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Abstract: It is known that the variational inequality problem is an extension of
the nonlinear compensation problem. It includes convex optimization problems,
game theory, Kakutani fixed-point problems, polynomial and tensor variational
inequalities, and direct applications in many fields such as operations research,
Nash-Counot equilibrium model, and transportation. Methods for solving
variational inequalities and fixed points problems have received much attention.
However, most of recent methods for solving variational inequalities and fixed
points problems require the monotone and Lipschitz continuous or inverse-
strongly monotone assumptions of the cost mapping. Algorithms are mainly built
on finite dimensional spaces or Hilbert spaces. In this paper, we propose a new
hybrid gradient projection method to find a common element of the solution set
of pseudo-monotone, Lipschitz continuous variational inequality problem with the
fixed point set of relatively weak non-expansion mapping in Banach spaces. With

the given assumptions, we obtain a strong convergence theorem of the algorithm.

Keywords: Hybrid gradient projection method, lipschitz continuous, pseudomonotone

mapping, relatively weak nonexpansive mapping.

PHUONG PHAP CHIEU DAO HAM KIEU LAI GHEP MOl
GIAI BAI TOAN BAT DANG THUC BIEN PHAN GIA BON DIEU
VA BAI TOAN DIEM BAT DONG TRONG KHONG GIAN BANACH

Tém tit: Ching ta biét ring bai toan bat déing thirc bién phan 14 bai todn mé rong cia
bai toan bu phi tuyén. N6 bao gdm céc bai toan téi wu hoa 16i, Iy thuyét tro choi, cac
bai toan diém bit dong Kakutani, cac bat dang thirc bién phan da thic va tenxo, va
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nhiing tmg dung truc tiép trong nhiéu linh vyc nhu nghién mé hinh cin bang Nash-
Cournot, giao théng vén tai... Cac phuong phap dé giai bai toan diém bat dong va bai
toan bat ding thirc bién phan rat dugc chi trong. Tuy nhién hau hét cac phuong phap
gan day déu doi hoi tinh don diéu va lién tyc Lipschitz hodc tinh don diéu manh nguoc
ctia 4nh xa gia. Cac thudt toan chi yéu xdy dung trén khong gian hiru han chiéu hoic
khéng gian Hilbert. Trong bai bao ndy, chiung toi gidi thiéu mét phuong phap chiéu
dao ham kiéu lai ghép méi dé tim phan tir chung cua tap nghiém bai toan bat dang thirc
bién phén gia don diéu, lién tuc Lipschitz vai tap diém bat dong cia anh xa khong gidn
yéu twong ddi trong khong gian Banach. Vi cac gia thiét cho trudc, ching t6i dat duoc
dinh 1y hoi tu manh cua thuat toan.

Tir khéa: Chiéu dao ham kiéu lai ghép, lién tyc Lipschitz, anh xa gia don diéu, anh xa
khéng gidn yéu twong dbi.

1. Introduction

Let E be a real Banach space with norm | ,and E be the dual of E. (x, f )

denotes the duality pairing of £ and E°, C is a nonempty, closed and convex subset of

E. The variational inequality problem is to find a point x" € C such that

<y~x‘,F(x*)>20 vy eC (1.1)

where F':C — E” is a nonlinear mapping. The set of solutions of the variational
inequality problem is denoted byl7(C,F). Variational inequality was firstly
introduced by Stampachia [1] in 1967. This problem has been intensively considered
because it covers diverse disciplines such as partial differential equations, optimal

control, optimization, mathematical programming, mechanics and finance (see [1-3]).

Let F:C—>E be a single-valued mapping, F is called I - Lipschitz

continuous if there exists a constant L > 0 such that

- B < L]~y

, Vx,yeC.

F 1s called monotone if

(x—y,Fx—Fy) 20, Vx,yeC.

F is called pseudomonotone if for any x,y e C

(x—y,Fy)EO:(x—y,Fx)ZO.
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A mapping §: C — C1s said to be nonexpansive if

Jse— syl <l

, Vx,yeC.

A point x € C is a fixed point of § if Sx = x and we denote by Fix(S) the set of
fixed points of §; that is, Fix(S) :{x eC:Sx:x}. A point pin Cis said to be
asymptotic fixed point of S (see [4,5]) if C contains a sequence {x”} which converges

weakly to p such that lim Hx” —Sx, || =

The set of asymptotic fixed points of § will be denoted by Fix(S). A mapping S
from Cinto itself is called relatively nonexpansive if Fix(S)=Fix(S) and
#(p,Sx) < P(p,x) for xeCand peFix(S). A pointpin Cis said to be a strong
asymptotic fixed point of § (see[10]) if C contains a sequence {x”}which converges

strongly to p such that lim”xn =8

n—rxc

| = 0. The set of strong asymptotic fixed points of

S will be denoted by Fix (S ) A mapping § from C into itself is called relatively weak
nonexpansive if Fix(S) = Fix(S) and @(p,Sx)<@(p,x) for xe Cand p € Fix(S).

In recent years, most of current methods for solving variational inequalities and
fixed points problems require the monotone and Lipschitz continuous or inverse-

strongly monotone assumptions of the cost mapping, see e.g., [4-7].

In 2018, Su and Qin in [8] introduced the monotone CQ method for

nonexpansive semigroups and maximal monotone operators for Hilbert spaces. The
advantage of this method is that the sequence generated by it is Cauchy sequence and

we proceed without using of any weak topological techniques.

In order to weaken the inverse-strong monotonicity of 4, Nakajo in [5] proposed

the following hybrid gradient projection method:

x, = x € E,arbitrarily,

yn = l_[C J_l (an —/I'IIFXH )’

Zn = Syn’

Cn = {x* € C : ¢(‘xt’zn) S ¢(x*9xn)ﬂ¢(xn’yn) *"2/1” <yn hx*ﬁFxn '—FyiJ')}’ (12)

0, ={x* € C:(x” —x*,Jx—Jx”> 20},

kx”+l = l_[C"ﬂQ” %5
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where E is a 2—uniformly convex and uniformly smooth Banach spaces and F

is only supposed to be monotone and Lipschitz continuous. He proved the sequence

{x”} generated be (1.2) strongly converges to [[, x, where D =VI(C,F)n Fix(S).

On the other hand, some authors also proposed some iterative algorithms to
relax the assumption on F from monotonicity to pseudomonotonicity. However, these
iterative algorithms are all confined to finite dimension spaces or Hilbert spaces, see
[9,10] and the reference therein. There are not results for pseudomonotone variational
inequalities in Banach spaces. In order to fill the gap, we will combine the hybrid
projection algorithm introduced by Nakajo in [5] to propose a new hybrid gradient
projection method for finding a common element of the set of solution of the variational
inequalitiy (1.1) and the set of fixed points of a relatively weak nonexpansive mapping
in Banach spaces. The advantage of the proposed algorithm in this paper is that strong
convergence results only require the pseudomonotonicity of the cost mapping in a

Banach space.
2. Preliminaries
Let {x,} is a sequence in E , we denote the strong convergence of {x } to xe E

by x, = x.

Let U={er,

x“ = 1}. A Banach space E is said to be strictly convex if for

+
Yl <1. Tt is also said to be uniformly convex if

any x,yeU and x# y implies

for each & €(0,2], there exists & >0 such that for any x,yeU,|x— y” =g implies

x-l—y

| <1-0. We define a function §:[0,2]—[0,1] called the modulus of convexity

x—ylZE}

Then E is uniformly convex if and only if d(g) >0 forall £ €(0,2]. Let p be

of £ as follows :

5(8):inf{l—Hx+Ty :x,yeU,

a fixed real number with p = 2. A Banach space E 1is said to be p —uniformly convex

if there exists a constant ¢ > 0 such that d(g)=>ceg” forall € € (0,2]. It is obvious that
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a p—uniformly convex Banach space is uniformly convex. A Banach space E is said

to be smooth if the limit

ol
=0 t

(2.1)

exist forall x,yeU.

We denote by J the normalized duality from £ to . , defined by

2
=[x

Jx::{veE*:<x,y):||y 1}, VxeE.

Let E be a smooth Banach space. We know the following functional studied in
Alber [11]:

#(6,) = el =20 Ty + v

for all x,y € E . Clearly, we have from the definition of ¢ that

(el =l

Remark 2.1. We have from Remark 2.1 in [12] that, if E is a strictly convex and

2
’

)2 <@(y,x) < (Hx”Jr”y )2 , Vx,yeE.
smooth Banach space, then for x,y € E,¢(x,y)=0 ifand only if x=y.

Lemma 2.1.(See [12].)Let £ be a uniformly convex and smooth Banach space

and let {y,}.{z,} be two sequences of E.If ¢(y,,z,) —> 0 and either {y,}, or {z,}
1s bounded, then y, —z, = 0.

Let E be a reflexive, strictly convex and smooth Banach space. C denotes a
nonempty, closed and convex subset of E . By Alber [11], for each x € £, there exist

a unique element x, € C (denote by [],.(x)) such that
$(x,, ) = min ¢(p, x).

The mapping [].:E — C, defined by [[.(x)=x,, is called the generalized
projection operator from E onto C. Moreover, x, is called the generalized

projection of x.

Lemma 2.2.(see [12]) Let C be a nonempty closed convex subset of a smooth

Banach space £ and x € E . Then, x, =[] .(x) if and only if
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(x, =y, Jx—=Jx,} 20, VyeC.

Lemma 2.3.(see [12]) Let E be a reflexive, strictly convex and smooth Banach

space, let C' be a nonempty closed convex subset of £ and let x e £ . Then
(. I1c x)+ ¢l x,x) < g(y,x), VyeC.

Lemma 2.4.(see [4]) Let E be a reflexive, strictly convex and smooth Banach
space, let C be a closed convex subset of E, and let § be a relatively weak
nonexpansive mapping from C into itself. Then Fix(S) is closed and convex.

An operator 4 of C into E is said to be hemicontinuous if for all x,ye C,
the mapping f of [0,1] into E~ defined by f(¢)= F(tx+(1—t)y) is continuous with
respect to the weak* topology of .

Lemma 2.5.(see [5]) Let £ bea 2 —uniformly convex and smooth Banach space.

2, where ¢, >0 is the 2-uniformly

Then, for every x,y€E,p(x,y)2c, ||x—y
convexity constant of £ .

Lemma 2.6. Let C be a nonempty, closed and convex subset of a Banach space

E and 4 a pseudomonotone, hemicontinuous operator of C into E . Then

W(C,F):{x* eC:(y—x",Fy)=Ofor anyec}.

Proof. Let D= {x* € C:(yfx*,Fy> >0forallye C}. It is obvious from the

pseudomonotonicity of F that I'I(C,F) < D . Next, we show that D c VI(C,F). Let

ze D, we have
(x—z,Fx)20, VxeC . (2.2)
Putting y, =(1—-1)z +x for any 1 €(0,1) and x e C. By convexity of C,y, € C.
By substituting y, for x in (2.2), we have (yf—z,Fy,>:t(xfz,Fy,)20. This 1s

(x—z, F y,) >0, for each 7€ (0,1). From y, — z as / — 0 and the hemicontinuous of

F , we obtain
(x—z,Fz) >0 VxeC

Therefore, D < VI(C,F) . This implies that

144 | HAI PHONG UNIVERSITY



I’I(C,F):{x* € C:<y—x*,Fy>20f0r allyeC}

3. Main results

Now, we consider the composition of a relatively weak nonexpansive
mapping and the new hybrid gradient projection method for a pseudomonotone

variational inequality and show a new strong convergence theorem.
In this section, we always assume the following conditions.

(Al) C is a nonempty closed convex subset of a 2—uniformly convex and

uniformly smooth Banach space £ with the 2 —uniformly convexity constant c,.

(A2) The mapping F :C — E’ is pseudomonotone and L — Lipschitz continuous
such that TI(C,F)= Q.

(A3) S:C—>C is a relatively weak nonexpansive mapping such that
Fix($)+ .
(A4) VI(C,F)N Fix(S) = D .

Algorithm 3.1. For any x, € C, we define a sequence {x”} iteratively by

v =L, Jd™ (Jx” —-AF (%, )),

z, =8y,

. =C,

g = {x* eC, :¢(x*,z” ) < ¢5(x*,x”)f¢(y”,x")ﬁ 24, <y” -x',Fx, —Fy, >}
Xy = l_[c.‘,,+l Xo

(3.1

. : : ; , c
where {/T,”} 1S a sequence in ( 0,0) , which satisfies 0 < }qlelf A <supd <—.

neN

Theorem 3.1. Let {x”} be a sequence generated by Algorithm 3.1. Then, under

conditions (Al)-(A4), x, —> l_lm s B -

Proof. First, we show that C, is closed and convex for all n e N . It is obvious
that C, = C is closed and convex. Suppose C, is closed and convex for some ke N .

For x e C,, we obtain that
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¢(x*,zk) < ¢(x*,xk)—¢(yk,xk) -24 <yk -x',Fx, —Fyk>
is equivalent to
2<x*,Jzk —Jx,()—Zﬂ,k <y,( —x*,ka —Fyk>+||xk||2 —“zk“2 —¢(yk,xk) >0.

It is easy so see that C, , is closed and convex. Then, for n e N, C, is closed and

convex.

Next, we show that for ne N, Fix(S)(\VI(C,F)c C,=C is obvious. Suppose
Fix(SNVI(C,F)cC, for some keN. Let ueFix(S)NVI(C,F)cC,. By

uell(C,F), we have <yk fx*,F(x* )> >0. Since F 1s pseudomonotone, we have

(yk —x*,Fyk> 20. So, by Lemma 2.2, we get

<yk —x' ,J, —Jyk>2/1k <yk —x*,ka>

=4 (¥, = %", Fx, —Fy )+ A (3, — %, Fy, )
> 4 (yy =% Fx, — Fy, )
which implies that
(7 ) S H(x' %, )= 90X~ 24, (=X, Fx, — Fy, ). (3.2)
On the other hand, by u & Fix(S) , we have
#(x',z ) =0 (x", S, ) < d(x",3,) - (3.3)

It follows from (3.2) and (3.3) that
¢(x*szk) s ¢(x*°xk)_¢(yk3xk)_21‘k <J’k - %+ 5%, _Fyk>

which shows that x” € C,,,. This implies that Fix(S)NVI(C,F)cC, for all

neN.From x, =[], x,, we have
(x” -V, Jx, — Jx,,) 20, VyeC(C,.

Since Fix(S)NVI(C,F)c C, forall ne N, we arrive at
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(x,—x",Jx,—Jx,) 20, Vx" € Fix(S)NVI(C,F). (3.4)

By Lemma 2.3, we have

#(x,,x,) :¢(]_[C" xo,xo)s ¢(xﬁ,x0)~¢(x*,x”)é¢(x*,x0)

for each u € Fix(S)N\VI(C,F)c C, and for all ne N. Therefore, the sequence
{gb(x”,xo )} is bounded. By the definition of ¢, we have {x,} is also bounded. Since
F 1s Lipschitz continuous, we have {Fx” } 1s also bounded. From
¢( Vo " (Jx, — A, Fx, )) < ¢S(x* J 7 (Jx, — A, Fx, )) . we have {y,} is bounded. Noting
that x, =TI x, and x,,, =1, x,€C,, cC,, we have ¢(x,,x) <@(x,,,x,), for
all neN. Therefore, { ¢(xn,x0)} 1s nondecreasing. It follows that the limit of
{¢(xn,x0 )} exists. By the construction of C,, we have that C, < C, and

x, =1l x, € C, for any positive integer m > n . It follows that

¢(xm’xn) = ¢(xmﬂnc,, xu)
(xm,xo)—qb(HC” xo,xo) (3.5
(xm,xo)—gé(xn,xo).

IA

¢
¢

Let m,n — o in (3.5), we have that
#(x,,x,)—>0. (3.6)

It follows from Lemma 2.1 that x, —x, =0 as m,n —oo. Hence, {x,} is a

Cauchy sequence. Thus we get that x, - peC,as n—> 0.

Next, we show that p e Fix(S)(\VI(C,F). By taking m=n+1 in (3.6), we

have that
lim gé(xm,x" ) =0 (3.7)
and hence
lim |x  , —x,[=0. (3.8)
From x,,, € C,,, and Lemma 2.5, we get

n+l
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( n+l’ ) (xn+l’ ) (yn’ n) 22’» (yn _xn+1’Fxn _Fyn>
(xn+1’ ) (yn’ n) 22’!1 (yn _xn’Fxn _Fyn>_2ﬂ’n <xn T JH-l’Fx Fyn>
S (xn+l ? ) ||yn n n n i n n xi‘.'-l-l || ”xn B yn ||

= (an ’ ) (2/1i.’L B Cl )”yn = xn ||2 + 2/1}.11‘ ||xn - xn+1 || ||xir - yn H B
(3.9)

Applying (3.7), (3.8) and sup 4, < 20—}1 to (3.9), we have

neld

rlfl—r)g ¢( K152 ) lim ”xn yn” = (3.10)

n—»w

By Lemma 2.1, we also have

lim ||x,,, —2z,[=0 . e
Zn — yn | S ||Zn - lel || + ||xn+l - xn H + ||xn i yn | ? s (310) Wlth
(3.8), we obtain that
hm”zﬂ y”” = (3.11)
It follows from x, — p and (3.10) that
Yo > P, ASNH—>0 . (3.12)
Since z, =8y, and § is relatively weak nonexpansive, by (3.12) and (3.11), we
have
p e Fix(S).

(3.13)

Since y, =I1.J7" (Jx, — 4,Fx, ), we have (y” —x ,J,~Jy, > lﬂ( y. —x ,Fx >

forall neN and x e C. Hence,

<yn —x*,Jx” —Jyn>—}b” <y” —x*,Fx” —Fy”> >A (y" —x*,Fyn> (3.14)

n

forall neN and x" € C. From (3.10), we get

lim ||an - Jy”” =0. (3.15)

From (3.14), we have that
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Hy” —x*"(”.]x” -Jy, |+ }1',”L||x” -y, ||) >4 <y” —x*,Fy”> > (%}rglg A, )(y” - x*,Fy”>

forall neN and x" e C. Letting n — o0, we obtain that
<p—x*,Fp>SO, Vi el

This show that
peVI(C,F). (3.16)

(3.13) and (3.16) imply that p e Fix(S)(\VI(C,F). Finally, we prove that

P = symicr %o - By taking a limit in (3.4), we have
(p—x",Jx,—Jp) 20, Vx' e Fix(S)NVI(C,F).
At this point, in view of Lemma 2.2, we have that p =1, syyrc.r) %o -

4. Conclusions

In this paper, we combine the hybrid projection algorithm introduced by Nakajo
in [5] to propose a new hybrid gradient projection method for finding a common
element of the set of solution of the variational inequalitiy (1.1) and the set of fixed
points of a relatively weak nonexpansive mapping in Banach spaces. The advantage of
the proposed algorithm in this paper is that strong convergence results only require the

pseudomonotonicity of the cost mapping in a Banach space.
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