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1. INTRODUCTION

The initial and terminal are concepts that are mentioned a lot in each category. These
concepts have many special properties and many new concepts that have been built from the
initials or terminals.

In this article, | consider some algebraic concepts such as the kernel, cokernel, image,
coimage, tensor product,... through the concept of the initial or terminal in category theory.

2. CONTENT
Firstly, we will review category, the initial and terminal in the category theory.
2.1. Initial object and terminal object

Definition 1. A category C is given by a class C, of objects and a class C, of arrows
which have the following structure:

i) Each arrow has a domain and a codomain which are objects; one writes f: X — Y or

X£> Y if X is the domain and Y is the codomain of the arrow f. One also writes X =
dom(f),Y = cod(f) and Hom.(X,Y) is the set of arrows f: X - Y in C.
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ii) Giving two arrows f and g such that cod(f) = dom(g), the composition of f and
g written gf is defined and has domain dom(f) and codomain cod(g):

xlvsz
iii) The composition is associative that is given f:X - Y,g:Y = Z and h: Z - W,
h(gf) = (hg)f.
iv) For every object X, there is an identity arrow idy, satisfying idyg = g for every
g:Y = Xand fidy = f forevery f: X - Y.
Definition 2. The dual category of a category C, denoted by C?°, has the same class of

objects as C, and with two objects X,Y in C° we have Homeo(X,Y) = Home(Y,X). The
composition fg in C° is defined as the composition gf in C.

Definition 3. Let C be a category. An object T of C is called terminal if for any other
object X there is exactly one morphism X — T in the category C. An object I of C is called
initial if for any other object X there is exactly one morphism I — X in the category C.

Definition 4. Let C be a category. A morphism a: A — B is called a monomorphism if
af = ag implies that f = g for all pairs of morphisms f, g with codomain A. A morphism
a: A — B is called an epimorphism if fa = ga implies that f = g.

An object 0 is called a null object for € if Hom(4, 0) has precisely one element for
each A in C. In the dual category 0 becomes a conull object. We say that 0 is a zero object

for ¢ if it is at once a null object and a conull object. In this case, we will call a morphism
A — B azero morphism if it factors through 0.

Example 5. In the category Set whose objects are sets and arrows are maps. The set
T = {a} with one element is the terminal.

In the category Gr whose objects are groups and arrows are homomorphisms. The group
B = {e} are both the terminal and the initial.

We will now look at some algebraic concepts from the perspective of initial and
terminal.

2.2. Image and coimage

Definition 6. The image of a morphism f: A — B is defined as the smallest subobject of
B which f factors through. That is, a monomorphism u: I — B is the image of f if f = uf’
for some f': A — I, and if u precedes any other monomorphism into B with the same
property. The object | will sometimes be denoted by Im(f).
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Remark 7. Let f: A — B is an arrow in category C. We consider a category A with:
Objects of A are monomorphisms h: I — B such that there is exist an arrow g: A — I satisfy
f = hg. For two objects h: I — B and t: ] — B correspond to arrows g: A —» I,g":A - |

satisfying f = hg = tg’, an arrow from object h
to object t is an arrow m:I — J in the category C
such that g’ = mg and h = tm.

The composition of arrows in A is the
composition of arrows in C.

According to definition 6, we see that the image
of f is the initial of category A.

Definition 8. We call an epimorphism A — [ the
coimage of a morphism f: A — B if it is the image of
f in the dual category. In this case we denote the
object | by Coim(f).

Remark 9. Let f: A - B be an arrow in category
C. We consider a category A° with: Objects of A° are
epimorphisms v: A — I such that there is exist an
arrow u: I — B satisfy f = uv. For two objects v: A —
land t: A — ] correspond to arrows u: I —» B,s:] - B
satisfying f = uv = st, an arrow from object v to
object t is an arrow n:J — I in the category C such
that v = nt and s = un.

The composition of arrows in A° is the
composition of arrows in C.

N4

N

According to definition 8, we see that the coimage of f is the terminal of category A°.

The category A° is the dual category of A.
2.3. Kernel and cokernel

o
A

N -
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Let C be a category whose a zero object.

Definition 10. Let f: A — B be an arrow in the category C. We will call a morphism
k:K — A the kernel of f if fk = 0, and if for every morphism m: M — A such that fm = 0
we have a unique morphism r: M — K such that m = kr.

Remark 11. Let category C whose zero object, f: A — B is an arrow in C. Let Cf be a
category that defined as the following: Objects of Cf are arrows g: M — A such that fg =
Opm-—p- Anarrow from object g: M — A and object g": K — A in Cf isanarrow h: M — K in
the category C such that g = g'h.

N
d

The composition of arrows in Cy is the composition of arrows in C.

M

h » B

According to definition 10, if C; has a terminal it is the kernel of f. The kernel of f will
be denoted by Kerf or (K, k) or simplify K.

Definition 12. A morphism B — Coker(f) is called the cokernel of f if it is the kernel
of f in the dual category.

Remark 13. It is easily seen that cokernel of f:A — B is initial in the dual category C7
of Cy.

2.4. Products and coproducts

Definition 14. Let A;, A, be two objects in an X
arbitrary category C. A product for A, A, is an
object A along with two morphisms p;: 4 —

A, py: A = A, such that for any object X along g1 .
with two morphisms g;:X = A4;,9,:X = A4, g2
there is a unique morphism h: X — A such that J"41 X AE

91 = p1h, g2 = p2h. —"’ﬁf 1}:?““-

The object A will be denoted by A; X A,.
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Remark 15. Let category C and A;, A, be two objects in C. Let T be a category that
defined as the following: Objects of T are triples (X, f;, f>) where X be an object of C, and
fi:X > Ay, fo: X - A, are arrows in C. An arrow from object (X, f;,f,) to object
(Y,g91,92) inT isanarrow h: X — Y in the category C such that f; = g1 h, f, = g,h.

The composition of arrows in T is the composition of arrows in C.

According to definition 14, If the product (4; X A,, p1, p,) of A4, A, exists, it will be a
terminal of the category 7.

Definition 16. The coproduct of A,, A, is defined
dually to the product. Thus the coproduct is is an object A
along with two morphisms i;: A; = A, p,: i, = A such that
for any object X along with two morphisms g;:4; =

X, g,: A, — X there is a unique morphism h: A — X such 4
that g, = hi;, g, = hi,. The object A will be denoted by
A, ® A,

A

Remark 17. It is easily seen that if the coproduct
(A18A4,,i,,i,) of Ay, A, exists, it will be initial in the dual
category 7°° of 7.

2.5. Tensor product of modules
Let A be a commutative ring.

Definition 18. Let M, N be A —modules. Tensor product of M, N is a pair (T, g)
consisting of an A —module T and an A — bilinear mapping g: M X N — T, with the
following property: Given any A —module P and any A —bilinear mapping f: M X N — P,
there exists a unique an A —linear mapping f': T — P such that f = f'g. Moreover, if
(T,g) and (T',g') are two pairs with this property, then there exists a unique
isomorphism j: T — T' such that jg = g'. Tensor product of M, N will be denoted by
MQ@N.

Remark 19. Let M, N be A —modules. Consider
C(tx) be a category that defined as the following: M x N f
Obijects of C(tx) are pairs (L, f) where L be A —module
and f be A —bilinear mapping f: M X N — L. An arrow
from object (L, f) and object (L', f") in C(tx) is a
A —linear mapping g: L — L’ such that f' = gf.

L

f g
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The composition of arrows in C(tx) is the composition of arrows in C.

According to definition 18, if the tensor product M®N of M, N exists, it will be initial
of the category C(tx).

2.6. Localisation
Let A be a commutative ring with a unitand S ¢ A a multiplicative set.

Definition 20. Suppose that f: A — B is a ring homomorphism satisfying the two
conditions

(i)f (x) isaunit of B for all x € S;
(i)If g: A — C is a homomorphism of rings taking every element of S to a unit
of C then there exists a unique homomorphism h: B — C such that g = hf;
then B is uniquely determined up to isomorphism, and B is called the localization or the
ring of fractions of A with respect to S. We write B = S™14 or Ag, and call f: A - Ag the
canonical map.

Remark 21. Consider C(S) is a category that defined as
the following: Objects of C(S) are pairs (B, f) where B is a A ___f__,.._ B
commutative ring with unit and homomorphism f: A - B
such that f(s) is a unit of B for all x € S. An arrow from
object (B, f) and object (C, g) in C(S) is a homomorphism
r:B — C suchthat g = rf.

The composition of arrows in C(S) is the composition
of homomorphisms.

According to definition 20, we see that the ring of fractions of A with respect to S is the
initial of category C(S).

2.7. Pullbacks and Pushouts

B2
Definition 22. Giving two morphisms a;:4; - A and P—— AE
a,: A, > A with a common codomain, a commutative
diagram is called a pullback for a; and a,, if for every pair B g

of morphisms B;:P' - A; and B;:P' - A, such that
a,B1 = a,B,, there exists a unique morphism y:P' — P

such that g; = B,y and B; = B,Y. Al 4

o
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The pullback for @, and a, is uniquely determined up to isomorphism. In other words,
if P' is also a pullback, there exists an isomorphism y': P — P'.

Remark 23. Giving two morphisms a,:A; - A and a,: A, -» A with a common.
Consider C(P) a category that defined as the following: Objects of C(P) are triples
(B, f1, f>) Wwhere f;:B = A4, f,: B — A, such that a,f; = a,f,. An arrow from object
(B, f1, f2) and object (C, g1, g,) in C(S) is a morphism h: C - B such that g, = f;h and
92 = f2h.

The composition of arrows in C(P) is the composition of morphisms.

According to definition 22, we see that pullback is the terminal of category C(P).

C
1h

g4 d
B

Definition 24. The dual of a pullback is called a pushout. Thus a pushout diagram is
obtained by reversing the direction of all arrows in the diagram of pullback.

Remark 25. It is easily seen that if the pushout exists, it will be initial in the dual
category C(P)? of C(P).

3. CONCLUSION

In this article, | have reiterated the definition of some concepts in algebra and category
theory. After that, | defined those concepts by showing that they are the initial or the terminal
of a certain category. This shows a close relationship between category theory and different
disciplines of mathematics such as algebra, topology; and also gives us a deeper
understanding of some mathematical concepts.
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XEM XET MQT SO KHAI NIEM TRONG PAI SO VA PHAM TRU
THONG QUA VAT KHOI PAU VA VAT TAN CUNG
TRONG LY THUYET PHAM TRU

T6m tat: Bai bao chi ra rang mét s khai niém dai sé 1a vt khei dau hodc vt tan cling
ciia mét pham trix nao dé. Noéi cach khdc, mét s6 khai niém dai so 6 thé dwege dinh nghia
théng qua vdt khai dau hodc vat tdn cuing trong ly thuyét pham tru.

Tir khoa: Ly thuyét pham tri, vdt khéi dau, vdt tan cung, khai niém dai so.



