké.
X  en ik a1 as s g, Gia thiét vé sy doc Iap ciia X VA ¢ din dén
va ¢, trong do, gia thiét fy 1a ham bi chan va c6 gia o fap ¢
o phuong trinh  f, = fy =f., trong d6 ham
chira trong doan [, x]. Thém vao do, gia thiet f,
PR e (e B =[5y (x—u) feuydu 1a tich chdp coa f
dugc bict chinh xac. Cho (Y},....Y,) 1 mdt mau xoE X ¢ X
o ) o va f,. Nhu vy, bai todn xdc dinh f, chinh la bai
ngau nhién kich thudc N duoc chon tir phén phoi cia . _
toan gidi phuong trinh tich chap trén, con dugc goi

® ThS. Truong Dai hoc Vin Lang, thuy.lth@vlu.edu.vn
&9 TS, Truong Dai hoc Ton Ditc Thang, caoxuanphuong@tdtu.edu.vn, Mda s6: TCKH23-01-2020

69



TAP CHI KHOA HQC DAI HQC VAN LANG

S6 23, Thang 9 — 2020

la bai toan giai chap mat do. Pham vi ing dung ctia
bai toan nay kha rong, ching han trong thong ké y
hoc [1, tr.1176-1185], kinh t& lugng [2], phan tich
hoi quy [3, tr.145-168], thién van hoc [4, tr.483-
506]... Thap nién 80, thé ky XX duoc xem la giai
doan mé dau cho viéc nghién ciru bai toan nay, cac
nghién ctru tién phong tiéu biéu [5, tr.169-184], [6,
tr.1184-1186], [7, tr.3325-3342], [8, tr.1257-1272].
Tir d6 dén nay, bai toan nay dugc nghién ciru sau
rong trén nhiéu khia canh khac nhau, nhu sy bén
vilng, sy t6i uu vé toc do hoi tu, su lua chon cac
tham sb chinh hoa theo dir lidu... Nhiing tong hop
twong dbi day du vé bai toan nay co thé tim thay
trong bai viét cia A. Meister [9].

Vé co ban, phuong phap udc luong nhan
giai chap 1a cach tiép can pho bién nhat cho udc
lugng fy . Phuong phép nay dugc gi¢i thiéu lan
dau tién [5, tr.169-184] va duoc cai tién trong
nhiéu nghién ciru sau d6. Cac udc luong loai
nhan ¢6 han ché trong vi€c cai dat trén may tinh
vi cin ding dén mot phuong phép sb thich hop dé
tinh xap xi tich phan. Ngoai ra, n ciing chi dugc
str dung voi didu kién @ (t) =0 vOi moi teR,
trong do, ¢, la ham dac trung cua ¢. Co nhiéu
phén phéi thoa man diéu kién nay, chang han nhu
cac phan phdi chuin, Cauchy, Laplace... Tuy
nhién, cling c6 mot vai phan phéi thong dung vi
pham diéu kién nay, dién hinh 1a cac phan phdi
déu va tam giac. Mot vai nghién ctru [10, 2023-
2053], [11, 201-231] da phat trién phuong phap
song nho (wavelet method) dé xay dung cac ude
luong chudi truc giao cho fy - Tuy nhién, tmg
dung cua nhitng nghién ctru nay bi gidi han trong
diéu kién @, khong triét tidu trén R . Bai viét
[12] gi6i thidéu mot wée hwong chudi tryc giao cho

fy dudi gia thiét cac khong diém (zeros) ciia
ham ¢, duoc biét chinh xac va tuan hoan. Néu sy
tudn hoan nay bi bo di, phuong phap dugc dé
nghi trong bai viét nay ciing khong thé 4p dung.
Cho dén nay, chiing t6i van chua thiy c6 nghién
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ctru ndo phét trién mot phuong phap ude luong
chudi truc giao cho fy ma c6 thé dugc ap dung
bat ké 1a ¢, 0 khong diém trong R, tham chi
khong nhét thiét phai biét chinh xac vi tri cac
khong diém trong truong hop ¢ €0 khong diém..
2. NOI DUNG
2.1. Cac ky hiéu

Sau déy, chiing t6i gi6i thiéu mot sd ky hiéu s&
duoc str dung trong bai bdo nay. Cac ky hiéu N, z
Vd R tuong tmg bicu thi cac tip hop sb nguyén
duong, sb nguyén va sb thuc. Vi mét tap con hitu
han A ctia Z, ky hiéu | A| biéu thi s6 phan tir ciia A
ky vong va phuong sai ctia mot bién ngiu nhién U
1an Iuot dugce ky hiéu 1a EU va VarU . Ngoai ra, ky
hiéu ¢, bicu thi ham dic tnmg clia U, tic 1
oy () =EE™) véi teR VA i la don vi do. VGi
céc tham s6 duong a, VA by, phy thudc vao c& mau
n, ky hiéu a, <O(b,) cO nghia réng, ton tai mot
hang s6 duong C khong phu thudc vao n sao cho
a, <Cb, vOi moi N du lon. Ngoai ra, ta viét
an ~ by, khi a; <O(by) Va b, <O(ay,).
2.2. Uéc lugng

Trude tién, nhic lai rang, 12 (~m =) la
mot khong gian Hilbert véi tich vo hudng
<u,v> = jfnu(x)\mdx vl moi u,ve 12 ([-m, m])
va dugc trang bi chuin ||u|| = <u,u>. Ngoai ra,

néu {Ck}kez 1a mdt co s& truc chuin cua

L% ([, ) thi v6i bit ky ham u e LP([—r,x]) , ta
o6 bicu dién u=3§" (1., )¢ -

Ta trd i van dé ude luong £, . Dudi gia thiét ring,
ham f,, bichintén [, x] 806 fy e L2 ([-m, 7)) Vi
ho {(219 U2 .y o z} I3 mdtco sortryue chudn diy da
trong khong gian Hilbert (2 ([—x, x]) nén ta biu dién

fy (%) (Vi x e [, 7] ) dudi dang;
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|kx> 1 ik

Jor

1 Eo oy (k) oikx

27 k=—00 0 (=K)
Néu Z((ps) =0 ,tmngdé Z(¢p,) = {k €Z:g (k) = 0}

sudtmgcacdangﬂluc

<fX e > [ fx(x)e dx_(px( k)

1
f (x)f
X <X\/_
+00
= (Px(k)e

)

1
2n

va

Py =@y . VOI mau ngiu nhién (Y, Yp), @

—ikY; .,
str dyng dai luong gy (k) = n_lzr}:le ) qé uoc
luong ¢y (-k), voi mdi k ez . Trong (1), bang
cach thay ¢y (k) bdi @y (-k), ta thu dugc mot
ude lugng hinh thie cho fy (x) dudi dang sau:

5 1 4+ Oy (k) ;

fy=— % By ) ik

27 k=—o0 ¢ (=K)

Tuy nhién, ta thiy f~X, co ‘Fhé khéng xé’c
dinh vi hai ly do sau va nhat thi¢t phai dé xuat
mot phién ban hi¢u chinh cho f, . Ly do dau
tien 1A Vi lim 1/¢g(-k)=c0. Ta co thé giai

|k|>+o0

quyét van dé ndy bang cach chit cut chudi
thanh mot tong hiru han nham muc dich loai bo
cac gid tri |k| da 16n. Ly do thir hai 1a néu
Z(pg) # @ thi 1/, (-k) V6i k e Z(¢,) s& khong
xac dinh. Y tuong dé giai quyét van dé nay la
thay thé dai luong @ (k) trong mau s6 boi
mot tham sb duong phu thudc vao ¢& mau n
bat cir khi nao @g(—k) tro nén du gin 0. Tong
hop tir cac phan tich ¢ trén, chung t6i dé& nghi
udce lugng fy (x) V01 x e[-n,n] boi dai luong:

o e kN ey (o

XiNinson T 2 k=" max {0, (6) 35 |

Trong dé, cic tham s6 N, e N VA 5, < (0, +)

@

phu thudc vao ¢ mau n va s& dugce chon sau.
2.3. Sw hoi tu cia wée lwong
2.3.1. Ménh dé

Xét wée lwong Ty 5 trong (2). Voi bt

ky N eN va s, >0, taco
2 1
<—E
2n

+—E3;Nn

LNn3n 5 E2iNn.on -

E“fx;Nn,an *fx‘ o

Trong do:
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2
Nn ‘ lo (k)|2 2
. _ 3 -1 oy (K7,
LNn.dn ™ ="y, ‘max {I 9 (k) |2?5n} ’
2
2;Nn.8n n k== Nn max{| ¢ (k) |4 2}
E,. =
3NN = Ny ox t0f

Chiing minh: Ta cé:

. ikx
X 2 nl1 Np K)ay (—k)e 1 +o ;
EHfX.N 5 7fo “E] = M’* S oy (e o
e ~|2nk=-Np max{l%(k)\ §5n} k=

\ ikx \ . \ s gl
Viho {¢ :k ez} la truc giao va vi dang
: 2 2
thirc EJU —a|” =|EU —a|” + Vvaru , tasuy ra:
2
Noo | Wiy (K 1
E|f f — _k -y
#lixrnsn XH 20k max o, (9 P30 Rl R
2
N (K)y (-
) pCo LT
20 k="M | max{] 0,00 13y
1 Nn 0g (K)dy (-k) 1 2
— X Var| —————— [+— X k)| .
+21tk:—NI'I " max{ma(k)|2;5n}J+2nlkl>Nn®x( )‘

Két hop ding thirc ndy véi cac danh gia
Wiy 0| e BN 0 19.00 oy ()
max {| 9 () 330} | max {10 (0 P50} max {l ;000 255y |

Var [

1a tap hop tt ca cac ham mat d6 f sao cho ham dic

o) Vardy (-K) log (K)
max {| 9z (k) |4; Bﬁ} n max {| 0g (k) |4; Sﬁ}

05 00y (-4)
max ] 9, () *15n |

Ta nhan duoc két ludn cua ménh dé.
Cho truéc o >0 va L>0. Ta ky hiéu SeL

tng ¢ tuongimg xacdinhboi ¢ (1) = [ f (e™ax

2.2
Vi t e R, thoa man z;f%‘(pf (k)‘ K| L.V

lops,  ,takyhiéu . . 2,
Op a,L ky v R[fX;Nn,Sn;Sa‘L]::f susp EHfX;Nnysn—fXH
X €20, L

goi 14 rui ro tbi da cua uéc luong fx'Nn 5n trén
16p S, | . Sau ddy, duéi cic diéu kién rang
budc nao do cho ¢, ching ta s& thiét 1ap mot
do hoi
Théat ra, ta dua ra hai gia

sO chan trén vEé toc tu cua

RIfxNp,on o, L]

thiét lién quan dén ¢, nhu sau:
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Ton tai sa0 cho

p

(A.L): ¢.p>0

|‘Pa(t)|201(1+|t D" véiteR.

(A.2): Tontai cy,m, v, 9> 0 VA x> 0 a0 cho

o (0] = ¢y fsinent)|” @+ 1t |)“’e‘KItIS V6i t € R.
2.3.2. Dinh ly

Cho a>0vaL>o0.

8) Dudi gid thiét (A1), chon N, ~ n (2 +2P+1)
va 8 ~ n—2[3/(2a+2[3+1) . tadhmr

R[ fo N Sa,L] < o<n—2a/(2a+2[3+l) )

b) Cho gia thiét (A.2) duoc théa man. Néu
k=0 thi chon N, ~ 2/ Bap+dv+4p+6a+3) |

—(Boap+4v+4p+20+1)/ (Bopu+4v+4pu+60+3)
dp ~n , ta
duoc R[ fX'Nn 5’ E O(n—4oc/(80cu+4v+4p+6a+3))_

Néu k>0 thi  chon 8 ~ n"% ,

Nn~(rlnn)1/9 VoI 0<E<1 VA O0<t<E&/(2x),

; ~20/9
ta dwoc R[fx;Nn’Sn;SalL]sO((lnn) * )

Chimg minh: a) Gid si fy es . Dit
Ang iy =N N T 0 (0P <8y} VAXEL 5 248
re 1A \ P 2 _2
VOlbatkykeANn’Sn,taCDcl(lﬂkD B<zsnhay

2
c12/8n <ar k)P vi 0<3p, <c12/45,1awyra|k|>1,
dodé C12/5n<4ﬁ‘k‘zﬁ,tuongdu'ong‘k‘>[clz/(4l35n)]ﬂ(25) =Mp-
Toém lai, AN o © T eZ:|k|> M,}. Sirdung quan h¢

nayvagiathiét fy €S, | ,tacodinh g

z
kEANn,Sn

Loy () < oy (01

< > |
ko2 /(4B o) (2)

2,2 —2 /
lox () Pk P k72 <0(557P ).

BliNn.on <

= )y
kL2 /(4P ) (2B)

Tiép theo, ta co:

1 Nn 1 1 Nn 2 Nﬁﬁﬂ

Epng S, 2 — 5 <— Xo¢ (W[k)T <0l —— |,
TN nk=—Nn| g, (k)|© nk=Nn n
2, 20 —2a —2a

Exg = T [0x O 7K < ieg ™,

Két hop Ménh @& 2.3.1 v6i cac danh gia
trén cua El:Nn,Bn’ E2;Nn,6n va E3;Nn ,fasuy ra
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2p+1
N 4N Eza

RUX N S 10| 80+~
Chon Ny~ nl/(Z(x+2[3+l) Va 8y = NrTZﬁ 5 n*ZB/(ZCLJrZBJrl) ,

N —2o/(20+2B+1
ta(il.lt.)CR[fx;Nnﬁn;Sa’L]so(n al(2a+ B+))_

b) Giasu fy SaL- Ta co:

. 1 l\gu 1 _2Np+1
2Nn,dn < o < :
MO nk="Nn max (|, (k) 38, 8

2, 20 |—20 _2a
E3:Nn = Zik>Np Jox GO I W < g™,

Tiép theo, ta tap trung vao viéc danh gia
El;an 5y - Véi p, >0 ma s€ dugc chon sau, dat:

A.I.;Nn,pn = {k e[_Nn'Nn]mZ3| (Pg(k)|spn}:
Ao o = 1K €[-NRNGINZ T 050 > pp -
V6i mdi ke Ay ., ton tai duy nhat so

k sao cho

nguyén 1, phu thudc vao

k
@ -Yr/@n) <k <@l +Yrn/(2n), va do do
|k —l ! Tl| <n/(2n). T 46, ta cd danh gia:

Pn = | ()] = ¢y [sinnio! @ 1k pY o—relki®

&

Do iy, k ellyn/m-Rp;ln/n+Ry1= Ik,n

v 71<Nr‘?

> @+Np) e

C2

-V

2n
C2 —

|kﬂ:
n

N_VeiKNg).

=2 n

1 - N3/ o
= 2\//H lczlluan/ueK n IJp:rl]/” . Voi luuy

Vol Ry, ¢

ring ‘Ik‘£1/2+Nnn/n, a k& lun

c U (,,Nn2. Dahganydotdy.
‘Ik‘sﬂ2+Nnn/n :

‘pl;Nn,pn

Al;Nn,pn

Ik,nnz‘

< >
‘Ik‘sll2+Nnn/n

NS/
so(N,‘{/“ﬂeK n ”pﬁl“j.

Bay gio, ta co:
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) 2 kt<a<g/2, va khi do ta duoc
[pg(K) | 2
o0 P Loy ()1

E,ni & = M - —2a/9
1L,Nn,on kEAl;Nn,pn max{\gog(k) |2;5n R[fX;Nn,Sn;S(l,,L]SO((In n) )
5 2 Dinh ly da dugc chung minh.
R 1O e 3. KET LUAN
<N pn [max [ 0500 33y | i
Bai viét da khao sat md hinh sai so do cdng tinh

‘ (2N, +1)5ﬁ Vil kNS u 1 Nnaﬁ Y = X 3 016 thid 5t ude | h X. tnrc o
< A]_;Nnvpn‘+74so Ny BT T = X +& va gioi thiéu mot ude lugng chuoi truc giao
P P A \ . A ” r S A N
. o .. . "7 phythudc vao hai tham so chinh hoa cho ham mat do
Keét hop Ménh dé 2.3.1 v6i cdc danh gia cta ‘ ¢ oy b i
) . A . fy cua X trén co so mau ngau nhién (Y;,Y,,..., Yn)
ElNp o E2:Np.oy V@ B3y, O trén, ta suy ra: X 172

2 tr phan phéi cta Y . Udc lugng nay la viing theo trung
. . vip+l KNQ/H Yp Npdp  Np —20 . , pe e K , ~
RUTXNp,on 7S, LIS O] N ™7 e e * 5 "Nn | binh tuong img vdi sai so binh phuong tich phén trung
n n

binh. Dudi mét sb diéu kién chinh quy dugc gia dinh
Khi x>0, ta chon 5 - "t Ny - (cln n)JJS cho cac ham dac trung cia X VA e , mot so toc do hoi

. —a . X tu theo ¢ mau n dﬁduqcﬂﬁétlap.
va py~n VOl 0<&<1l, O<t<&/(2x) Va

TAI LIEU THAM KHAO

[1] J. D. Tournier, F. Calamante, D. G. Gadian, A. Connelly (2004), Direct estimation of the fiber orientation
density function from diffusion-weighted MRI data using spherical deconvolution, Neurolmage, 23.

[2] J. L. Horowitz (1998), Semiparametric Methods in Econometrics, Springer-Berlin Heidelberg, New York.

[3] J. L. Horowitz, M. Markatou (1996), Semiparametric estimation of regression models for panel
data, The review of Economic Studies, 63(1).

[4] N. Bissantz, L. Dumbgen, H. Holzmann, A. Munk (2007), Nonparametric confidence bands in deconvolution
density estimation, Journal of the Royal Statistical Society-Series B (Statistical Methodology), 69(3).

[5] L. Stefanski, R. Carroll (1990), Deconvoluting kernel density estimators, Statistics, 21(2).

[6] R. Carroll, P. Hall (1988), Optimal rates of convergence for deconvolving a density, Journal of
American Statistical Association, 83(404).

[7] R. L. Taylor, M. H. Zhang (1990), On a strongly consistent nonparametric density estimator
for the deconvolution problem, Communications in Statistics-Theory and Methods, 19(9).

[8] J. Fan (1991), On the optimal rates of convergence for nonparametric deconvolution problems,
The Annals of Statistics, 19(3).

[9] A Meister (2009), Deconvolution problems in nonparametric statistics, Springer-Verlag, Berlin.

[10] M. Pensky, B. Vidakovic (1999), Adaptive wavelet estimator for nonparametric density
deconvolution, The Annals of Statistics, 27(6).

[11] K. Lounici, R. Nickl (2011), Global uniform risk bounds for wavelet deconvolution estimators,
The Annals of Statistics, 39(1).

[12] A. Meister (2008), Deconvolution from Fourier-oscillating error densities under decay and
smoothness restrictions, Inverse Problems, 24.

Ngay nhén bai: 05-2-2020. Ngay bién tap xong: 19-8-2020. Duyét dang: 24-9-2020

73



