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Abstract: Let G be an edge-colored graph. A path in G is a conflict-free path if it contains
a color used on exactly one of its edges. The graph G is called conflict-free connected if
every two distinct vertices is connected by at least one conflict-free path. The graph G is
said to be properly edge colored (properly colored for simplifying), meaning an assignment
of colors to edges so that no vertex is incident to two edges of the same color. If graph G is
simultaneously properly colored and conflict-free connected, then Czap et al. [1]
introduced the concept of properly conflict-free connected. The proper conflict-free
connection number, denoted by pcfc(G), is the minimum number of colors needed in order
to make it properly conflict-free connected. Recently, there is few results of proper conflict-
free connection. In this paper, we determine some connected graph classes having

pefe(G) = X'(G).
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I. INTRODUCTION

In this paper, we only consider simple, finite, and undirected graphs. Given a connected
graph G. Let us denote by V(G), E(G),n, m the vertex set, the edge set, the number of
vertices, the number of edges of G, respectively. Let u,v € V(G) be two vertices of G and
N¢(u) be the neighbor set of the vertex u in G. A path connecting two vertices u, v is
denoted by uv-path. The length of the uv-path is its number of edges. The distance between
two vertices u, v, denoted by d(u, v), is the length of the shortest path between u, v. The
diameter of G, denoted by diam(G), is the maximum distance between any pair vertices of
G. Finally, we use [2] for some terminology and notation not defined here.
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Let k be an integer. For simplifying notation, we denote the set {1,2, ..., k} by [k]. Let
c: E(G) — [k] be an edge-colored of G i.e., every edge of G is assigned by a color from [k].

Given an edge-colored graph G. If adjacent edges in G are assigned different colors by
c then G is called properly edge-colored (properly colored for simplifying). Now, c is the
proper edge-coloring. The chromatic index number, denoted by y'(G), is the least number
of colors needed in order to make it properly colored. The bounds of the chromatic index
number were determined by Vizing et al. [3] as follows: A(G) < ¥'(G) < A4A(G) + 1.
Moreover, if ¥'(G) = A(G) then G is in Class 1. Otherwise, G is in Class 2. Holyer et al. [4]
presented that it is NP-complete to determine the chromatic index of an arbitrary graph.

Connectivity is one of the most fundamental in graph theory, both in the combinatorial
sense and the algorithmic sense. There exist many beautiful and interesting results on
connectivity in graph theory. The first connection concept is rainbow connection that was
introduced by Chartrand et al. [5]. This concept has many applications in communication
and secure of networks. Readers who are interested in this topic are referred to [6,7] .

In 2018, Czap et al. [1] introduced the concept of conflict-free connection. Let G be a
nontrivial, connected, edge-colored graph. The edge-colored graph G is said to be conflict-
free connected if any two vertices are connected by a path which contains at least one color
used on exactly one of its edges. This path is called conflict-free path. The conflict-free
connection number of G, denoted by cfc(G), is defined as the smallest number of colors in
order to make it conflict-free connected. For more results on conflict-free connection, readers
are referred to [1,8-10]. Very recently, it has been shown in [11] that computing cfc(G) for
a given graph G is an NP-hard problem.

The last section in [1], the authors introduced the concept of proper conflict-free
connection. If G is simultaneously properly colored and conflict-free connected, then G is
called properly conflict-free connected. The proper conflict-free connection number,
denoted by pcfc(G), is the minimum number of colors in order to make G properly
connected and conflict-free connected. Clearly, pcfc(G) = max{y'(G), cfc(G)}.

The concept of proper conflict-free connection is very new. Recently, there are only
some results on the proper conflict-free connection number in [1]. Therefore, in this paper,
we consider the proper conflict-free connection number of some special connected graphs.
Moreover, we also determine some connected graph classes having pcfc(G) = x'(G).

2. CONTENT
2.1. Auxiliary results

In this section, we present some known results which are very useful in the proof of our
results. First, we state results on the conflict-free connection number.

Theorem 2.1. ([1]). Let G be a path with p =n—12>1 edges. Then cfc(G) =
[log.(p + 1)I.
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Czap et al. [1] determined the conflict-free connection number of 2-connected graphs
as follows.

Lemma 2.2. ([1]). If G is a 2-connected and non-complete graph, then cfc(G) = 2.

Next, we present some results on the proper conflict-free connection number. In [1], the
authors said that, for any tree T, there is pcfc(T) = cfc(T). For any 2-connected graph, the
bounds of the proper conflict-free connection number are determined as follows.

Theorem 2.3. ([1]). If G is a 2-connected graph, then

A(G) < ¥'(G) S pcfe(G) < Y'(G)+1 < A(G) + 2.

For an arbitrary connected graph, the upper bound of the proper conflict-free connection
number is determined.

Theorem 2.4. ([1]). If G is a connected graph with 4*(G) = A(G — E(C(G))) and
h(G) = max{cfc(K):K is a component of C(G)} then

pcfc(G) < A4*(G) + h(G) + 2.
Finally, we present some results on the chromatic index number.
Theorem 2.5. ([12]). If G is a bipartite graph, then G is in Class 1.

Theorem 2.6. ([13]). The complete graph K,, is in Class 1 if n is even and in Class 2 if
n is odd.

2.2. Main results

In this section, we present some new results of the proper conflict-free connection
number. Given two integers n,m. Let K,,, where n > 2, K,,, ,, where m >n > 1, be a
complete graph, a complete bipartite graph, respectively. First, we present a class of
connected graphs, say G, with the condition of diameter having pcfc(G) = x'(G).

Proposition 3.1. Let G be a connected graph of order n > 2. If diam(G) < 3 then
pefe(G) = x'(G).

Proof. Let c: E(G) — x'(G) be a proper edge-colored of G. Now we show that every
two distinct vertices, say u, v € V(G), is connected by at least one conflict-free path. If uv €
E(G) then uv is a conflict-free path connecting u, v. Hence, we consider uv € E(G). It
follows that 2 < d(u,v) < 3.

1. Ifd(u,v) = 2 then there exists a vertex w such that w € N;(u) N N;(v).
Since G is properly colored, c(wu) # c(wv). It implies that uwv is a conflict-free
path.

2. If d(u,v) = 3 then there exists a path of length 3, say P = uw,w,v,
connecting u, v. Since G is properly colored, c(wyu) # c(wyw,) and c(w,w;) #
c(w,v). It can be readily seen that P is a conflict-free path.

Hence, there always exists at least one conflict-free path connecting any two distinct
vertices in the properly edge-colored graph G. By the definition of proper conflict-free
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connection, it follows pcfc(G) <x'(G) . On the other hand, pcfc(G) =
max{y'(G),A(G)} = x'(G). Hence, pcfc(G) = x'(G).
The proof is completed.

Sharpness: The bound of diam(G) of Proposition 3.1 is best possible. Let G; = Ps be
a path of order 5. Clearly, diam(G,) = 4 and x'(G,) = 2. By Theorem 2.1, cfc(G;) = 3.
Hence, pcfc(G,) = max{2,3} = 3.

Next, we consider the proper conflict-free connection number of a complete graph and
a complete bipartite graph.

Theorem 3.1. Let G be a connected graph. Hence,

1. if G = K,,, where n > 2 then
n—1 ifniseven;
pefe(Kn) = {n if nisodd ’
2. if G = K, ,, Wwhere m,n = 1, then pcfc(K,, ) = max{m,n};

Proof. Clearly, diam(G) < 2, where G € {K,, K;,,}. By Proposition 3.1, pcfc(G) =
x'(G).

1. if G = K,,, where n > 2. Clearly, A(G) = n— 1. By Theorem 2.6, we obtain the
result.

2. if G = Ky, Where m,n > 1. A(G) = max{m,n}. By Theorem 2.5, we obtain the
result.

The proof is completed.

Let C,, be a cycle of order n > 3. By Theorem 3.1, pcfc(C3) = 3. Next, the proper
conflict-free number of a cycle is presented as follows.

Theorem 3.3. If C,, is a cycle of order n > 4, then
1. pcfc(Cy) =2 ifn € {4,6};
2. pcfc(Cy) =3ifn=>5andn # 6.
Proof. It is not difficult to show that pcfc(C,) = 2, where n € {4,6}.

Next, we consider pcfc(C,), wheren > 5 and n # 6. Let us assign all edges of C,, by
colors from [3] as follows: c(v;v;;1) = ((i — 1) mod 2) + 1, Vi € [n — 1]; c[v,v;] = 3.
It can be readily seen that C,, is simultaneously properly colored and conflict-free connected.
Hence, pcfc(C,) < 3.

If nis odd, then x'(C,) = 3. Hence, pcfc(C,) = 3. It follows pcfc(C,) = 3.

If n is even, then n = 2k, where k > 4 and y'(C,,) = 2. Hence, pcfc(Cyy) = 2.
Suppose that pcfc(Cy,) = 2. Let Cop = V1 ... vV . Since Cyy is properly conflict-free
connected with two colors from [2], two consecutive edges of C,;, must be assigned different
colors. On the other hand, d(v,vk,1) = 4. By Lemma 2.1, v;v;,1-path is not able to be



SCIENTIFIC JOURNAL OF HANOI METROPOLITAN UNIVERSITY —VOL.56/2022 | 53

conflict-free path with two colors, a contradiction. Hence, pcfc(C,;) = 3. This implies that
pcfe(Cy) = 3.

Our proof is obtained.

Let W, be a wheel of order n + 1 consisting of a cycle C, and a single vertex u joined

to all vertices of the cycle C,,. The following result is shown that different from a cycle C,,,
the proper conflict-free connection number of I, is as large as possible.

Theorem 3.4. Let n > 4 be an integer. Hence, pcfc(W,) = n.

Proof. Let W,, = C,, + u be a wheel, where C,, = v; ... v,,v;. Let ¢ be an edge-coloring
of W,,. Clearly, A(W,,) = n. Let us assign all edges of W,, by n colors as follows: c(uv;) =
i, Vi € [n]; c(viviz1) = ((i + 1)modn) + 1, Vi € [n] (indices modulo n). It can be readily
seen that W, is properly colored. Hence, y'(W,,) < n. On the other hand, y'(W,) = A(W,).
It follows that y'(W,,) = A(W,) = n.

Clearly, diam(W,,) = 2, using Proposition 3.1, pcfc(W,) = x'(G) = n.

The proof is completed.

Let G be the complement of G. Now, we consider the conflict-free connection number
of the complement of G with the condition of its diameter.

Theorem 3.5. If G is a graph of order n > 3, where diam(G) > 3, then pcfc(G) =
x'(G).
Proof. Since diam(G) = 3, there exist two vertices, say u, v € V(G), such that uv ¢

E(G). This makes uv € E(G). Moreover, u, v have no common neighbors in G. Hence,
every w € V(G)\{u, v} has at least one vertex from {u, v} as non-neighbor in G. This

deduces that w is adjacent to at least one vertex from {u, v} in G. It can be readily seen that
there is at least one path in G connecting any two arbitrary vertices x,y € V(G). Hence, G
is connected. There exists pcfc(G).

Moreover, dz(x,y) <3, for any x,y € V(G). It follows that diam(G) < 3. By
Proposition 3.1, pcfc(G) = x'(G).

This completes our proof.

We finish this section here.
3. CONCLUSION

The concept of the proper conflict-free connection number, say pcfc(G), of a connected
graph G is very new. This has been introduced very recently by Czap et. al. in [1]. In this
paper, we proved some new results on this concept such as: pcfc(G) = x'(G) when
diam (G) < 3, pcfc(G) of some special classes of connected graphs... Since pcfc(G) =
max{y'(G),cfc(G)} and Lemma 2.1, we deduce that there are many connected graphs, say
G, for example G = P, of order n > 5, such that pcfc(G) = cfc(G) > x'(G).
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Let C, be an even cycle of order n > 8. Hence, x'(C,) = 2 and cfc(C,) = 2 (by
Lemma 2.2). By Theorem 3.3, pcfc(C,) = 3 > max{x'(C,), cfc(C,)}. Hence, there exists
a connected graph G such that pcfc(G) = max{ x'(G),cfc(G)}+ 1. It is natural the
following problem is raised.

Problem 3.6. Let t > 2. Is there any nontrivial, connected graph G having
pcfc(G) = max{y'(G),cfc(G)} +t.
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MOT LUU Y VE SO KET NOI KHONG XUNG PQT THICH HQP
CUA CAC PO THI LIEN THONG

Tom tat: Cho G 1a mgt do thi dwoc td mau tat ca cac canh. Mgt duong trong do thi G duroc
Qoi la diong khéng xung dgt néu trén dé c6 mét mau sk dung chinh xac mét lan duy nhat.
Do thi G duoc goi la lién théng khong xung dét néu cir hai dinh khac nhau bat ky trong do
thi duroc két néi véi it nhat mét dwong khdng xung dét. Pé thi G duroc goi 1a td mau thich
hop, khi d6 cdc mau dwoc t cho cac canh cia do thi sao cho khong cé canh nao cing ké
véi mét dinh nhdn mau giong nhau. Néu do thi G vira la dé thi théa man dong thoi diéu
kién t&6 mau thich hop va lién théng khdng xung dot thi cac tac gia tai [1] da gioi thiéu khéi
niém mdi la lién thong khong xung dot thich hop. Sé lién thong khéng xung dot thich hop,
dioc ky hiéu 1a pcfc(6), 1a s6 mau nhé nhat can phdi t6 tdt ca cac canh cia do thi sao
cho do thi tré thanh lién théng khéng xung dét thich hop. Hién nay, co rat it két qua vé sé
lién théng khéng xung dét thich hop. Trong bai bdo nay, ching téi xdc dinh sé lién théng
khéng xung dgt thich hop ciia mét sé l6p do thi lién thong théa man pefe(G) = x'(G).

Tir khod: Lién thong khong xung dat, mau sdc thich hop.



