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TOM TAT

Bai viér lién quan dén viéc phan logi cdc dai so Lie gidi dwoc 7-chiéu c¢é can liy linh
5-chiéu. Cu thé, tat ca cdc dai so Lie thyc gidi diroc bat kha phan 7-chiéu sé duroc xay ding tir viéc
chon truéc cho né mét can liiy linh la mét dai sé Lie lily linh 5-chiéu da biét. Két qua nay gop phan
VA0 Viéc gidi quyét triér d@é bai toan phan logi cdc dai sé Lie gidi dwge trong truong hep 7-chiéu,
Von Van chia diroc phan logi day di. Hon niza, bai viét con mo ta cac biéu dién phu hop va doi
phu hop cua I6p cdc dai sé Lie nay. Pdy la hai biéu dién quan trong bdc nhat trong Ii thuyét biéu
dién cdc dai sé Lie. Qua dé, ching ta ¢ céi nhin truc quan hon vé 16p dai sé Lie vira duwoc
xay dung.

Tir khoa: dai s6 Lie; dai s6 Lie giai dugc; can iy linh; biéu dién

1. Giéi thigu

Li thuyét Lie dugc khai sinh tir cdng trinh nghién ctu cua Marius Sophus Lie (1842-
1899) vao nhitng thap nién cudi cua thé ki XIX. Va cho dén nay, mot trong nhitng bai toan
co ban, so khai ban dau cua Li thuyét Lie, 6 1a bai toan phan loai cac dai s6 Lie (cling nhu
nhom Lie), van con 1a bai toan mo. Theo Levi (1905) va Malcev (1945), mdi dai sé Lie
hitu han chiéu trén trudng c6 dic s6 0 déu phan tich dugc thanh téng nira truc tiép cia mot
dai s6 con ntra don voi ideal giai duoc téi dai cua nd. Do d6, viéc phan loai cac dai s6 Lie
duoc quy vé phan loai cac dai s6 Lie nira don va cac dai s6 Lie giai dugc. Bai toan phan
loai cac dai sb Lie nira don dd duogc giai quyét triét dé boi Cartan (1894) trén truong phirc
va boi Gantmacher (1939) trén truong thuc.

Riéng vé bai toan phan loai cac dai sb Lie giai duoc (bao gom ca lity linh) thi phirc
tap hon va dén nay van con la bai toan mo. Cac két qua phan loai day du d biét hau nhu
déu két thic ¢ sé chiéu twong ddi thap. Cu thé, cac dai sé Lie lily linh duoc phan loai nhiéu
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nhat dén 8-chiéu (Safiulina, 1964; Tsagas, 1999), con cac dai sé Lie giai duoc thi chi dén
6-chiéu (Mubarakzyanov, 1963; Turkowski, 1990).

Nhu d3 biét, moi dai sé Lie giai dwoc G déu cé duy nhat mot cin lity linh, dugc ki
hiéu 1a NR(G). S6 chiéu caa nd phai thoa man khong nhé hon mét nira sé chiéu cua G
(xem (1)). Do d6, néu lay G 7-chiéu thi dimNR(G) = 4, tuc 1a dimNR(G) € {4,5,6,7}.
Trong d0, cac truong hop can liy linh 14 4, 6 va 7-chiéu da duoc phan loai (Parry, 2007;
Parry, 2007; Hindeleh, & Thompson, 2008). Cho nén, bai viét nay s& xem xét phan loai céc
dai sb Lie giai duoc 7-chiéu véi can lity linh 1a trudng hop con lai, tire can liy linh 5-chiéu.

Cu thé, bai viét xay dung tat ca cac dai sé Lie thuc giai dugc bat kha phan 7-chiéu tur
viéc chon trude cho né cin liy linh 1a mét trong sé cac dai s6 Lie liiy linh 5-chiéu duogc
phan loai bai Dixmier (1958).

Bai viét gdm nam phan: phan gigi thiéu, phan xay dung bai toan va céch thuc tién
hanh phan loai. Két qua chinh cua bai viét s& duoc thanh Iap trong phan 3, phan 4 mo ta
cac biéu dién phu hop va ddi phu hop, cudi cuing 1a nhan xét két luan.

2.  Xay dwng bai toan
2.1. Céc khai ni¢m co ban

Truéc hét, ta nhic lai mot vai khéai niém co ban va két qua da biét dbi véi cac dai s6
Lie giai duoc.

e Day ddn xudt (DS) caa dai s6 Lie G 1a

G° =g> G =1[66]>->6" = [G*1, 6] > - ‘ ’

Pai so Lie G duoc goi la gidi duwoc néu day DS dung, tuc 1a ton tai so tu nhién k sao
cho G¥ = 0.

e Dady tim dudi (LS) cua dai sb Lie G 1a

Go ::,g 526G, =1[6,G] 2 2Gk : [G,Gk—1] 2 . ‘ ’

Dai so Lie G duoc goi la iy linh néu ddy LS dung, tac 14 ton tai so ty nhién k sao
cho G, = 0.

e Can liy linh cia dai s6 Lie giai duoc G, duoc Ii hiéu 1a NR(G), 1a ideal liy linh 16n
nhét cia G. Can lily linh 13 duy nhat va sb chiéu caa n6, theo Mubarakzyanov (1966), phai
thoa mén

dimNR(G) = - dimg. (1)

e Mot dai s6 Lie duoc goi 1a bat kha phan néu khdng thé phan tich thanh tong truc tiép
cua hai dai sb con that su.

e Phan tir N cua dai s6 Lie G 1a liy linh trong G néu

[..[[X,N],N]..N] =0 VXE€G.

e Tap cac phan tir {X;};—, ., Cla dai s6 Lie G |a déc lap tuyén tinh liy linh néu khong
¢6 t6 hop tuyén tinh khong tim thuong nao cia chung liy linh trong G.
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o Tap cac ma tran {A;};—1 ., 12 déc lap tuyén tinh liy linh néu khong co té hop tuyén

tinh khéng tim thudng ndo cua ching 1a ma tran liy linh.
2.2.  Thanh lgp bai toan va cach thic tién hanh phan logi

Gia sir cho truéc mot dai s6 Lie liiy linh 5-chiéu 1, c6 co s& 12 {X;};=; ._s. Di nhién,
cau trc Lie cia n, hay ndi cach khac, cac moc Lie [X;, X;] hoan toan dwoc xéc dinh voi
moi 1 < i,j < 5. Tas& mé rong n dé c6 dugc dai s6 Lie giai duoc bt kha phan 7-chiéu G
nhan 1 1am cén liy linh. Cu thé, ta mo rong bang cach bd sung thém 2 phan tir {X, Y} doc
lap tuyén tinh liiy linh. Lic nay, can xac dinh cac mdc Lie

[X,Y], [X,X], [V,X;] Véii=1,..5.

Do G giai duoc nén dai s6 dan xuat [G, G] nam trong can liiy linh n caa G. Vi vay, ta
c6 thé gia sur

(X Y1 =35_10X;, (X, X]=X500a5%, [V.X]]1=X521byX; Véii=1,..5.

Goi g; (v6i i = 1,...,5) la cac hdng sé cau tric. Pat A = (a;;), B = (b;;) va goi 13
cac ma trdn cdu truc. Bai toan phan loai cac dai s6 Lie G lac nay dwoc quy vé phan loai
cap ma tran cau tric A4, B va cac hang sb cau tric o;. Trong qué trinh phan loai, ta ap dat
hai diéu kién can dudi day:

(1) Cac ddng nhét thirc Jacobi ddi véi 25 bo ba

(X, X, %), (Y.X,X;), (X,Y,X,) voimoi 1<i<j<51<k<5;

(2) Tap hai phan tir {X, Y} doc 1ap tuyén tinh lity linh. Diéu nay twong dwong véi tap hai
ma tran ciu tric {4, B} doc 1ap tuyén tinh liy linh.

Cuébi cuing, ta str dung ki thuat d6i co so thich hop nham don gian hoa cau tric Lie
dang xét.

Muc 3 dudi day s& tinh toan cu thé d6i véi truong hop can liy linh 14 dai s6 Lie liiy linh
5-chiéu gs 5, ddy la mot trong chin dai s6 Lie liiy linh 5-chiéu dwoc phan loai béi Dixmier
(1958) nhur d gi¢i thidu & Muc 1.

3. Céc dai sb Lie thuc gidi duwgc bat kha phan 7-chiéu véi cin liiy linh g5 5
Dai s6 Lie g5 3 €0 Mot co s6 {X;};=1 s VSi cac moc Lie khdng tim thuong 1a
[X1,X2] = X4, [X1, Xa] = [X5, X5] = X, (2)
Trudc hét, ta 4p dung dong nhat thirc Jacobi cho 20 bo ba (X, X;, X;) va (Y, X;, X;),
1<i<j<S5,thicapmatran (4, B) dugc quy vé

a,, G, 4 a, a5 b11 blz b13 b14 b15

0 Uy Uy O30 A5 0 bzz b23 b13 + b45 bzs

0 0 26111 —ay, a5 ’ 0 0 2b11 _b12 b35

0 O 0 a,+a, a,s 0 0 O0 b,+b, b,
0 0 0 0 2a,+a,| [0 0 0 0 2b,+b,, |

Thuc hién phép dbi co so
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X = X - a45X1 - a35X2 + a25X3 + a15X4;
Yy =Y- b4_5X1 - b35X2 + b25X3 + b15X4_,

thi méc Lie [X, Y] khong d6i vé dang, con cap ma tran (4, B) tiép tuc duoc don gian thanh

all alZ a13 al4— + a35 0 _bll b12 b13 b14- + b35 0
O a22 a23 a13 0 0 b22 b23 b13 0
0 0 2a, -a,, 0 , 10 0 2b, -b,, 0
0 0 0 a,+a, 0 0 0O 0 b,+b, 0
10 0 0 0 2a,+a,| |0 O 0 0 2b,, + by, |
hay ta Ii hiéu lai nhu sau
(a ¢ d e 1 uw p g¢q i
b f d v r p
2a -c , 2u -w
a+b u+v
2a+b | 2u+v |

Tiép tuc 4p dung dong nhét thirc Jacobi cho 5 bo ba (X,Y,X;), 1 < i < 5, ta dugc
(01=02=03=a4=0
(a—b)w=(u—-v)c
(2a —b)r = Qu —v)f 3
ap +wf =cr +du
2cp + ev = 2dw + bq.
Diéu kién dé {4, B} doc 1ap tuyén tinh lity linh 1a

rank[g 1;] = 2. 4)

Ta lai thuc hién ddi co s
X=X+yXs, Y =Y+6X;

thi chi thay d6i moc Lie [X, Y] nhu duéi day

[X,Y] =[os +5(2a+b) —yQu+v)]Xs.
Do diéu kién (4) nén (2a + b)? + (2u + v)? # 0, nghia 13 ta ludn chon duoc y, §

thich hop dé 1am triét tiéu hing sé cau trdc os, ndi cach khac, moc Lie [X,Y] = 0.

Dén day, trudc khi tiép tuc viéc don gian héa cap ma tran cau trdc, ta s& chia bai toan

thanh ba truong hop dira vao dang cua cac ma tran cau trac nhu sau

3.1.

Ca A va B déu c6 dang chéo;

Chi A hoac B c¢6 dang chéo;

Ca A va B déu khong c6 dang chéo.

Cd A va B déu c6 dang chéo

Trong truong hop ndy, hé phuong trinh (3) ludn dung. Mit khac, do diéu kién (4) nén

a? 4+ u? # 0. Khdng mit tinh tong quat, ta cd thé gia st a # 0. Thuc hién phép ddi co s
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X=-X, Y=Y -=X
a a
thi chi cap ma tran (4, B) thay ddi va c6 dang nhu sau
(diag(1,x,2,1 + x,2 + x), diag(0,y,0,y,y)) Vvéix € R;y # 0.
Ta thuc hién thém mot phép dbi co so nira
X=X-2y v=21yv
y y

thi thu dugc dai s6 Lie c6 cac ma tran ciu tric A, B va moc Lie [X, Y] nhu sau
A = diag(1,0,2,1,2)
B = diag(0,1,0,1,1)
[X,Y] = 0.
3.2. Chi A hogc B c6 dgng chéo
Khong mét tinh tong quét, ta gia st A chéo va B khong chéo. Luc nay, hé phuong
trinh (3) tr¢ thanh

(a—=bw=0
(2aa—p b:)r0= 0 )
bg = 0.

Nham lam triét tiéu cac phan tir nim ngoai duong chéo caa ma tran cau tric B, ta
thyuc hién phép ddi co so trong ndi bo cin lity linh gg 5, |i hiéu phép bién d6i nay béi (G),
sao cho cac mac Lie & (2) khong thay d6i. Cu thé, ta dit

N=[X, X, X, X, X]|;N=[x, X, X, X, Xx.]

19 9 9
N'=GN vsi L g g |
G= 1 -g, (g, eR,i=1,..,4;9,9,=0)
1
1

thi cap ma tran (4, B) bién d6i thanh (GAG ™1, GBG™1). Ta s& xét hai truong hop con.
3.2.1.Truong hopw # 0

Hé phuong trinh (5) kéo theo a = b vap = g = r = 0. Thuc hién phép bién doi (G)
V6i g, = g3 = g4 = 0 thi A khong ddi, con B chi thay doi w thanh w’ = w + (v — u)g;.
Néu v # u thi chon g; =
diéu kién (4).
3.2.2.Truong hopw =0

Thuc hién phép bién d6i (G) véi g; = 0 thi (4, B) duoc quy vé

— B duoc quy vé dang chéo. Nguoc lai, v = u, mau thuin

v-u'
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a ag, bg, 1« »p» ¢ |
b (2a-b)g, ag, v rp
2a , 2u
a+b u+v
i 2a+b| | 2u+v |
trong do
p' = p +ug,
q = q + V9
r' = r +(2u-v)g,.
Do diéu kién (4) nén u? + v2 = 0, tic la ta chi c6 cac kha nang duéi day cia u, v
u=0,v=#0 (a)
u=0,v=0 (b)
2u=v=#0 (c)
2uzv=0 (d)
e Vi (a), tachong, =0, g; = _Tqvé\ ga = %th‘l
o . ;

v p

B= 0
%
%

Mit khéc, ta co
u=0 45 g=0 -5 p=0
hay B la ma tran chéo.

e Vi (b), tachon g, = ‘7”, g3 =0Vvag, = ;—5 thi
- .
0
B= 2u
u
2u |

Mat khac, ta co
v=0 45 px0 L g=0
hay B ciling la ma tran chéo.
e Vi (c), tachon g, = —7;9' gz = %qvé\ gs =0 thi
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2u r
B= 2u
3u
L 4‘”_

Néu r = 0 thi B chéo. Nguoc lai, tir hé phuong trinh (5) din d&én 2a = b, mau thuan
diéu kién (4).

e Vi (d), chon g, = _7”, gz = _Tq, g4 = 2;—; thi B ludn dugc quy vé ma tran chéo.

Phép bién ddi (G) trong ca (a), (b), (c) va (d) ludn dam bao ma tran A khong thay
dbi do hé phuong trinh (5). Nhu vay, truong hop 3.2 nay duoc quy vé truong hop 3.1.

3.3. Cd A va B déu khong c6 dang chéo
3.3.1.Truong hopw =0

St dung két qua cua B sau khi thuc hién phép bién doi (G) (xem truong hop con
3.2.2 cuia truong hop 3.2), thi véi kha niang (d), B ludn duoc quy vé dang chéo, con lai thi

e Vi (a), tir hé phuong trinh (3) ta c6 ap = 0. Ma u = 0 nén két hop diéu kién (4) thi
a # 0 hay p = 0. Vay, B duoc quy vé dang chéo.

e Vi (b), tir hé phuong trinh (3) ta c6 bg = 0. Ma v = 0 nén két hop diéu kién (4) thi
b # 0 hay g = 0. Vay, B dugc quy vé dang chéo.

e Vi (c), tir hé phuong trinh (3) ta c6 (2a — b)r = 0. Ma 2u = v nén két hop diéu
kién (4) thi 2a — b # 0 hay r = 0. Vay, B ciing duoc quy vé dang chéo.
3.3.2.Truong hopw # 0

Trudc hét nhan thdy, néu ¢ = 0 thi lam tuong tu nhu d6i vai B, ta ludn quy duoc A
vé dang chéo. Do d0, ta chi xét cw # 0. LUc ndy, néu u — v = 0 thi hé¢ phuong trinh (3)
kéo theo a — b = 0. Piéu ndy mau thuin diéu kién (4). Vay u — v phai khéac 0. Thyc hién
phép bién i (G) voi g, = g3 = g, = 0, ta ludn chon duoc g, thich hop dé quy w vé 0,
va tro lai truong hop con 3.3.1 vira xét ¢ trén.

T6m lai, tredng hop 3.3 nay lai duoc quy vé truong hop 3.2. Nhu vay, chi ¢ mot dai
s6 Lie thuc giai duoc bat kha phan 7-chiéu c6 can liiy linh 1a g5 3 dugc xay dung & truong
hop 3.1.

Tat ca nhitng tinh toan & trén da ching minh mét cach chi tiét cho dinh Ii dugc phat
biéu bén dudi. Pay ciing 1 két qua chinh ma bai viét muén dé cap dén.
binh |i 1.

Cho G 1a mét dai sé Lie thuec gidi dwoc 7-chiéu sao cho cdn lity linh ciia né la dai s6
Lie lity linh 5-Chiéu gs 3. Khi d6, néu G bat kha phan thi G phdi dang cdu véi dai sé Lie
L = span{X;};—, ., Véi cAc méc Lie khdng tam thurong 1a
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[Xl’XZ]:X4’ [Xl'X4]:X5' [XZ’X3]:X5'

[X,.X,]=X,, [XoX,]=2X,, [X,X,]=X, [X,Xs]=2X;,

[X,.X,]=X,, [X,.X,]=X,, [X,X]=X..
4.  Biéu dién phu hep va déi phu hop

Nhu da biét, biéu dién phu hop va d6i phu hop 1a hai biéu dién quan trong bac nhat
trong Ii thuyét biéu dién dai s6 Lie. Muc 4 nay s& md ta tudng minh céc biéu dién nay caa
dai s6 Lie £, cu thé 1a md ta biéu dién phu hop cua £ trén chinh né va biéu dién ddi phu
hop cua £ trén khong gian dbi ngau £* cua nd. O day, £ chinh 1a dai s6 Lie duy nhit da
duoc xay dung & Muc 3.
4.1. Biéu dién phu hep cia £

Biéu dién phu hop cua £ 1a dong cdu dai sé Lie ad : £ - gl(£), g ~ adg véi adg
duoc xac dinh nhu sau

adg(h) = [g,h] Véimoi h € L.

Nhan caa biéu dién phu hop bang voi tdm caa £, 1i hiéu bai Z(£). Hon nita, d& dang
tinh duoc Z(£) = 0. Vi vay, biéu dién phu hop cua £ 1a mét biéu dién trung thanh.

Lay g € £, giasa g = X7_; x;X; (x; € R). Tatinh anh cia co s6 € = {X;};—, ., qua
dong cau adg:

adg(X,)=[9.X,]=-%X, - X, Xs + XX,
adg(X,)=[9.X,]=xX, - XX+ XX,
adg(X,)=[9.X,]= %X +2x.X,
adg(X,)=[g.X,]=xX; +(x +x,)X,
adg(X;)=[g,X;]= (2% +%,) X,
adg(X,)=[9,X;]|=-%X, —2%,X, — X, X, — 2X X,
adg(X,)=[9.X,]=-%X, - XX, — X X;.
Ddng nhat adg vai ma tran biéu dién cia nd tng vai co so C, khi d6 ta duoc
'x, 0 0 0 0 % 0 ]
0 X, 0 0 0 0 =X,
0 0 2x, 0 0 -2%, 0
L=-X, X 0 x+x 0 X, =X, Xpyen X, €R
=X, =X X X 2X, + X,  —2X  —X
0 0 0 O 0 0 0
0 0 0 O 0 0 0 |

4.2. Biéu dién doi phu hep ciia L
L4y d6i ngau va dao dau cua biéu dién phu hop ta dugc biéu dién ddi phu hop ad”
cua £ trén khong gian d6i ngau L*. Cu thé, biéu dién déi phu hop dugc m6 ta nhu sau
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ad: £ — gl(L")
g — adg: L' — L*
f o adg(f): L — R
h — (ad"g(f),h) = (f,—adg(h)).

Ta dé dang tinh duoc ker(ad*) = Z(£), nén biéu dién d6i phu hop cua £ ciing 13 mot
biéu dién trung thanh.

Lay g € £, gia st g = Y/_; x;X; (x; € R). Chon co s¢ dbi ngau C* = {X;}i=1 .,
cho £*. Bdng nhit ad*g véi ma tran biéu dién caa né ang véi co so C*. Khi do, ta co
ad*g = —(adg)T, hay ta c6

—x, 0 0 X, X, 00
0 -X, 0 =X X, 0 0
0 0 -2x, 0 —X, 0 0
L=310 0 0 (% +%) —X 0 0| : X,wXeR
0o 0 0 0 —(2%,+x,) 0 0
X, 0 2%, X, 2X; 0 0
0 X, 0 X, Xs 0 0]

5.  Kétluan

Bai viét da xay dung dugc mot 16p con cua 16p cac dai sé Lie thuc giai duoc 7-chiéu
V6i can liy linh 5-chiéu. Lép con ndy c6 can liiy linh gg 3 va thuc chat chi gom mot dai sb
Lie bat kha phan duy nhat, sai khac nhau mot dang ciu, duoc phét biéu trong Binh Ii 1.
Véi cach thuc tuong tu, nhung thay can lily linh g5 3 lan luot béi cac dai s6 Lie lity linh 5-
chiéu con lai trong két qua phan loai cia Dixmier (1958), ta c6 thé thiét Iap tt ca cac dai
s6 Lie thuc giai duoc 7-chiéu véi can lity linh 5-chiéu. Va khi o, 16p dai s Lie thyc giai
duoc 7-chidu xem nhu dugc phan loai hoan toan. Van dé nay s& dugc xem xét & cac nghién
ctru tiép theo.

% Tuyén bé vé quyén loi: Tac gid xac nhan hoan toan khéng cé xung dét vé quyén loi.
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ABSTRACT
The paper is to classify seven-dimensional solvable Lie algebras that have the five-
dimensional nilpotent Lie algebras as their nilradical. All seven-dimensional indecomposable
solvable Lie algebras with a given nilradical are constructed. This result contributes to the
complete classification of the class of seven-dimensional real solvable Lie algebras which are
presently unsolved. Moreover, the adjoint and co-adjoint representations of these algebras are also
described in this paper. These are two extremely important representations in the representation
theory of Lie algebras. As a consequence, a clearer understanding of the newly constructed Lie
algebras is formed.
Keywords: Lie algebras; Solvable Lie algebras; Nilradical; Representation
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