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TOM TAT

Phirong trinh p-Laplace 1a mét trong cdc phirong trinh diroc nhiéu nha todn hoc nghién ciu.
Pay la phirong trinh ¢é nhiéu vng dung trong vdt |i va cac nganh khoa hoc khéc. Trong bai b4o nay,
chdng t6i chizng minh mét két qua danh gid gradient trong khéng gian Lorentz cho nghiém
renormalized ciia phirong trinh p-Laplace dit liéu dé do trén mién Reifenberg véi gia tri p gan 1. Bé
chitng minh két qua chinh, chiing toi si dung 7 thudt good-4 duroc nghién cizu trong nhiéu bai bao
gan ddy. Cy thé, ching t6i ké thira cac két qud vé bdr dang thite Holder nguoe va danh gid so sanh
giira nghiém cuia bdi todn ban dau va nghiém cua bai toan thuan nhdt trong bai bao (Tran, & Nguyen,
2019¢) dé chirng minh bdt dang thirc goi 1a good-A. Pdc biét, ching tdi xét gia thiét bai toan trén
mién Reifenberg dé thu dwgc danh gid tot hon trong bdi bdo (Tran, & Nguyen, 2019c).

Tir khoa: khong gian Lorentz; di liéu d6 do; phuong trinh p-Laplace; mién Reifenberg

1. Giéithiéu
Trong bai bao nay, ching t6i nghién ctru danh gia gradient trong khong gian Lorentz
cho nghiém renormalized ctia phuong trinh p-Laplace dit liéu d6 do c6 dang nhu sau
—Apu = U, xeQl,
u= O, X e@Q,

trong d6, Q la mot tap maé bi chan cia R" (n>2), ham dit liéu x 1a mét d6 do Radon hitu

(1.1)

P Vu), véi tham sé

han trong Q; va A la ki hiéu cua toan tu p-Laplace A,u=div(|Vu
p>1. Cu thé hon, chiung t6i khao sat dang tong quat hon cua phuong trinh (1),
nhu sau

{—div(A(x,Vu))= M XeQ, (1.2)

u =0, xeodQ,
trong d6, A 1 toan tir tya tuyén tinh Caratheodory thoa hai diéu kién sau
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A (X, y)gcl|y|pil’

p-2
(A (xY)=A (x2).y-2) 2,y + ol ) * |y,
Véi c1, C2 12 hai hang sd, x, y, z thuc R™. Su t6n tai va tinh duy nhat nghiém renormalized
ctia phuong trinh (1.2) duoc chiing minh trong nhiéu bai bao nhu (Boccardo et al., 1996),
(Maso et al., 1999) va (Betta et al., 2003).
Lién quan dén bai toan danh gia gradient ctia phuong trinh (1.2), dd c6 kha nhiéu két
qua dugc cong bd gan day, véi nhitng gia thiét khac nhau cua toan tir A , diéu kién bién cho

mien Q va gia tri caa tham so p. Trong truong hop p > 2——, nghién ctu vé két qua chinh
n

quy cho phuong trinh nay duoc khao sat trong cac bai bdo cua Mingione va Byun nhu
(Mingione, 2007, 2010), (Byun, & Wang, 2004, 2008) va chudi bai bao sau d6. Trong bai
bao (Nguyen, & Nguyen, 2019), cac tac gia mo rong két qua chinh quy cho truong hop
3n-2
2n-1
diéu kién Reifenberg. Ciing trong truong hop nay, trong céc bai bao (Tran, 2019) va (Tran,
& Nguyen, 2020), tc gia da khao sat bai toan véi gia thiét yéu hon gia thiét mién Reifenberg,
khi Q thoa diéu kién p-capacity. Sau d6 trong bai bao (Tran, & Nguyen, 2019c), c4c tac gia
3n-2

< p < 2—— bang ki thuat good-4, véi gia thiét €2 1a mién c6 bién khong tron, thoa
n

da mo rong két qua trong truong hop 1< p< khi © thoa diéu kién p-capacity.

Trong bai bao nay, ching tdi tiép tuc khao st bai toan khi 1< p <

i véi gia thiét Q
la mién Reifenberg. Mot s6 tng dung cho két qua danh gia gradient duoc nghién ciru trong
cac bai bao (Nguyen, C.-P, 2014), (Tran, & Nguyen, 2019a, 2019b).

Két qua chinh cia bai bdo la chung minh mot danh gia gradient cho nghiém

renormalized u cua (1.1) trong truong hop pe (l, :;n

-2 3 .
J va Q la mién Reifenberg. Cu
thé, chling ti chimg minh danh gia

IVUll.., <CIIM, (1™ 2] (1.3)

(o)

L(Q)

véi se(0,0) va te(0,0]. B¢ thu dugc két qua ndy, ching toi gia thiét thém rang

HE Lm(Q) Vai me(m*,m**), trong do
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* n * %k np

m :Zn(p—1)+2—p vam = n(p-1)+p’

va khong gian Lorentz L®* (Q) duogc dinh nghia trong phan tiép theo cua bai bao. Vi gia
thiét mién Reifenberg, chung t6i thu duoc danh gia t6t hon khi xét bai toan vai gia thiét mién

p-capacity. Cu thé, véi mién p-capacity ta chi chitng minh dwoc danh gia Lorentz trén L™
véi 0<s< @ (véi > p), trong khi véi gia thiét mién Reifenberg, danh gia trén s& ding
VoI moi Se (O,oo).

Trong ching minh dinh Ii chinh, ching t6i ké thira mot s6 két qua trong nhitng bai bao
gan day véi mot vai khai niém nhu nghiém renormalized, d6 do Radon hitu han va nira chuan
BMO cua toan tir A (ki higu 1a | A ]RO). Chuing t6i khong trinh bay lai dinh nghia d& tranh

su phuc tap khdng can thiét cho bai bao. Céac khai niém nay c6 thé tham khao trong nhiéu
tai liéu nhu (Nguyen, Q.-H., & Nguyen, C.-P., 2019), (Maso et al., 1999) va (Tran, &
Nguyen, 2019c). Chlng t6i chi gigi thiéu lai cac dinh nghia quan trong, véi muc tiéu mang
lai su thuan lgi cho nguoi doc.
2. M@t sé dinh nghia

Pau tién, chiing tdi nhac lai dinh nghia, mot sé tinh chat da biét caa khdng gian Lorentz
va ham cuc dai Hardy-Littlewood.
Dinh nghia 2.1. (Tran, 2019)

Cho haithamsé 0 < s <o va 0 <t <. Khong gian Lortentz L (Q) duwoc dinh nghia

la tdp tat ca cdc ham f do dwoc Lebesgue trén Q sao cho || f ||stt(Q) < 0, trong do

|f %’T V6 t < oo, (2.1)

{XGQ:|f(x)|>i}

_ ot
() {SL A
1

=sup Al[{xeQ: [f(x)|> [ ,véi t=co. (2.2)
A1>0

1l
Khong gian LS'W(Q) con goi la khdng gian Marcinkiewicz. O day, ki hiéu |W | la d@é do

Lebesgue ciia mét tdp do dwoc W < R".
Dinh nghia 2.2. (Tran, 2019)
Cho 0<a <n, ham cyc dai M, cuamgtham f :0" — [0, 0] khd rich dia phuong

dwoc dinh nghia nhu sau

1
M, f (x)=suppa_j8 " f(y)|dy. (2.3)
p>0 4

B, (x)
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Trong truong hop « =0, ta nhan dugc ham cuc dai Hardy-Littlewood, Mf =M, f ,
duoc dinh nghia véi mdi ham f kha tich dia phuwong trong [0 " sau day
Bé dé 2.3. (Maso et aI., 1999)
Toan tir M la toan tir bj chan tir L°(0") vao L>*(0"), véi s>1, tirc 1a ton tai hing

Mf (x) sup

p>0

y)| dy. (2.4)

sb C >0 sao cho:

S

|XGD“:M(f)(x)>;L|_ x)[ dx, Vi>0. (2.5)

Bé dé 2.4. (Maso et al., 1999)
Toan tix M bj chan trong khong gian Lorentz L (D ”) Véi q>1, tirc 1a ton tai hang

s6 C >0 sao cho:
[mt]

<C|f|

(2.6)

qu n qu n .

3. Cac danh gia dia phu’(rng

Trong phan nay, chiing tdi nhic lai mot s6 danh gia dia phuong da biét vé méi lién hé
gitta nghiém renormalized ctia phwong trinh (1.2) va nghiém cta phuong trinh thuan nhat
(3.1). Gia st ueM (Q) va ueW:"(Q) la nghiém renormalized cua phuong trinh ciia
(L2). V6i x,eQ cb dinh, 0<2R<r, va qua cAu B, =B, (x)cQ, gia su
we W, (B, )+u langhiém duy nhét ciia phuong trinh

—div(A(x,Vw)) = 0 trong B,

w = U tread 0B,,.

(3.1)

Bé dé 3.1. (Tran, & Nguyen, 2019c)
Ton tai mét hang s6 ®, > p sao cho

L
p-1

1
L J' V™ dx B <c| 1t J' |Vw|p Tax |, (3.2)
Br(y) B (¥) B2r(y) Bar(y
Véi B,, () < By va sé diong C phu thugc vao n, p, A.

Bé dé 3.2. (Tran & Nguyen, 2019¢)
Cho wel™(Q) véi msi me(m’m”) va u la nghiem cua (1.2). Khi dé

nm( p-1)
Vuel "™ (Q) vaton tai sé diong C théa man
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1

(3.3)

"(@)”
Bé dé 3.3. (Maso et al, 1999)
Cho u la nghi¢m renormalized cua (1.2) véi dit liéu do do pel™(Q) véi mdi

[Vu

nm“kl)(gz) <C ”/”

L n-m

me (m*,m*”). Gia si mgt déy (u, ), 1a nghiém renormalized cua (1.1) véi di ligu dg do

p
p € L™ (Q) théa man g, héi tu yéu vé u trong L™ (Q). Khi dé ton tai mét déy con

{Uo},. théa man u. héi tu vé u va Vu, héi tu vé Vu trong L*(Q) véi moi
nm(p-1)

n-m
Bé dé 3.4. (Tran, & Nguyen, 2019c)

Cho 1< pézn_i va uel"(By,) véimsi me(m’,n). Gid s rang ueWz’ (Q) la

loc

0<g<

mét nghiém cua phwong trinh (1.2) va WeW,® (B,s)+u la nghiém duy nhat ciia phirong
trinh (3.1). Véi méi q théa man diéu kién
nm(p-1
n_. q< ﬁ, (3.4)
2n-1 n—m
ton tai mgt hang sé C >0 chi phu thugc vao n, p,q va m théa man

= 2-p
[LI [Vu-vw[* deq <CF, (ﬂ)ﬁ +CFR(ﬂ)(iI Vu|* dx] " (3.5)
|BR| . |BR| &
trong do, By = By (XO) va ham F, dwoc dinh nghia
1
R™ m m
RNCIIPN
R
Ménh dé 3.5. (Nguyen, & Nguyen, 2019)
3

n-2 . < o
o1 va so q thoa man dieu Kién (3.4). Khi do ton tai
veW?"P(B;)nW"*(Bg,,) sao cho véi mei ¢ >0 va [A ]Ro <0, thi

Cho peM,(Q), 1<p<

Vv

<CF, (u)p1+C| | vul'dx | (3.7)
L*(Briz) — 2r \H |BZR| Byr ' '
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va

[ﬁL Tu-vyf de <CFn(u)r 1 +C (4 %ﬁfs v dx}q , @8)
h . IR 2R

v6i C,=C(n, p,A,&)>0 va F, duoc dinh nghia trong Bo dé 3.4.

Két qua danh gia trén bién dugc thyc hién tuong ty nhu trong mién Q khi Q 1a mién
(0, R, ) Reifenberg véi 5, <1/2. Cho x, e &2 la diém trén bién cua Q va 0< R<R,/10,
ta dat Q,; = B,z (%, )N Q. Gia st ueW,”(Q) la nghiém cua phuong trinh (1.2) va ta goi

loc

weu+W, " (Q,;) 12 nghiém duy nhét ciia phuong trinh

_div(A(x,VW)) = 0 trong Q,,
W = u tred 0Q,

(3.9)

Bé dé 3.6. (Nguyen, & Nguyen, 2019)

) . an-2 . . - L s .
Gigasirrang 1< p< o va W la nghiém duy nhat cua (3.9) va so q thoa man diéu

kKién (3.4). Khi do ta co

1

1 R" m o "
[—|Bm |J.Bm . [Vu-vw[* de SC[|510R(X0)| J.Bm(xo)|ﬂ| dx]
2-p

1
R™ m m 1 q d
C d —_— vu|' d .
+ [|BloR (Xo )| J'ere(xo)"u' X] [|BloR )| IBIOR | U| X

Ménh dé 3.7. (Nguyen, & Nguyen, 2019)

Cho ueM,(Q), 1<p<3

-2
") va so q théa man diéu kién (3.4). Khi dé, véi moi

£>0,ton tai 6, =6,(n,p,A¢€) e(O,EJ sao cho neu Q la mién (&, R,) - Reifenberg thi

ton tai mgt ham V e W™ (B, (X, )) thoa man [A }RO < &, sao cho

Bior

”VV” (Barso )—CFloR( “VU|
| 10R|

va

[ V)| <G (x)ri+C(8,e)| = | [uf ‘
|BR/10(X0) Bro(%) S O |BlOR|BmR %) |

véi C, =C(n, p,A,&)>0va F,y, duoc dinh nghia nhu trong B6 dé 3.4.
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Bé dé 3.8. (Tran, 2019)
Cho £(0,1),0< R, <R, vaqud cau Q=B (X,) véi x,€0". ChoV cW <Q la
hai tdp do diwoc théa mén hai tinh chat
i) L"(V)<el"(By);
i) Voi méi xeQ va re(OR], néu L"(VAB(x))zel"(B,(x)) thi
B, (X)NQcW.
Khi dé ton tai mét hang sé C duong phu thuge vao n sao cho L" (V) <CeL" (W).
4.  Két qua chinh
Két qua mai cua bai bao duge trinh bay trong hai dinh Ii chinh. Trong d6, Pinh li 4.1
la mot bat dang thire dang good-A, dugc ching minh dua trén B dé 3.8, duogc biét dén nhu
mot dang b6 dé phu Vitali. Két qua vé danh gia gradient duoc phat biéu trong Binh Ii 4.2,
duoc chung minh dya trén Binh li 4.1.
Pinh 1i 4.1.
3n-2
2n-1
ula nghi¢m renormalized ciia (1.2) véi dit liéu do do p L™ (Q) véi me(m”,m™). Khi do,

Cho 1< p<  HeM (Q) va Q=By,, o (X) Vi X, cé dinh trong Q. Gia sir

. . nm(p-1
Vol moli n_. g< (P-1)
2n-1 n—m

a=a(n p,c,)>0=p(npaec)el va C=C(n p,q,1.c,diam(Q)/r)>0 sao

va £€(0,1), ton tai cac hang sé y =y(n, p.Cy ),

cho Q lamién (8, R,) - Reifenberg va [A :|R0 < y thita c6 bdr dang thic
{5 22}
<Cel" H(M (|Vu|q)): > /1} mQJ, VA>0.

Ching minh : Vi 2 >0 va r, >0, xét hai tap hop c6 dang

V., :{(M (|Vu|q))‘1‘ > ar (M, (|y|”‘))“‘<;” < ﬁ%}mQ,

(4.1)

va

W, = {(I\/I (|Vu|q))‘l‘ > /1}mQ,
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trong d6, B €(0,1) va a >0 dugc chon & phia sau. Bat D, = diam(Q), tacé Q = Bp, (XO).
Ta can chiing minh rang ton tai cac tham s6 «, 8,7 VA &, >0 sao cho (4.1) théa man voi
moi £ e (0,&,), tic la L"(V, ,) <CeL"(W,). Y twong chinh 1 ding B6 dé 3.8 dé ching
minh Dinh If 4.1, nghia 1a ta s& kiém tra hai gia thiét trong B6 dé 3.8 duoc thoa man. Pau
tién ta can chang minh rang

L"(V, ;) <Cel"(B, (0)), VA>0, (4.2)
trong d6, R, =min{D,,r,}. Khong mat tinh tong quat, ta co thé gia sir V, . =@ (bdi vi néu
V,,=@ thi (3.12) 1a hién nhién dung). Khi d6 ton tai x e€Q théa mén

1

( (|,u| )) P < LS. Theo dinh nghia cua ham cuc dai M, ta co

[y”'m dy]m{ (N dme S(/M)’”|B°"Dil)|= D (1)

BDO (Xl) 0

hay

Ny _
”,u L"(Q) < DOm (ﬂﬂ‘)p 1' (4-3)
Ap dung B6 dé 2.3 véi s =1, tacod

L (v,.,) { (jvur) >a/1} (i)q
C

g(n-m) g(n-m)

1-

mn(p-1) m(p-1)  \am(p)
< jdx " _ﬂVu nprnl dx "
(a/l) .

c _ndrm oo (o
< -D, " J.|Vu| n-m dx : (4.4)
(al)
Mt khac, theo danh gia gradient trong B6 dé 3.2 ta co

1
ann(fpn:l)(g) <C ”” e

Lm(Q) EH

két hop voi (4.3) va (4.4) ta duoc

[Vu

q

q(n— m) n — n
n C n- p1 [P D, n
L (V”)S(aﬂ,)q D, """ { (BA)° } SCLR—j eL"(Bg ).
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Danh gid nay dan dén L"(V, ,)<CsL" (B, ) voi S<C(n,p,A,q,2,R/R,) va hing

s6 C phu thudc vao [%J va a, (4.2) dugc chitng minh.,

0

Tiép tyc ta can ching minh WxeQ =B, (x,),Vr &[0,R,):

L"(V,, "B, (x))<Cel" (B, (x))= B, (X)nQ cW,.

That vay, ta ching minh ménh dé nay bang phan chiing, gia s rang B, (X) nQ AW
va Vv, NB, (x)=@. Khidé, ton tai X,,x, € B, (x)nQ théa man

1
M(vul) () [F <2 (4.5)
va
_1
M (")) | < 2 (4.6)
Ta s& chitng minh rang ton tai C =C(n, p,A,m,q,c,)> 0 sao cho
[Vw N B, (x)| (X)) 4.7)
Véiméi p>0,yeB, (x) tacd
1
Vu dx<sup Vul' dx
B, (y) aj(ﬂ' | >0 [B,, I | |
1 q
< max- sup qudx; sup——— | [vuldx}.
{0<p<r Bp (y | | >r Bp(y)| Bpj;y)| | }
V6i 0<p'<r, yeB (x) taco Bp(y)cB (x), dodo
1 q q q
sup——— | [Vu|'dx< sup |Vu| dx<M, [vu['(y)
p'<r Bp(y) B/,J;y) | " ( ZBy;(x)
Véi B, (y)<B,., Bp+2r(x2)c83p( )vm mdi p'>r. Tir (3.15) ta co
1 B, (y) 1 ]
sup———— | [Vu dx<sup r vu|' dx
p2r Bp(y) B/,J;y)| | Bp (y)| |B ( ) B3/J.xz)| |
1
<3"sup vul*dx <3"M([Vu )<3"A%
p'er Bsp,(xz) B3p-[xz)| (| | )
e 1 q q
Tir d6 suy ra vu['dx <maxiM, |Vu['(y);3"2%,
|Bp(y) BpJ;y)| | { zmx)| | }
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hay M (|Vu|q)(y) < max{l\/lle . vuf* (y);3“/1q},Vy e B, (x). Danh gia ndy dan dén

{(M (7l )): > 32/1}m B, (x)=2.

Nhu vay, vai moi A >0 va a >3 ta co,
1

V,, B, (x):{(M(WuP)); > (M (Juf")) sﬂ/l}QO B, (x)

1 1
- {[M (o VU > s (M ([ < m}mq AB.(X).  (48)
Gia st u, eW,? () la nghiém duy nhat ciia phuong trinh
{—div(A(x,Vu)) =  u  tong Q,

u = 0 tred 0Q,

k

(4.9)

V6i =T, (u). Dé ching minh (3.17), ta xét hai truong hop By, (X) cc Q va B, (X0 = 2.
Trwong hop 1. B, (x) cc Q

Ap dung B6 dé 3.5 cho v, eW™? (B, (x))nW** (B, (x)) la nghiém duy nhat ciia
phuong trinh:

{—div(A(x,Vvk))

V, = u

0 trong B, (x),

(4.10)
tred B, (X),

k
Vi p=p, va B, =By (X), ton tai hing s6 C=C(n, p,q)>0 sao cho V7 >0, va véi
A| <y,taco:

(A, <7

1

1 1 a
L”(Bzr(X))<CF8r(/uk)p1+C{|Bgr(x) .[ |Vuk|qJ ’

B&r(x)

Vv,

va

L“Vu —Vv|quq<CF ( )i-FC( +17) ! .|.|Vu |qq
|B4r K k S, P LA y+n |B K ,

B4r 8I‘| BBr

trong d6 ham F,, dugc dinh nghia
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Far (14) = £|L§>48rr():) BAL)"‘ { dXJm |

Ap dung (3.15), (3.16) va B dé 3.3, ta nhan dugc

1 . b
— a
o) S CFar (1)1 +c(— [ vyl J

By (X)] 5.

sc[Mm(|ﬂ|m)(x3)}pll +c[|v|(|w|‘*)(xz)f

<C(B+1)4 < C4,

limsup|[Vv,
k—o0

va
1 %
limsup| ——— | [Vu, — Vv, [" dx
s 7
. Ja
<C,F; 1+C(y+n)| —— vul*
n 8 ( ) ( )[ BSr(X)| Bs:l;x)| | ]
b q Ja
<€, My (laf" () [+ € () M(VU) ()
SC(Cqﬂ+y"+77)/1,
trong d6 1, — p hoi tu yéu trong L". Nhu vay ton tai k, >1 sao cho Vk >k, ta co
(e () = Chs (4.11)
va
1 %
—— [ [Vu-vy['dx| <C(C,B+r"+n)i (4.12)
[Bar () 5.0
Ta c6 danh gia

\v B, ( \s

{m(;( v (u, —vk)|“)3 >éa/1}m B, ()

+

{m(l v (u _uk)\‘*)‘i >%a}t}m B, (x)
+ {M (;{BZr

1
Vvk|q)q >éa/1}m B, (X)|-

(4.13)
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Duya vao (3.6), ta nhan thay rang véi ¢ > max {3“,100} (C la hang s6 trong (3.6)) va k >k,
ta suy ra
1
a\q -
{M (5,00 IVW[")" > 5 axl}m B, (X)
Do d6, (4.13) dan dén

V., "B, ()< {M (;ngr v (u, —vk)|“)a > %aﬂ}m B, (x)

=0.

+

1
{M(;{Bh V(u- uk)|q)q > éaﬂ}m B, (x)|.
Ap dung B dé 2.3 va (4.12), ta co

[VmﬁBr(X)| < I |V(uk—vk)|q+ _[ |V(u—uk)|q

| Bar(x) Bar(X)

<— (Cnﬁ+;f"+n)q/1qr”+ _[ |V(u—uk)|q].

Byr(X)

Cho k — « ta duoc
|meBr(x)|$C(Cnﬂ+7/K+77)q B, (x)|.

trong d6 7,7 <C(n, p,C,, 0, ¢) VA ﬁSC(n, p,co,q,g,% )
0

Truong hep 2. By, (X)NQ° =

Br(x)|<g

Ton tai x, € 2Q thoa mén

X, — x| =dist(x,0Q) <8r . Tacé

B, (X) < By, (X,) < Bigor (%4) < Bigg (X) < Byggy (X,), (4.14)
va
Buoor (X4) < Biggr (X) < Bigg, (X )- (4.15)
Ap dung Ménh dé 3.7 véi u=u, eW;?(Q) va V, eW"" (B, (x,)) la nghiém cua
phuong trinh :
—div(A(x,VV,)) = 0 trong By, (X,),
{ V, = U, trén 0By, (X,),

V6i g =, va B, =By, (X, ), cohang s6 C=C(n, p,A)>0 théa man
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1

q
I Vu, |qJ )
Bioor (%)
q

a 1 1
J 'V(“kvk)'q‘“} <C~Em<ﬂk>“+c<7+n>(m
Bor () 100r \ R4

1

VV —_—
” By, (<)

1
SCElOOr (/J)E +C£

L (Bior (%))

va

L 1
IByor (%)

trong do, = 100r dugc dinh nghia nhu sau

ElOOr(,Uk) [ 100I’ I | I(| dX} .

| BlOO r Bw0

1

I |Vuk|‘*]q,

Buoor (%s)

= 1
Tir [M(|Vu|q)(x2)}q <2 va [M, (1)(%)]3 < B2 V6i %, % € B, (x), (4.14), (4.15) v
Bo dé 3.3, ta co

1

<C| Pl (1) |72 +C

[HEN
o

1

<C| Fluosr (1) 72 +C L [ vy’ q

s[[me)(xs)]f-l{M(Wur*)(xz)]‘l*]sc&

va
L
. 1 g |
I —|V(u -V
II’:\_}SOEPGBN(X)“ (Uk k)| }

E P =]
<, [ (1)) o5 +C{([AT, )+ | M(vul') )
<C(C,B+r"+n)A.

Nhu vay, ta c6 thé tim k, >1 théa man véi moi k >k, ta co
() S G (4.16)
va
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q
{# j IV (u =V, dx} <C(C,B+7"+n)A. (4.17)
[Bar ()] 200
Ta c6 danh gia twong ty nhu truong hop 1 cho k >k, nhu sau,

08 (02 M, V0 T B9

+

{m(z |V(u—uk)|q): >%a/1}m B, (x)|,

v6i moi hang s6 a >1 phu thudc vao n, p, A. Do d9, theo (4.11) va (4.12) cho k >k, ta

suy ra,
Vo B () <= [ V(v |V(u—uk)|q+J

B, (X) B, (X)
<L
la

(C,B+r" +77)q 29"+ J. |V(u—uk)|q}

BZr(X)

Khi d6 cho k — oo ta nhan duoc
V., "B, (x)|<C(C,B+7" +n) B, (x).
trong d6 7, <C(n,p,A,q,&) va f<C(n,p,A,q,&,R/R;).

Cudi cling, &p dung B6 dé 3.8 véi v =v, , vaw =w, dé hoan tit ching minh cta dinh 1. (]
binh 1i 4.2.

Cho n22,pe(1,2n_

2 N N - ) o N - - -
} va Q1" la mién thoa man diéu kién Reifenberg. Gia

st rang cho dir kien pel™(Q) vsi me(m*,m**). Khi d6 ton tai hing sb

D .

c=C (n, p, A, m, S’t’ﬁ} thoa man vai bat ky nghiém renormalized u cua (1.2), ta c6
0

1

M, (1™

, (4.18)

LY(Q)

VU [l <C

Vi se(0,00) va te(0,].
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Chizng minh.
Ta chang minh két qua trén trong truong hop t = oo, trudng hop t = duoc ching

. nm(p-1 A e
minh hoan toan tuong tu. C6 dinh ﬁ <Qg< (—p), ap dung Binh Ii 3.9, ton tai cac
n-— n—-m

hang sb C>O,a2max{3q,100},ﬂsc(n, p,A,0,6,R/R)) va 0<eg, <1 théa man bét

dang thirc (4.1), véi moi £ €(0,&,) va 1>0.

Bing cach thay gia tri A bang a4 trong dinh nghia cua khdng gian Lorentz, ta c6

1|t

HM(IVU|q)q " —SIwaltL”H(M(|vu|Q))3 N z}mQT d%
=a's[ AL H(M (|vu|q))$ § (M} QQ}Z 0

A
Ap dung (4.1) va (4.19), ta nhan dugc

HM (|Vu|q);

(4.19)

t
t )

Lo . “da
" <Ca'sss[ 'L H(M(Wur‘))q >l}m§2] -

(4.20)
ta [ 4ty n 71_ dA
+Ca's[ AL H(Mmqﬂmm(p Y >ﬂi}mQJ —

Ta biéu dién lai cac gia tri cua tich phan bén vé phai cua (4.20), ta dugc

1|t 1
(M ()

t 1t

M} scesim{vf)f)  scs

LY(Q)

t

Q) Q)
dan dén

M(|w|q)3

1

1
<Cegss

(M (la") >

}, B<C(n p,A,qeR/R;) va0<t<oo,tacthé chon

(M(|Vu|q))‘l‘ cp

L)

Q)

L*Y(Q)
n

VG Mol o > max {3q,10C

E . .
¢€(0,&) dunhosaocho Ces < % dé thu dugc diéu phai chirng minh.
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% Tuyén bé vé quyén lgi: TAc gid xac nhan hoan toan khéng cé xung dét vé quyén loi.
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ABSTRACT

p-Laplace equation is one of the partial differential equations which has been studied
extensively. This equation has many applications in Physics and other sciences. The aim of the
present paper is to establish a Lorentz gradient estimate for renormalized solutions to the p-Laplace
equation with the data satisfying a Reifenberg domain in the case of p closed to 1. In order to prove
the main result, we use a good-1 technique which has been considered in many recent studies. In
particular, we used the results of the reverse Hélder’s inequality and the comparison estimate
between the solutions of the original problem and the corresponding homogeneous problem in the
study by Tran and Nguyen, 2019c to prove the good-A inequality. In particular, we consider the
hypothesis of the Reifenberg domain to obtain a better evaluation in the study by Tran and Nguyen,
2019c.

Keywords: Lorentz spaces; measure data; p-Laplace equations; Reifenberg domain
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