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ABSTRACT

In information theory, especially in storage model, private sharing, encryption, etc.
sometimes we want to distribute a given database into many small parts, each of which is stored by
a party in such a way that when there are a cooperation of sufficient number of parties, then it is
enable to recover the original information. For this purpose, the paper describes the way to work
on a given finite set then construct a family of uniform subsets such that there exists only one
permutation that maps one-to-one each subset. Of course, the optimality of construction will be
considered through its size. By evaluating the number of occurrences of each element in the
subsets, it is possible to establish the lower bound for that size and using the simple undirected
graph to model. The construction step is only successful with relevant data and the general case is
under further study.

Keywords: base; fixed point; graph; reconstruct permutation

1. Introduction
1.1. The related works

The problem reconstruct permutation base on the given information was introduced
by Rebecca Smith (2006) at a combinatorics conference. Bui et al (2004). also mentioned
the following problem in their book: There are a group of 8 people who stored an
important document in the locked box. They required at least 5 people to unlock the box.
What is the minimum number of the locks and keys to satisfy that requirement?

The same question will get by replacing 8,4 by any positive integers n,k
respectively.

These problems related to the crytography, information security, and the verified
solution of the minimum number of keys is C¥. This is just one among a lot of problems in

this scope and the ways to prove the lower bound, also the construction step are quite hard,
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need some estimation on the number of elements in the famify of subsets. Before
introducing the main problem, we discuss about some basic theory.
1.2. Problem definition
For positive integer n, let [n]={L2,...,n} be the collection of all first n positive
integers and k is some integer such that 1<k <n. Define k—set as the subset of k
elements of [n]. There are some study that worked on family of k-—set, such as
Sean et al. (2016) or Diatonics et al (2008). Beside, the problems that finding the smallest
size of base of k —sets, of the symmetric group Sym(n) are plays the important role in not
only coding theory, but also in computer science and lots of the other science scopes.
Namely, we need to find the minimum size of the family of k —sets such that there
exists only the identical permutation acting on each k —sets of that family and fixed them
(the identical permutation maps each element to itself), also to construct such family of
k — set satisfying that condition.
For example, consider the special case 3—sets with n=5, and 10 subsets of size 3 as:
{1,2,3};{1,2,4};{41,2,5};41, 3,4} {1, 3,5};{1, 4,5};{2, 3,4};{2, 3,5}.{2, 4,5};{3,4,5}.
Consider some permutations of S =[5]; for example o =(2,3,1),(4),(5) which maps
1-52,2—-533—>1,4—4,and5— 5.
The permutation o change these 3-sets, such as o maps {1,2,5} —>{2,3,5}.
Hence, o will take some shuffle on these 3-—sets. In the other hand, not all 3-sets
changes and we can see that o maps {1,2,3} to {2,3,1} ={1, 2,3} since in the set, the order

is not important. In this work, we call {1,2,3} as fixed point and we formally define them
as follows
Definition 1. (fixed point). Let n and k are positive integers such that 1<k <n and some
permutation o e Sym(n). The k—set A is fixed point of o if and only if o is the
bijection from A to A, namely o(A) = A
Definition 2. (base sets). Let n and k are positive integers such that 1<k <n and the
collection of all k—sets S will be the base of Sym(n) if and only if there is only the
identical permutation fixes all of k —sets in S. Denote that base as S = S(n, k).

In summary, we will try to answer the question: “for the given n,k what is the
smallest size of the base S(n,k) such that there exists only one permutation (identical one)

that fixed all of subsets in the base? Construct some base like that.”

This problem can be applied in the construction (erasure) combinatorial batch code which
mentioned before by Paterson et al. (2009), cua Jung et al. (2018) or the distributed storage
by Ishai et al. (2004).

2. Main results

2.1. Special case of the problem and some properties
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Consider the problem in the small size with n=5 and k =3. We investigate some
properties of the subset in the family satisfying the condition mentioned above.
Property 3. For all pairs a,be{l,2,3,4,5}, there exists a 3-set in the base S that has

exactly a or b.
Proof. Indeed, suppose all 3-sets in S consists of both a,b or does not contain neither of

them. Due to the roles of a and b are equal in all 3-sets of S. Therefor, permutation
(a,b) different from the identical one since a=b and it fixes all the subsets in S,

contradiction.
Property 4. If in the base S, there exists two 3-sets that share exactly 1 element then that

element must be fixed in all permutation that fixes S .
Proof. Suppose that we have {a;,b,c}eS and {a,,b,,c}eS. Consider permutation o

fixes all 3-sets of S. Then o(c)efa,b,c} and o(c)efa,b,,c} so
o(c) e{a,b,c}n{a,,b,,c}. Therefore o(c) =c.

2.2. Detailed solution
From the above simple example, we will prove the size of base S(5,3) =3. Choosing

s ={{1,2,3},{1,2,4},{14,5}}.

We will prove S is a base.

Consider some permutation o that fixes all 3-sets above. According to Property 4,
because {1,2,3},{1,4,5} share the same element 1, so o(1)=1. Next, {1,2,3} and {1, 2,4}
share two elements 1,2 so we have o(2) =2. We also see that {1,2,4} and {1,4,5} share
1,4 so o(4)=4. From here considering set {1,2,3}, we see that o(3)=3, therefore

o(5)=5.50 S is base. Next, we suppose S is a base but |S|< 2.

If |S| =1, then there exists only one 3- set, but there are 6 permutations fix it (6 is
the amount of permutation of 3 elements) so S is not the base.
If |S| = 2, without the loss of generality, suppose that {1,2,3}e S . Then the roles of

each number in the following pairs (1,2),(2,3),(3,1),(4,5) are equal which currently not

satifying Property 3. Thus, there must exist a set that has exactly 1 of 2 elements from
each of the those pairs. Firstly, there exists a set A such that 1e A and 2 ¢ A (similarly if

1¢ A and 2 <€ A). We consider 2 following cases:
o If 3¢ Athen A={1,4,5}. With pair (2,3) and (4,5), there must be at least one more

set. Therefore |S|> 2 which contradicts the hypothesis that [S| = 2.
o If 3e Athen A={1,3,4} or A={1,3,5}. Then (1,3) still have equal role implies that
there must be one more 3-set. This also contradicts hypothesis that |S| =2.
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Hence, we get smallest size of S(5,3) is 3.
2.3. Remarks
We can clearly see that there are more than one way to choose S(5,3). For example

besides the above chosen S, we could choose S'={{1,2,3}{1,2,4},{2,3,4}} to have a
different base S’. We consider another small values of n.

e n=3, there is not any base S because there exists only 1 set {1,2,3}, which
contradicts to Property 3.

e n=4,we can prove that min |S| =3 by the similar way to 2.2.

e n=6,min |S|=3 with an instant of 5(6,3): S ={{1,2,3}{1,2,4}{1,4,5}}.
We already proved that these sets fix all 5 elements in {L,2,3,4,5} so even if there is
another element 6, we still have f(6)=6. Notice that if we choose below 3-sets

S'={{1,2,3}.{1,2,4}.{2,3,4}},
then it does not work because 5 and 6 does not show up.
2.4. The general problem and lower boundary

Now we consider the general problem, in which 5 elements will become n
elements, and 3 sets become k —sets. Denote S =S(n,k) as the base set that satisfying
the given condition then there will have some similar observations as in case k =3:

e For each two elements a,b €[n], there exist some subset in S contains exactly one
of them (similarly to Property 3).

e There is at most one element that does not appear in any subset in S (corollary of
condition above).

e Ifin S, there are two subsets that share one common element then that element must
be fixed for all permutations that fixes S (similarly to Property 4).
Back to the problem, let x be the number of elements that appear in at least in 2 sets. Let
y be the number of elements that appear in exactly 1 set. Since there is no more than 1
absent element, we count the number of appearances of each element in the subsets in S
to get

X+y>n-1.

Let m be the number of k-sets that need to build base S. Because each k-set
seS, the set s contains exactly k element so by counting the relationship (subset,
element), we have

km>2x+y.

Itis clearly that y <m, thus x>n—-m-1.From here, we can conclude that
km>2x+y=x+(X+Yy)>(n—-m-1)+(n-1) or
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ms2n-1
k+1
Therefore, we have the lower bound of m is [Zi“ _11)w
+

(by fa—\ we denote the smallest integer that not smaller than the real number a).

2.5. Building structures
2.5.1. Additional conditions

We will build the set S satisfies the condition m:[zin _11)
—+

—‘ and adding more

condition that there is no element exists in more than 2 subsets. Then we have an important
estimation: “the number of elements that appear in 2 k -sets will not exceed m chooses 2.

Indeed, suppose x>C? then by pigeonhole principle, there are two elements that
will appear in two k -sets (and they will not appear in any other subset).

Next, consider 2(n—1)=a(k+1)+r with aeZ" and re{0,1,...,k}. If r=0 then
m=a, so all evaluation must result in the system of equations

X+y=n-1
2X+Yy=km
y=m

By solving this system of equations, we have
a(k+1) e a(k-1)
2 2

y=m=a and x=n-m-1=

We have also
a(k-1) < m(m—1)
2 2

x<C:=C! <

or
, kk+D)

k£a=M<:>n—1
k+1

If r>0 then m=a+1. Then we will still have 2x+y=km but x+ye{n-1,n} so
we get x e{km—n+1 km—n}. Similarly, we have

n> —k(k +1) orn-1> —k(k 1) .
2 2
(depending on if there is or there is not elements that does not appear in any subset).
2.5.2. Building and proving by using graph model
We will continue by using graphs. The specific steps are as follows:
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Let A /B be the set that contains elements appearing twice and once, respectively.

Let |Al=x, [B|=y, we always have 2x+y=km. Base on whether we choose

X+y=n-1 or x+y=n (corresponds to whether we have an element that does not

appear), we can calculate the values of x,y such that x<C? and y<m. For simplicity
purpose, we choose A is the set [x].

We let k-1 first positions of each set equal to the elements in A. The elements in B

will fill in the k™ position of each subset of S. The distribution of the elements in B into
sets must satisfy the following conditions:

e Each elements appears exactly twice at 2 different k -sets.

e There are 2 k -sets share exactly 1 element.

In order to achieve this, we consider the completed graph G =(V,E) inwhich V isa
set of vertices representing m subsets in a base S=S(k,n), and E is a set of edges
representing the elements in A. If two k -sets share an element then they will be connected
by an edge, and because of the aforementioned condition, it is a simple undirected graph.
Hence, we can enumerate the edges of graph G by using the elements from A, each
number is used once.

Because |E|>|A|, this can always be done (and there could be some edges that are

not used).
Then, the number x that on an edge connecting two vertices represents k -sets V,,V,

then xeV,,V,. Notice that (k—-1)m<2x could happen so some elements in A will be

chosen to be the k™ element for two k-sets of S (here we care about the order of
elements in the subset for easier in the construction, and it does not take effect on the
original problem).

Lastly, for the k -sets in S that missing the k™ position, we fill in that position with
elements from B such that there is no two elements in the same k -set. Because |B| <m,
this is always true. We could see that the structure built above is adequate. Consider
permutation f fixes all the k -sets in S being built with the aforementioned steps.

e For all ae A, there exists two k-sets V,,V, that contains it (aeV,nV,) so
permutation f fixes V,,V, also satisfies f(a)=a.Hence f fixes all elementsin A

e For each element be B, there exists some k-set that only contains b and k-1
elements of A (already fixed) so we also have f(b)=Db.

o Lastly, if there is an element that has not appeared, that element will also be fixed
because the other n—1 elements have already been fixed.
2.6. Examples
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We consider the following examples:
Example 1. For n=22k =6, then we calculate the number of k —sets in the base S is
o (Z(n -1
k+1
IS 22. At the same time, we also have

X+y=21 x=15
& .
2X+Yy=6x6 y=>6
So there are 15 elements that appear twice, and 6 elements appear once. Consider the

following graph, the edges is enumerated based on the alphabetical order of the name of
the vertices that it connects:

W = 6. Because this is divisible case so we must discard an element, suppose it

Figure 1. Constructed graph for m=6 and 15 elements)
From here we can build a complete model with all 6 sets:
A={1,2,3,4,5},B={1,6,7,89},
C={2,6,10,11,12},D ={3,7,10,13,14},
E={4,8111315},F ={5,9,12,14,15}.

Table 1. The distribution of elements into subsets in base

Set [ 12131456789 |10(11]1213|14|15(16 |17 |18 |19 |20 21
1 X | x| x| x|x X
2 X X | X | x| x| x X
3 X X X | x| x X
4 X X X X | x X
5 X X X X X X
6 X X X X | x X
Example 2. Consider example n=99,k =10 then the number of subsets of the base S is
2(n-1) . L .
m= oL =18. Because this is not divisible case here so building the model becomes
+
more flexible.
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If we include 99, then we have
X+y=99 x=81
=
2X+y=18x10 y=18
Since we have y =m so building the model will be similar to the Example 1.
If we discard 99, then we have

X+y=98 X =82

= :

2X+Yy=18x10 y=16
Here we have 2x =64 >162 = (k —1)m so when we let element 82 appears twice in

order to build k-1 first elements of each subset, then there will be an element appear at

position k™ in those two subsets. Lastly, we fill in the k™ element of each subset because
16 elements appear once.
2.7. Extended analysis

In the previous part, we just consider the case that each elemnt contained in at most

k(k+D) o kik+D)

2 subsets so we get the condition n—1> n == This condition implies

that the construction cannot be applied for all values of (n,k).
For example in case k =n, the problem will cannot be solved since each subset must

take all the element of the original set, then can be make the different among elements.
And about the case k =n-1, we consider all subsets of size k of [n] then it is easy to

check that this base satisfies the condition. Next, we consider pairs (n,k) satisfying

k<n<M.

Thus, for each pair (n,k) that satisfy above conditions (it is clearly that there exists
some such base S) then to find the smallest size of S, we can conclude that there exist
some element appears more that 3 times in the finding model. So we will have

m > M +1

k+1

(since the previous lower bound cannot be used anymore).
Example 3. Connsider (n,k)=(14,5) thi m=5. Denote x,y as the number of elements

that appear in 2,1 subsets and suppose that there just only two such kind of elements then
X+y=14 x=11
=
2X+Yy=5x5 y=3

not satisfy since x=11> C52 =10. Now we discard 14 and let 1 appears 3 then we get
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X+y=12 x=10
= :

2X+Yy+3=25 y=2
We construct the graph by fill the numbers from 2 — 11 on each its edge as below.

Figure 2. Construction the graph for m =5 subsets and 11 elements
From here, the base S contains m =5 subsets as follow
A={1,2,34,5},
B={12,6,7,8},
C={1,3,6,9,10},
D ={4,7,10,11,12},
E ={5,8,9,11,13}.

3. Conclusion and the future works.

On the evaluating the number of occurrences of each element in the sets, we have
established the lower bound for the base and built the basis by graph model. The
construction step is only successful with the appropriate data, the general case is being
studied further. With the characteristics of the problem, its applicability to data storage,
security problems, private information retrieval is completely feasible.

Let consider the following situation, inherit from the original idea: There are n users
and each of them store an unique file on the server. System admin does not know who is
the onwer of each file so he performs list of queries that choosing some k files and asking
the users who are the owners of those files. So the smallest number of query that need to
find exact owner is also the smallest base of S(n,k) that mention in this study.

Through analyzing the above solutions, we have a general remark that: if an element
x e{1,2,...,n} appears in a group of at least 2 subsets then its image o(x) will belong to
the intersections of these sets. In case the size of that intersection is 1 then o(x) = X.

This allows us to construct for some element that appear in more than 2 subsets. For
this idea, we may arrange elements in the appropriate way in m subsets to expand the
bound:

Nn<C’+C:+C2+---+CI"=2",
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The idea of the element connecting a group of subsets rather than just two subsets
related to the edge in the hypergraph, so further research on this problem is likely to help
thoroughly solve the given problem out.
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TOM TAT

Trong cdc linh viee vé [i thuyét théng tin nhw xdy dwng mé hinh luu tri, chia sé riéng tu, ma
hoa... déi khi ta muon phén tin mét mau dit liéu cho trude thanh nhiéu phan nhé, méi phan dwoc
leu giiv boi mot party ma khi mét s6 leong dii nhiéu cac party phéi hop véi nhau thi sé cé cdch
khéi phuc lai dwoc thong tin goc. Hurdng téi muc tiéu do, bai viét nay mé ta viéc xudt phdt tie mot
tap hop hitu han, ta xday dung mot ho cdac tap con cung 56 phdn tir sao cho ton tai duy nhdt mot
hodn vi la éanh xa 1-1 vao moi tdp con. Tat nhién, tinh t6i wu sé dwoc xét thong qua kich co nho
nhat ciia ho cdc tdp con do. Bang cdach danh gid so heot xudt hién ciia méi phan tir trong cdc tdp
con, ta cé thé thiét lap dwoc thanh céng chian dwéi cho sé tdp con, dong thoi xdy dung dwoe bang

10
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mo hinh graph don vo huong. Buoc xdy dung chi thanh cong voi nhing dir lieu thich hop va
trieong hop tong quat dang dirge nghién civu thém.
Tir khoa: tap co sd; diém bit dong; dd thi; khoi phuc hoan vi
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