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FUZZY INITIAL VALUE PROBLEM FOR FRACTIONAL
DIFFERENTIAL EQUATION ON LINEAR CORRELATED FUZZY
FUNCTION SPACE
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Abstract: The paper focuses on linear correlated fuzzy function space R Fa with its
special properties . Firstly, we show some special properties of the norm operator on two
spaces R . R, with A, = kA4,, A, A, given fuzzy numbers. Besides, we study the
fractional differential equation in the space R Fy- By combining the special properties

of space with fractional order calculations and the fixed point theorem, we have built
assumptions to ensure that the problem has unique solution.
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1. INTRODUCTION

In mathematics, fuzzy sets (uncertain sets) are somewhat like sets whose elements have
degrees of membership. Fuzzy sets were introduced independently by L.A. Zadeh [38] in
1965 as an extension of the classical sets. But applications of fuzzy sets in inventory control
problems were around 15-20 years back. Among these works, one can refer the works of
Mandal and Maiti [24], Wee et al. [37]. In [38], Zadeh defined operations on set of fuzzy
numbers with the following subtraction # ©, v=w<<u =v+w. It is well-known that this

usual Hukuhara difference between two fuzzy numbers only exists under very restrictive
conditions [12]. To fix it, L. Stefanini introduced the fuzzy gH-difference in [34,35]. The
gH-difference of two fuzzy numbers exists under much less restrictive conditions, however
it does not always exist [35]. This makes the space of fuzzy numbers not a Banach space. To
overcome this difficulty, Estevao Esmi [4] presented a practical way to introduce the space
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of linear correlated fuzzy numbers R, ={w,(q.r)/(q.r) c R} where ¥, is the operator

that associates each vector (¢,7) € R* with a fuzzy number g[A]* +7 where [A]” stands
for the , -level of a fuzzy number 4 for all o €[0,1]. The set R P equipped with addition
and and scalar product defined in naturally 3.7 in [4] is a Banach space.

Hukuhara differentiability of fuzzy-valued functions is generalization of Hukuhara
differentiability of set-valued functions. This differentiability is based on Hukuhara
difference. Hukuhara introduced this difference (subtraction) of two sets in [10]. He
introduced the notions of integral and derivative for set-valued mappings and considered the
relationship between them. This derivative is widely studied and analysed by researchers for
set-valued as well as fuzzy-valued functions. A wide range of applications of Hukuhara
derivatives are studied in fuzzy differential equations and fuzzy optimization problems.
Unfortunately, the derivative is very restrictive. Its existence is based on certain conditions.
Estevao Esmi [4] gave the concept of the derivative Fréchet. Accordingly, the derivative of

function f(t) =y ,(q(?),7(?)) is calculated through the derivative of g(¢),(¢).

The concepts of fractional derivatives for a fuzzy valued function are either based on
the notion of Hukuhara derivative (H-derivative) or on the notion of strongly generalized
derivative (G-derivative). The concept of Hukuhara derivative is old and well known [10],
Puri and Ralescu [31] and the concept of G-derivative was recently introduced by Bede and
Gal [2]. The Fréchet derivative was introduced the first time by D. Behmardi and E.
Dehghan, Nayeri in [8]. Since then, many research works about Fréchet derivative have been
published in [36].

Fractional calculus and fractional differential equations arise naturally in a variety of
fields such as rheology, viscoelasticity, electrochemistry, diffusion process etc [6,7,8,9]They
are usually applied to replace the derivative time in a given evolution equation by a derivative
of fractional order. One can find applications of fractional differential equations in signal
processing and in the complex dynamic in biological tissues [23,24,25]. For a general
overview, we refer the reader to the monographs of Samko et al. [33], Podlubny [32], Kilbas
et.al [13,14] and the papers [15,16, 26, 33, 34]. Some new research results for the fractional
equation can be mentioned as [18,19,20,21,23,25,26]

This paper has 3 main results: Firstly, based on Fréchet derivative given by E. Esmi [4]
, we introduce the definition of Fréchet-Caputo fractional derivative. The paper focuses on
exploiting the application of the Fréchet derivative to the system of fuzzy frational equations.
Applying the Lipschitz fixed point theorem, we make assumptions about the system of
equations to have solutions. Finally, we present an example to illustrate the result.

2. CONTENT
2.1. Preliminaries
2.1.1. The space of linear correlated fuzzy numbers



TAP CHi KHOA HOC - SO 39/2020 | 91

Denote by R , the space of all fuzzy numbers on the real line. According to [1], the

characteristic properties of a fuzzy number ,, are presented via its ¢« -cuts or level sets,
which are defined by

ot O3
{ ()= Yif =
In addition, it is well-known that the level sets of $u$ can be rewritten in the parametric
foorm[ ] =[ , Jand the diameter of [ ] is givenbylen][ ] = —  for each
[ ]
The space ( , )endowed with the supremum metric
(,)=sup (1.[]1) forall , ,is a complete metric
space (see [1]).
Definition 2.1.1 [4]
For each , define a mapping : %X -  by(, ) ( , )where the
level sets of (, Jare[ (, )] ={ + : [ 1} For convenience, denote the

fuzzy number  ( , )by + andtherangeof (, )by ().
Definition 2.1.2
A fuzzy number y said to be symmetric w.r.t. x e Rif u(x—y)=u(x+y)forall yeR .
The fuzzy number  is non-symmetric if there doesn't exist x such thaty is symmetric.
From the results in [4], if 1s non-symmetric fuzzy number then the arithmetic

operations on the space R £ Such as addition, subtraction and scalar product are well-

defined. Indeed, let us recall that for each O) and it yields
(i) + = C )+ ()
(ii) = ( ()
@ - =+ = C )+ ()

In addition, the distance between elements of R (4 can be measured by the metric d,
of the fuzzy number space. In particular, with = (., ) =
C ., )., )0 .) ,we have (, )= — |+]| — |forall ,

(@F

It is well-known that ( )is a complete metric space. Moreover, for each =

)
(. )due to the fact that the space  ( is isometric to the space it implies that the

space ( ot L) with the induced norm is a Banach space since ( )is

isometricto  withthenorm Il II =l (O =1 |+] I

Lemma 2.1.1
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If , be two non-symmetric fuzzy numbers such that = with \
{O}then twonorms Il Il and Il Il are equivalent.

Proof

Because ¢ ythen also belongs to the space ( y, there exist two pairs
« , ) , ) such that = ( , )= ( ., ), which follows
that ( , )= ( ..

Our aim is to prove that two norms Il Il and Il Il are equivalent, which means that
there exist m,M >0suchthat Il I <l Il < 1l I forall ()

Indeed, since 4, is a non-symmetric fuzzy number then ¥, is an injection and hence,

we directly obtain

By the definition of norm, we have

muw =1 |+ |
=7 |+ |=—=+| |
Now, we consider some following cases:
Case 1: If | k[>1 then it implies that
ﬁ(l [+ D=0l <| |+| | or equivalently I_I" I <nin <
I I which proves that II Il ~Il I
Case 2: If | k [>1then it implies that
1
|+ =1 Sﬁ(l [+1 D
orequivalently, I I <l I < ﬁll I which proves that Il Il ~II |l
Case 3: If | k|=1then it is obvious that Il I =1l Il for all O)

Hence, the proof is completed.

Remark 2.1.1

However, if 4,4, are symmetry fuzzy numbers then the similar conclusion as in
Lemma 2. 1 can't be obtained. Indeed, since = if 4, is a symmetric fuzzy number

w.r.t. xeR then sois 4,.Next, by using Theorem 3.15 in \cite{este}, our proof is divided

into following cases:
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Case 1: If lqu =* g,k and ll’u =’ ¥ then by similar arguments as in Lemma 2.1.1 , we

have Il I ~II I
Case2: If 'q =—>q kand 'r, =22q x +* 1. then it implies that -
=2—+
Therefore, we have
2 1 2
i =7 [+ |=s——+—| [+] |= ﬁ+_ | [+] |
1 [2x
Then, by denoting M =max m"'?;l , we directly get that Nl , <M Uull, . For
each ueRF(Al),we have
F(I y:=1010 — 110
2 (D)
- T (YR

1 1
2'q.x
Subcase 2.1: If lqull’u > 0and Z“ [% + I”J > 0 then the expression (1) becomes

+ (1

If the above expression is known as a quadratic function of variable lqu then the delta

discriminant A'of the quadratic equation F(Il u Il) =0 is given by

2
A =" rm? (%—1) >0,

which means that the solution set of the quadratic equation F(Il # II) =0 is nonempty.

1 1
X
Subcase 2.2: If lquln, > 0and Z” [% + I”J < Othen the expression (1) becomes
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2 ! { . 1
(7, lli12 —m’ |l ullil—{(zxk lj —mz} q: _1_[“76771,_2]{_7;_2”121%] q,+ r’(1-m?)

If the above expression is known as a quadratic function of variable 1qu then the

delta discriminant A’ of the quadratic equation F(lul)=0 is given by
2
A= r2m2(2xk_1—1] >0

which means that the solution set of the quadratic equation F(Il « II) = 0 is nonempty.

1

Subcase 2.3 If '¢,'r. < 0and —L

2q,x .
Pl +7 |2 Othen the expression (1) becomes

2 ! ! { 1
lally, —m? | ullil—{(zxk—i_lj —mz} q _{4);{7”” +2k—r“+2m21ru] q,+ r’(1-m?)

If the above expression is known as a quadratic function of lqu then the delta

discriminant A’ of the quadratic equation F(lull)=0 1is given by
2
2x+1
A= rz[ xk +1J >0

which means that the solution set of the quadratic equation F(Il # II) = 0 is nonempty.

We can conclude that there always exists an element # € R F(4)Or equivalently, a

pair ('q,,'7,) € R* such that the inequality I I < I Il doesn't hold. Therefore, it
implies that two norms Il |l I I are not equivalent.
2.2.2. Fréchet-Caputo fractional derivative
Let E,F be normed spaces and denote L(E,F) by the space of all continuous
mappings.
Definition 2.2.1

LetdeR

and

G0 O= 0 O)
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with

A0 Gon )

Then the Riemann-Liouville (RL) fractional integral of order p € (0,1] of function f is
defined by

()= () Q).
where ():TJ(—) () . ():ﬁj(_) ()

Definition 2.2.2

LetdeR

And G, O= 0O ()

Let AeR, and (. ¢y )= () ()) with. The Fréchet-Caputo
fractional derivative of order of the function p € (0,1] of function f is defined by

CDLSO=F T () =y, (17 (.17 @),
Definition 2.2.3

Let AeR, be non-symetric fuzzy number and . ) O=

( () () with g(®),7(t)eL(J,R)NC(J,R) . The Fréchet-Riemann-Liouville
fractional derivative of order p € (0,1] of the function f'is defined by

EDLFO =T f), 0=, (L7 0) @)
Definition 2.2.4
Let AeR, and G ) O= C) () with () () (¢, )n

(, ). The Fréchet-Riemann-Liouville fractional derivative of order pe(0,1] of the
function f'is defined by

BDLf(0)=(FI 1), (0 =, ((L7q0) (@) )-

2.2.3. Application of the Fréchet -Caputo derivative

Consider following fuzzy intitial value problem (FIVP) for fractional differential
equation
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O= 0 )
_ )
@=
where (. )is the Fréchet-Caputo derivative of order p e (0,1] of the continuous
function (.), ( )with Ais a fuzzy number and the function :@ % (, X )) -

( )is continous function with J =[0;5].

2.3. Existence of solution
If A isafuzzynumberand peR £, is a solution to the problem (2) then it satisfies the

following integral equation

()= + ¢, () : (2)
Proof

Because (, ()) there exists , : - such that

)
St u0) =y ,(q,,(0),1,(0).

Assume that is a solution of (2).

From ()= (., ()), we have ()= (¢, () wher ()=
¢ ) O)

By taking fractional integration of order p of two sides, we obtain
RTIRTIP 0 (0) =R T £ (0, pu(0)).

This imlies J.(: w(s)ds =5 I f(t, u(?)) . Therefore pu(r) = py + 7 I f (1, ()t € J .

Definition 3.1.1

u@)eR, is called an intergral solution of the problem (2) if it satifies integral
equation (1) = 4, +A§L Io’if(l‘, u(1)) .
On space C(J,R £, ) We defined the supremum metric H and weighted metric "d as

follows H(u,Y)=supd ,(u(1),Y(t))and "d =sup{t'd ,(u(1), Y (1))} .

Theorem 3.1.1

Assume that A is a fuzzy number, the fuzzy-valued function f is jointly continuous

and satisfies the Lipschitz condition w.r.t. the last argument, i.e., there exists a constant L >0
so that
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d,(f @& 1), f (6, Y(0) < Ld (1), Y (1)) .

for allt e J,u,Y € C(J.R,)-
Then, the fuzzy initial value problem (2) has a unique integral solution defined on J.

Proof: Let us define an operator G: C(J,RHA)) - C(J, Rf(A))by

GO =t +45 L7 f (&t (D).
Assume that (q,,(1),7,,(1)) € RxR,(q,,(2),7,,(¢)) € Rx R such that

J @ 1)) =y (4,01, (), S &Y O) =y ,(q (1), 1, (D))

For each t € J and u,Y eC(J,Rf(A)),we have

d, (91, GIY10))= ( ¢, O GO))

=l C O=- NI+ C O- )l

= C O=- N+l C O=- )l

IA

1
O (=) C O- O+ O- )

N

1
=3 (=) (GO GO
=< (=) ( O- O
=70
+ O- )
()
S—) (v)
This implies
([1IDs= (2()) ) )

The operator G”is defined by
[10)= C [1()) forall
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Then, we will show that G”is a contraction mapping for a big enough » eN. To this
end, by induction principle, we will show that the following estimation holds for all

IUEC(J,RHA))-WG have

C 11O [1I(N=

4
EDBR ) @

Indeed, if » =1 then we gain the estimation (3) from the inequality (4). Moreover, let
us assume that the estimation (3) is true for » =k and then, we will prove that (3) holds for
n=k+1.Foreach |, , () and reJ, we have

C 1O, 1) = CcC iy, C 1o
= ¢, [10) ¢, [10)
1
=0 (=) CC.o 10 C.IIC)
=/-J(-) C T1C) [1C)

By employing the induction hypothesis, we have

¢ 010, 110N _ () (=)
- +D)
«C )
Sw(,( +1) )( ()
¢ ) ()
(D) ( (.

where B(p,q) is Beta function [14]. Therefore, the inequality (3) holds for n =k +1.
From the inequality (3), we have

()
¢ [10) []())SW( (D)}
Then, by taking supremum both sides, we obtain CI[1] [D=s

@)
<~ ))( (,))-0as - oo

It implies that the operator G"is a contraction when neN is big enough. Applying
contraction principle, we guarantee the unique existence of fixed point z of the operator G”
, that is the unique integral solution of the problem (2). The proof is complete.

2.4. Example

In this example, we consider the equation of the mass-Spring-DamperSystem as
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—  O+—=+ (= () 0< =1

where A is a fuzzy number, (), () ( )the mass is m, the damping coefficient
is fthe spring costant is k anf F'(¢) represent the forcing function, an auxilary parameter

o 1s introduced into the fractional tenporal operator:

1
- S -1 = =123,..
! 1= < =12
- ( ) ' - = = y —_ y ,3, s
Consider a constant source, ()= , (0)= ,—(0) =0, we have equation (2),
may be writen as follow:
O=— -0
C )
where —=———
We can see that (, ())=— - ( )is jointly continous function and satisfies

the Lipschitz condition. So, we obtain the solution of problem is
O= -—. & W=

where the Mittag-Leffler function Ea(f) is defined by a power as: ()=

( )
3. CONCLUSION

Firstly, in this paper, we introduced a new concept of fractional differentiability for a
class of linear correlated fuzzy valued function namely the Fréchet-Caputo fractional
derivative.

After that, we studied fuzzy fractional PDEs under Fréchet- Caputo differentiability. By
using the fixed point theorem, we have proved some new results on the existence and
uniqueness of fuzzy solution for the fuzzy intitial value problem. Fréchet derivative makes
this problems have only a unique solution instead of having two different types of solutions
such as the usual gH derivative .
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BAI TOAN VE GIA TRI CUA BIEN MO CHO CAC PHUONG
TRINH VI PHAN PHAN SO TREN KHONG GIAN TUYEN TINH

Tom tit: Bai bdo tdp trung vao khéng gian ham mo twong quan tuyén tinh véi cdc tinh

chdt ddc biét ciia né O Pau tién, chiing t6i hién thi mét sé thudc tinh déc biét cia todn

tir chudn trén hai khéng gian véi ()Y () with = , 1, 2 mang lai cac gid

tri mo. Bén canh dfﬁ, chung toi nghié}’z cuieu phuwong trinh vi phdn phan so trong khong gian
X )bdng cach qkét hop cdc tinh chat dac biét cua khong gian,vo'iycdc phép tz'r‘zh bdc phan

s0 va dinh ly diém co dinh, chung toi da xdy dung cdc gia thiét dé dam bao rang bai todn

co nghiém duy nhat.

Tir khod: Phuong trinh vi phdn, dao ham Fréchet, dao ham Caputo-Fréchet.
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SMARTPHONE BASED OPTICAL SENSOR FOR
ENVIRONMENTAL APPLICATION

Mai Hong Hanh

University of Science, Vietnam National University

Abstact: In the recent years there has been a huge development on the detection devices
using smartphone that are reliable, easy-to-use, and low cost. In this work, a smartphone
based optical sensor is constructed by implementing an external light source, a collimating
lens, a diffraction grating, and a CMOS chip of a smartphone as a detector. The
construction allows the device to function with an optical bandwidth of 300 nm (from 400
to 700 nm) and its resolution of 0.26 nm/pixel. It can be used both for measuring the
absorption, transmission emission spectrum. As a proof of concept, the optical sensor
using smartphone is then applied to investigate concentration of methylene blue (MB), a
reactive dye in wastewater from textile industry. Despite of its cost-effectiveness, the
sensor exhibits reliable results, which can be considerably comparable with that of
laboratory instrument.

Keywords: Optical sensor, smartphone, absorption, methylene blue.

Received: 11 March 2020
Accepted for publication: 21 April 2020

Email: hanhhongmai@hus.edu.vn

1. INTRODUCTION

In recent years, there has been an increased interest in the development of simple, light-
weight, low-cost, portable and rapid detection devices for applications related to clinical
diagnosis, health care and environmental monitoring . The combinations of portable
mobile devices with internet connectivity, touch screen displays, high resolution cameras,
and high-performance CPUs have facilitated the development of a new device generation.
These kinds of devices are not only suited for scientific research but also for daily work
which normally does not require dedicated instruments and laboratory conditions for
sensing, detection and analysis. Since smart phones are ubiquitous, thus, integrating
detecting smart phones into devices is a promising approach for the creation of a detection
device for public health and environmental protection. As a result, many research groups



