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ABSTRACT

The concept of | -stable modules was defined by Tran Tuan Nam in (Tran, 2013) and the
author used it to study about the representable of local homology modules. In this paper, we will
introduce the concept of (I, J) -stable modules, which is an extension of the | -stable modules. We

study the (I, J) -stable for local homology modules with respect to a pair of ideals, these modules
have been studied in (Tran, & Do, 2020). We show some basic properties of (I, J) -stable modules
and use it to study the artinianess of local homology modules with respect to a pair of ideals.
Moreover, we also give the relationship between the artinianess, (1, J) -stable and the varnishing
of local homology module with respect to a pair of ideals.
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1.  Introduction
Throughout this paper, (R,m) is a local noetherian ring with the maximal ideal m .

Let I,J be ideals of R. In (Tran, & Do, 2020) we defined the local homology module
H,'” (M) with respect to a pair of ideals (I,J) by
H'W(M)= lim Tor®(R/a,M)

aeW(l1,J)
in which W(1,J) the set of ideals a of R such that 1" ca+J for some integer n. This

definition is dual to the generalized local cohomology in (Takahashi, Yoshino, &
Yoshizawa, 2009) and extension from the local homology module in (Nguyen, & Tran,
2001). We also studied some properties of these modules in (Tran, & Do, 2020), especialy,
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we gave the relationship between these modules and local homology modules with respect
to an ideal through the isomorphic H/”’(M)= lim H(M). In (Tran, 2013), T. T. Nam

aeW (1,J)
introduced the definition of | -stable modules and the author used it to study about the
representable of local homology modules.
In this paper, we will introduce the concept of (I,J)-stable module, which is an

extension from the concept | -stable in (Tran, 2013). Also, we show some properties of
artinian and (1, J) -stable of local homology modules H/'~’(M). The first main result is

Proposition 2.2, there is a beW(I,J) such that bc ﬂ p where M is (I,J)-

peCoass(M )

separated artinian R -module. Next, The Theorem 2.7 gives us the equivalent properties on
artinianess of local homology module. And the last result gives the relationship between
the artinianess, (I,J) -stable and the varnishing of local homology module H/'”(M).

2.  Some properties
Lemma 2.1. Let M be an artinian R -module. Then H(;’J (M) =0 if and only if there is

X €b such that XM =M for some beW (I,J).
Proof. By (Tran, & Do, 2020), H," (M)=A,;(M) and by M is artinian so there is

beW(l,J) such that A, ;(M)=M /bM. Therefore, H;” (M) =0 if and only if

bM =M and by (Macdonald, 1973) if and only if XM =M for X€b.

We recall the concept of (I,J)-separated. Module M is called (I,J)-separated if
N aM =0.

aew (1,J)

Proposition 2.2. If M is (l,J)-separated artinian R-module. Then there is a

beW(1,J) suchthat bc ﬂp

peCoass(M)
Proof. M is (I,J)-separated, by (Tran, & Do, 2020) M = A, ;(M)=M /bM for

some beV\7(I ,J) hence bBM =0. It implies that (16'M =0, so M is b-separated. It

follows from (Tran, 2013) that b < ﬂp
peCoass(M)

Corollary 2.3. Let M is an artinian R-module. If H'”’(M) =0, then there is a
beW(l,J) suchthat b < ﬂp

peCoass(H{ 7 (M)
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Proof. By (Tran, & Do, 2020), Hi"J (M) is (I,J)-separated and hence by Proposition
2.2, we have the conclusion.

Corollary 2.4. Let M is an artinian R-module. If Hi"J (M) is an artinian R -module,

then there is an ideal b €W (1,J) such that b < \/AnnRHi"J (M).

Proof. By (Brodmann, 1998), ﬂp :\/AnnRHi"J(M). In the other hands,

peAtt(H ' (M)

1,J . 1,J 1,J .
H.~ (M) is a representable, so Att(H, (M))=Coass(H, " (M)), by (Yassemi,
1995). Now the conclusion follows from Corollary 2.3.

The concept of | -stable modules was defined in (Tran, 2009). An R-module N is
called | -stable if for each element X e, there is a positive integer N such that
X'N = x"N forall t=n. Now we will give an extension concept of the | -stable.

Pinh nghia 2.5. M is called (I,J)-stable if there is an ideal bW (I,J) such that

N aM =bM.

aew (1,3)

When J =0, we have bM =ﬂaM gﬂltl\/l. Since beW (1,J) and J =0,

aeW (1,J) t>0

there is N such that 1" b. So NI'M =1"M , then I'M =1"M for all t>n.

t>0
Hence, when J =0 then M is | -stable.

Bo dé 2.6. Let 0>M —> N—2->P — 0 be a short exact sequence in which the
modules M,N,P is (I,J)-separated. Then modules N is (I,J)-stable if and only if

modules M, P are (I,J)-stable.

Proof. Assume that N is (I,J)-stable. Then there is ideal beW (I,J) such that
bN=naN =0, N is (I,J)-saparated, bM < bN =0,s0 M is (I, J)-stable. We
have bP = (bN + Kerg) / Kerg =0=bP, so P is (I, J)-stable. Otherwise, suppose
that M and P are (I, J)-stable, then there are ideals a,b such that bP =aM =0. Let
d=anb, then dM =dP =0, by (Brodmann, 1998), d"N =0, so N is (I,J)-

stable.
Ménh dé 2.7. Let M be an artinian R-module and t a positive integer. Then the
following statements are equivalent

i) H7(M) isan artinian for all i <t;
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i) There isan ideal b eW (1,J)such that b < Rad(Ann(H /'’ (M))) forall i <t.
Proof. (i=ii) H.,"?(M) is artinian, hence by (Tran, & Do, 2020), there is bW (I,J)
such that
bH!” (M) = ﬂ aH,”(M)=0. Therefore, b< Rad(Ann(H/’(M))) for all

aeW (1,3)
I<t.
(it =1) We use induction on t. When t =1, HA’J(M)EA,’J(M);M /6M, so
H,” (M) is artinian. Let t>1, by (Tran, & Do, 2020) we can replace M by

ﬂ aM. As M is artinian, there is an beW (l,J) such that bM :ﬂal\/l.

aeW (1,J) aeW (1,J)
Therefore, we can assume that M =bM, by (Macdonald, 1973), there is an element
X e€b such that M =XM. By the hypothesis, there is an positive integer S such that
x*H/""(M) =0 forall i <t. Then the short exact sequence

0——(0:, X)—>M —X5M——0
gives rise the exact sequence
0—>H/(M)—H"(0:, xX)>H"(M)>0

i+1

forall i <t—1. It follows from (Brodmann, 1998) that b < Rad(Ann(H,”(0:,, x%)))
and by the inductive hypothesis that H.’(0:,, X*) is artinian for all i<t—1. Thus

H,"” (M) is artinian for all i <t.

We now recall the concept of Noetherian dimension of an R -module M denoted by
Ndim M. Note that the notion of Noetherian dimension was introduced first by R. N.
Roberts (Robert, 1975) by the name Krull dimension. Later, D. Kirby (Kirby, 1990)
changed this terminology of Roberts and refereed to Noetherian dimension to avoid
confusion with well-know Krull dimension of finitely generated modules. Let M bean R

-module. When M =0 we put NdimM =—-1. Then by induction, for any ordinal ¢, we
put NdimM =« when (i) NdImM <« is false, and (ii) for every ascending chain
M, = M, c...of submodules of M, there exists a positive integer m, such that
Ndim(M .,

and only if NdimM =0.
Theorem 2.8. Let M be an artinian R-module and S an integer. Then the following
statements are equivalent

/M) <ea forall m>m,. Thus M is non-zero and finitely generated if
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i) H'7(M)is (1,J)-stable for all i >;
ii) H”(M) isartinian for all i > ;
iii) Ass(H/”(M))c{m} forall i >s;
iv) H''(M)=0 forall i >s.
Proof. (i=>ii) We use induction on d =NdimM. 1f d=0,H’(M)=0 for all

i>0,s0 H'” (M) is artinian. Let d >0, we can replace M by ﬂ aM and M s
aew (1,J)

artinian hence we may assume M =bM for some beW(I,J) and bM is the
minimum in the set {aM |a €W (1,J)}. H"*(M) is (I, J)-stable so there is an ideal
ceW(1,J) such that c¢H'’(M)= ﬂ aH/7(M)=0. Let d=cb, then

aeW (1,J)
dM =bM =M, hence there is X e d such that XM =M, and XHi"J(M):O. We

have the short exact sequence 0 — (0:, X) > M — M — 0 gives arise the exact
sequence

0—>H'7(M)->H'0:, x)>H"'(M)->0.

Because H," (M) is (I,J)-stable forall i >s,so H'"’(0:,, X) is (I, J)-stable
for all i >Ss—1. By the induction hypothesis H,"”(0:,, X) is artinian for all i>s—1,
Therefore, H."” (M) is artinian for all i > s.

(it = iii) By the (Yassemi, 1995), Supp(H,'’ (M)) = Cosupp(H,’ (M)) " Max(R) = {m}.
Hence Ass(H,” (M)) c{m}.

(iii = iv) We use induction on d =NdimM. When d =0, by (Tran, & Do, 2020),
H/?(M)=0 forall i >0. Now, let d >0, we may assume that M =xM for x € b

and beW (I,J). From the short exact sequence 0 — Oy X) >M —> M — 0 gives
arise the exact sequence

HES (M) = HI (05 ) —> HIP (M) = H! (M)

Ass(H/!'”(0:,, X)) c{m} and Ndim(0:,, x)<d —1. By the induction hypothesis
H/?(0:, X)=0 for all i>s. From that, we have the exact sequence

0> H"(M)—2>HY(M). 1f H''(M)=#0, for all i>s, then
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Ass(H.'? (M)) ={m}, then there is an element a H,'” (M) such that m = Ann(a)
it implies that am =0, so xa=0, hence a=0, it is a contraction. Therefore,
H/7(M)=0 forall i >s.

(iv=1) Itisclearly.

3. Conclusion
In this paper, we gave the concept of the (I, J) -stable module. We studied about the

properties of the (I,J)-stable of local homology module with respect to apair of ideals
(1,J).Moreover, we showed the relationship between of the artinianess and the (I,J) -

stable of local homology module with respect to apair of ideals.
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TINH ARTIN VA TiNH (1, J) -ON PINH CUA MOPUN PONG PIEU PIA PHUONG
TUONG UNG VOI MQT CAP IPEAN
Tran Tudn Nam®, Pé Ngec Yén?
YTrieong Pai hoe Sw pham Thanh phé Hoé Chi Minh, Viét Nam
2Hoc vién Cong nghé Buweu chinh Vién thong, Thanh pho Ho Chi Minh, Viét Nam
“Téc gia lién hé: Tran Tudn Nam — Email: namtt@hcmue.edu.vn
Ngay nhdn bai: 22-6-2021; ngay nhdn bai sira: 29-6-2021; ngay duyét dang: -9-2021

TOM TAT

Khai ni¢m vé médun | -on dinh dwoc dwa ra béi Tran Tuan Nam trong bai bao (Tran, 2013)
va tac gid da sir dung né nhw mgt cong cu dé nghién cizu tinh biéu dién duwoc cua lép médun dong
diéu dia phwong. Trong bai bdo ndy, ching téi sé gidi thigu vé I6p médun (1,3) -6n dinh, ddy
dwoc xem nhuw la mét khai niém mé réng thuc sie tir khai niém | -6n dinh. Ching toi nghién czu
tinh (1,J) -6n dinh cho 1ép médun dong diéu dia phirong theo mét cdp idéan, 16p médun nay da
dwoc ching tdi nghién ciu trong (Tran, & Do, 2020). Cac tinh chdt co ban vé médun (1,J) -6n
dinh @ dwoc nghién citu va sir dung né d@é nghién ciu tinh artin cua I6p médun dong diéu dia
phirong theo mét cap idéan. Hon nita, ching téi ciing dwa ra moi lién hé giga tinh artin, tinh
(1,J) -6n dinh va tinh triét tiéu cua I6p médun dong diéu dia phwong theo mét cap idéan.

Tir khéa: mddun artin; médun | -6n dinh; déng diéu dia phuong
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