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Ti SO KEP CUA BON PUONG THANG LOBACHEVSKY PONG QUY
TRONG HINH HOC VOI MO HINH NUA MAT PHANG POINCARE

Lé Hao"
Truong Pai hoc Pha Yén
Ngay nhdn bai: 22/08/2021; Ngay nhdn dding: 01/10/2021

Tom tit

Trong bai b4o nay ching t6i xac ldp cong thizc lién hé giga ti so kép cua bén dwong
thang Lobachevsky dong quy va ti sé kép cuia bon diém. Két qua chinh cua bai bao 1a Pinh
ly 2.1 va H¢é qud 2.3.

T khoa: Ti sé kép, Cdc dwong dong quy, Puong thang Lobachevsky, M6 hinh nira
mdt phang Poincaré.

1. Giéi thiéu

Trong mat phang E2 véi hé toa do tryc chuan Oxy ta xét nira mat phang nam phia
trén truc Ox:

H>={(x,y)ER? / y>0}={z€C / Imz>0}.

Tao thanh mé hinh nira mit phiang Poincaré caa Hinh hoc Lobachevsky.

Trong bai bao trude day chung t6i da d& cap dén khai niém do dai dai s6 Lobachevsky
L(AB) cua cung doan dinh huéng nbi tir A dén B trén mot truc (Lé Hao, 2018)
-Néu truc la tryc cong vai cuc am I va cuc duong K thi:

A—K . A—1

, v B—K B- 1)
-Néu truc la truc thang vubng goc vai Ox tai K thi:

1am=n(3 %)

L(AB) = ln(

Chung toi dé cap cac gia tri sau:
ep(AB) — e_p(AB)

2
L eL(E) _ e—L(E)

sh(AB) = 5

Trong d6 p(AB) la do dai Lobachevsky cuia cung doan AB (Nguyén B4 Khién,2011), 10
rang p(AB) = |L(AB)|.
Pinh nghia 1.1. Cho bén diém A, B, C, D phan biét va ciing nam trén mgt dirong thang Lob.
Ti s6 kép cua cua A, B, C, D (theo thiz ti) 1a mét so; ki hieu (ABCD); xdc dinh nhiw sau:
sh(CA)  sh(DA)
sh(CB) =~ sh(DB)

Chung ta d& dang nhan thay nhiing tinh chat twrong tu nhu ti s6 kép trong hinh hoc
Euclide.

sh(AB) =

(ABCD) =
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Tiép theo chlng ta s& van dung khai niém néu trén dé khao sat méi lién hé giita ti s6
kép cua bén duong thang Lobachevsky dong quy, ti sé kép cua nhitng giao diém trén cat
tuyén va ti sb kép cua cc tam.

2. Két qua chinh

Néu duong thang Lob (1) c6 thé hién Ia nira duong tron tam H, ta n6i diém H 1a tam
cua (1). Néu duong thang Lob (1) c6 thé hién Ia nira duong thang vudng goc truc Ox, ta noi
(1) cotdm H v tan (H = ).

Pinh ly 2.1. Cho bén dwong thang Lob phan biét (a), (b), (c), (d) cé dinh, dong quy tai S.
Xét mét cét tuyén bat ki (A) la dwong thang Lob khdng qua S va cat (a), (b), (¢), (d) tuwong
ng tai A, B, C, D. Khi dé ti s6 kép (ABCD) 1a hang sé khong phy thugc vao (A), hon nira:
(ABCD) = (I11;131,)
Trong do 1,,1,, 15,1, twong vng latdm cua (a), (b), (c), (d).
Chirng minh.
1. Xét cac duong thang Lob (a), (b), (c), (d) dong quy tai S(p, q) lan luot tuong ng
V@i cac nira duong tron sau:
(L1) x*+y?—-2a;x =p*+q*—2a;p
(L2) x?+y? —2a,x =p?+q% —2a,p
(L3) x%+y?—2a3;x =p?+q%—2a3p
(L4) x%*+y?—2a,x =p*+q%—2a,p
Lan luot c6 tam I;(ay, 0), I, (a,,0), I:(as,0), I,(ay, 0).
e Trudc tién ta xét (A) 1a tryc thang, vudng goc va cat Ox tai K (m, 0) véi m # p:

Taco:
A )
B )
c )
D (m,\/p2 +q? —m? + 2a,(m — p))

Suy ra:

L(CA) =In (C — K) =In <Jp2 T4’ - m?+ 2as(m - p)>

A—K Vp?+q? —m? + 2a,(m — p)

_, Ju@m _ YP? +4* —m? +2a5(m —p)
Vp? +q? —m? + 2a,(m — p)
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(m—p)(as —a,)
CK.AK

= sh(CA) =

Tuong tu ta co:
(m—p)(az — a,)

sh(CB) = — 43¢
ot
op) = (M) — @)

DK.BK
Suy ra:
sh(CA sh(DA a, —a, a,—a
(CA) sh(DA)  az—a; a,—a A

ABCD) = — — = :
( ) sh(CB) sh(DB) a;—a, a,—a,

e Truong hop (A) la truc cong ¢6 cuc am I:

BN
—

Khoéng anh hudng két qua, ta cd thé xem gdc truc Ox 13 0 = I. Dung phép nghich dao tam
0tis6 k > 0 bién (A) thanh truc thang (A") vubng goc véi Ox; bién cac dudng thiang Lob
(a), (b), (¢), (d) thanh cac duong thing Lob (a'), (b"), (c"), (d") ddng quy va cit (A") lan
luot tai A, B', C', D'.

Phép nghich dao noi trén c6 phuong trinh:

, kx kx'

X :—x2+y2 x:—x12+y’2
=> !

ik |, __ kv
y XZ +y2 ky - xlz +y12
Tir d6 suy ra cac duong thang Lob (a), (b)), (¢"), (d") twong (ng véi cac nira dudng tron cé
tam (a;, 0), voi:

, kal‘

= | =1,2,3,4
T T g 2ap 3 )

Suy ra:
a,3 - a,1 a’4 - a,1 a3 - a1 a4_ - a1

ABCD) = (A'B'C'D") = : = : = (LLL1
(ABCD) = ( )= e e e Ta—aa—a= (kL)
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2. Xét cac duong thang Lob (a), (b), (¢), (d) ddng quy tai S(p, q); lan luot trong tng
VGi c&c ntra duong tron va nira duong thang, chang han:
(L1) x*+y?-2a;x =p*+q%—2a;p
(L2) x%*+4y?—2a,x =p?*+q*—2a,p
(L3) x%+y?—2a3x =p*+q*—2a3p

(L4) x = p
Béng phuong phap nhu trén ta cé:
az; —a,
(ABCD) = 4 (L1) = (hlx30) = (L11131,) B
3~y

Pinh nghia 2.2. Cho bon duong thang Lob phan biét (a), (b), (c), (d) dong quy. Ti sé kép
cua (a), (b), (), (d) 1a mét so; ki hiu 12 (abcd); xdc dinh nhw sau:
(abcd) = (I113131,)

Trong do 1,1, , 15,1, twong vng latdm cua (a), (b), (c), (d).
Hé qua 2.3. Cho ban duwong thang Lob phan biét (a), (b), (c), (d) dong quy tai S; lan leot
cotam Iy, I, , 15, 1,. Khi do:

(abed) = (IL,151,) = (ABCD)

V6i A, B,C,D twong ing la giao diém giira cat tuyén bat ki khdng qua S véi (a), (b), (c),
(d). 7 ? N 2

Vi du. Cho bon duong thang Lob (a), (b), (¢), (d) dong quy. Trong d6 (b) c6 thé hién la
nira duong thang (c6 tam I, = «); (a), (c), (d) twong ung c6 tam I,(—2,0), I5(3,0),
1,(8,0). Ta tinh ti s6 kép (abcd):

—az3 —-2-3 1

a;
(abcd) = (h1:131,) = (314 1) = (I, 0) = (L1131,) = 4 —a, —2-8 5 u

Hé qua 2.4. Cho hai duwong thang Lob (a), (b) bdt ki cat nhau tai S. Xét cdc dwong thang
Lob (¢), (d) qua S; la phén giac cua cac goc tao boi (a), (b). Khi do: (abcd) = —1.

Chitng minh. Xét mot duong thang Lob (A) khdng qua S; cét (a), (b), (¢), (d) tuong tng
tai 4, B, C, D. Gia st C nam trén cung doan AB va D nam ngoai cung doan do.
Ap dung Pinh ly ham sé sin hyperbolic (Nguyén Th; Lién & Nguyén Ba Khién, 2011) cho
cac tam giac Lobachevsky SCA,SCB v6i £CSA = £CSB = a, £SCA = 6 ta c6:
sh(CA) sh(SA) . sh(CB) sh(SB)
. =— va . =—

sina_ sinf sina sinf

sh(CA)  sh(CA)  sh(SA)

sh(CB) ~ sh(CB) = sh(SB)

ey
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Ap dung Pinh ly ham sé sin hyperbolic cho cac tam giac Lobachevsky SDA, SDB ta co:

sh(DA) sh(DA) sh(SA)
Sh(DB) _ sh(DB) _ shsB) &
Tir (1) va (2) va &p dung Dinh Iy 2.1 ta c6: (abed) = (ABCD) = —1 M
3. Két luan
Pinh ly 2.1 va Hé qua 2.3 da thé hién méi lién hé giira ti s6 kép cua bén duong thang
Lobachevsky dong quy, ti s6 kép cua nhiing giao diém trén cat tuyén va ti sé kép cua céc
tamQ4
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Abstract

In this paper, we establish the relationships between the Cross ratio of four
concurrent Lobachevskian lines and the Cross ratio of four points. The main findings of the
paper are Theorem 2.1 and Consequence 2.3.

Keywords: Cross ratio, Concurrent lines, Lobachevskian line, Poincareé half - plane
model.



