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PHƯƠNG PHÁP FLAPW VÀ ỨNG DỤNG NGHIÊN CỨU     
TINH THỂ Gd: CẤU TRÚC ĐIỆN TỬ VÀ TÍNH BỀN VỮNG       

CỦA CÁC PHA TỪ FM VÀ AFM 
Tóm tắt: Mô tả và hiểu biết về cấu trúc điện tử và thuộc tính từ tính của gadolinium là một 
vấn đề đầy thử thách. Đặc biệt, cấu trúc từ bền vững nhất của Gd đã gây nhiều tranh luận 
trong một thời gian dài. Trong báo cáo này, phương pháp thế toàn phần sóng phẳng gia 
tăng được giới thiệu để nghiên cứu các tính chất của Gd. Do các trạng thái f định xứ rất 
mạnh, phép tính có thể cho kết quả rất lạ lùng phụ thuộc vào tham số định nghĩa khác 
nhau. Việc tính toán bao gồm các mô hình 4f-core và 4f-band được thực hiện. Phân tích 
cấu trúc điện tử và độ ổn định pha từ được trình bày và thảo luận. Tất cả các kết quả là 
phù hợp tuyệt vời với các kết quả thực nghiệm và báo cáo lý thuyết trước đó. 
Từ khoá: Cấu trúc Gd bền vững, cấu trúc, mô hình f-lõi, mô hình f-band, mô hình f hóa 
trị, phương pháp FLAPW. 
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Abstract: The asymptotic behavior of the elastic scattering amplitude by the 
exchange of graviton between two scalar particles at high energies and fixed 
momentum transfers is reconsidered in the Logunov-Tavkhelidze equation in the 
linearized gravitational theory. The corrections to the eikonal approximation in the 
quasi-potential approach of relative order 1/p is developed with the principal 
contributions at high energy. The eikonal expression of scattering amplitude and 
the formal first correction are derived. The Yukawa potential is applied to discuss 
the results.  
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1. INTRODUCTION 

The eikonal approximation (which is also called straight-line path approximation) is an 
effective method of calculating the scattering amplitude at high energies and is studied by 
many authors in quantum field theory [1-4], and in quantum gravity theory recently [5-13]. 
However, in different approaches, only the main term of amplitude was considered, while 
the first correction does not have an explicit solution. Researches [9,10] in which the path-
integral method with a modified perturbation theory and Logunov-Tavkhelidze quasi-
potential are used to give the analytic expression of the first correction. Thus, the advantage 
of the quasi-potential approach is affirmed and need to be studied more deeply. 

 The aim of this paper is to make a more detailed investigation of the quasi-potential 
approach by solving the quasi-potential equation [9-10] to find the eikonal scattering 
amplitude and the first correction at high energies and minor momentum transfers. 

The paper is organized as follows. In section 2.1, an eikonal approximation for the 
scattering amplitude and the first correction are derived by using a quasi-potential approach 
in the coordinate representation. This result is applied to the Yukawa potential in section 2.2. 
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The last section, we draw our conclusion. 

 2. CONTENT 

2.1. Correction terms of scattering amplitude 

First, we will derive homogenous equation for one-time wave function of an interactive 

two scalar particle system. To do this, we start from 4-time Green function ( , ; ', ')abG x y x y  

which must be satisfied the Bethe-Salpeter equation [14], and can be written down in a 
symbolic form [14,15]. 

ܩ = ଴ܩߙ + ߙ        ,ܩܭ଴ܩଵିߙ =  ସ,  (1)(ߨ2)

where ܩ଴is the Green function of free particles, and the kernel K can be found by the 
perturbative method. 

 Solving (1) by using the reduction technique with a relation between the 2-time Green 

function ܩ෨௔௕and 4-time Green functionܩ௔௕ , following the procedure of ref. [16], we have an 
explicit equation for the 2-time Green function in momentum representation. 

;ଶ′݌)ܨ ,′݌)෨ܩ(ଶܧ ,݌ (ܧ − ∫ ,′݌)ଷܸݍ݀ ,ݍ ,ݍ)෨ܩ(ܧ ,݌ (ܧ = ݌)ߜ −  (2)  (′݌

where ;ଶ݌)௔,௕ܨ (ଶܧ = ଶ݌) + ݉௔,௕
ଶ − ଶ݌ଶ)ටܧ + ݉௔,௕

ଶ , and ܸ(݌′, ,ݍ (ܧ  is a potential 

matrix.  

 From (2) and the relation ܩ෨௔௕(ݐ, ,ݔ⃗ (ݕ⃗ = ෌ ߮௡(ݐ; ,ݔ⃗ ௡(ݕ⃗ ߮௡
ା(ݐ; ,ݔ⃗  between the 1-time (ݕ⃗

wave function and the 2-time Green function, the homogenous equation of 1-time wave 
function will be 

ଶ⃗݌) − ଶܧ + ݉ଶ)߰(⃗݌)  = ∫ d q →
V[( p → - q → )2;E]߰(⃗ݍ)

ඥm2 + ଶݍ⃗
 (3) 

 Considering Eq. (3) in the coordinate representation with a purely imaginary local quasi-
potential  ܸ(⃗ݎ; (ܧ = ݌ is a smooth positive function and(ݎ⃗)ݒ in which(ݎ⃗)ݒܧ݌݅ =  At .|⃗݌|
high energies and small scattering angles, wave function  ߰௣(⃗ݎ)

 
can be written in the 

form ߰௣(⃗ݎ) = ݁௜௣௭ܨ௣(⃗ݎ) , ห௭→ିஶ(ݎ⃗)௣ܨ   = 1 . By the way of expanding terms in inverse 

powers of momentum, and keeping only terms of the order 1/p takes the form, the solution 
of Eq. (3) will be [ 18,19] 

(ݎ⃗)௣ܨ = exp ൥−
(ߩ)ߛ(ݖ)ߠݖ

݌2݅ − න ,ߩ)ݒ (′ݖ
௭

ିஶ

′ݖ݀  −
1

݌2݅ න ෤߯(ଵ)(ߩ, ′ݖ݀ (′ݖ
௭

ିஶ

൩, (4) 

where  
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The scattering amplitude is related to the wave function as follows 

;ଶ߂)ܶ (ܧ = ଵ
(ଶగ)య ∫ ∗߰ ݎ݀

௞
(଴)ܸ(ܧ;  (5) ,(ݎ)௣߰ (ݎ

where, ߂ଶ = ݌) − ݇)ଶ = ୄ߂
ଶ + ௭߂

ଶ  = ௭߂and  ݐ− = ௱఼
మ

ଶ௣
+ ܱ ቀ ଵ

௣మቁ. 

 Substituting (4) into (5) and integrating by part, we obtain 

;ଶ߂)ܶ (ܧ = ܶ(଴)(߂ଶ; (ܧ + ଵ
ଶ௜௣

ܶ(ଵ)(߂ଶ; .+(ܧ .., (6) 

where the eikonal approximation for the amplitude is 

 ܶ(଴)(߂ଶ; (ܧ = ܧ݌2݅−
1

ଷ(ߨ2) ∫ ݀ଶ݁ߩ௜ఘ௱఼ (݁ି ∫ ௩(ఘ,௭ᇱ)ಮ
షಮ  ௗ௭ᇱ − 1), (7) 

and the first correction in this approximation 

ܶ(ଵ)(߂ଶ; (ܧ

= ܧ݌2݅
1

ଷ(ߨ2) ൝∫ ݀ଶߩ ݁௜ఘ௱఼݁ି ධ ௩൫ఘ,௭ᇲ൯
ಮ

షಮ  ௗ௭ᇲ
3 න ,ߩ)ଶݒ (ݖ

ஶ

ିஶ

ݖ݀ න ,ߩ)ݒ ݖ ݖ݀ (ݒ
ஶ

ିஶ

− න ݀ଶݖ݀ߩ  ݁௜ఘ௱఼ୄ߂
ଶ ݁ି ∫ ௩(ఘ,௭ᇱ)೥

షಮ  ௗ௭ᇱ

+ ∫ ݀ଶߩ ݁௜ఘ ఼ න ,ߩ)ୄߟ ݖ݀ (ݒ
ஶ

ିஶ

ቀ݁ି ∫ ௩(ఘ,௭ᇱ)೥
షಮ  ௗ௭ −  ݁∫ ௩(ఘ,௭ᇱ)ಮ

షಮ  ௗ௭ ቁൡ. 

(7) 

Using method of integration by part [9] and quasi-potential approach in the momentum 
representation [10] these results (7), (8) can also be found. 

 Now, let us consider the case where momentum transfers t = 0 and the quasi-potential 
has the Gaussian form ܸ(ܧ; (ଶ߂ = ݅sgeat,   ݐ =  ଶwhich the corresponding form in the߂−
coordinate representation is  

;ܧ)ܸ (ݎ =  ௥మ/ସ௔. (9)ି݁ ܽ/ߨඥ݃ݏ݅

Sinceݐ = ∆ୄ
ଶ + ∆௭

ଶ= 0, it followsୄ߂ = 0. Substituting (9) into (8), and noticing that on 

the mass shell݌ଶ = ଶܧ − ݉ଶ    ⇒ ݌ ∝ ܧ ∝  the first correction term will be  ,ݏ√



52  TRƯỜNG ĐẠI HỌC THỦ ĐÔ HÀ NỘI 

 

ܶ(ଵ)(߂ଶ = 0; (ܧ ∝ ݃ݏ3݅
݃

ܽߨ8√ߨ
∫ ݀ଶି݁ߩఘమ/ଶ௔݁ଶ௜ఞబ + ݃ݏ݅

1
ଶܽߨ8 ∫ ݀ଶି݁ߩఘమ/ସ௔(1 −)

× ඲  ݖ݀ න ′ݖ݀(′ݖ)ܸ
z

-ஶ

ஶ

ିஶ

൭exp ൥2݅߯ න (′ݖ)ܸ
௭

ିஶ

൩′ݖ݀  − exp ൥2݅߯ න (′ݖ)ܸ
ஶ

ିஶ

൩൱′ݖ݀  ,

(10
) 

Where 2݅߯ = (ݖ)ܸ ,ఘమ/ସ௔ି݁݃ߨ4− = 1
ܽߨ4√  .2/4ܽݖ−݁

The similar result Eq. (10) is also found by the Born approximation in momentum 
representation [7]. 

2.2. Asymptotic  behavior of the scattering amplitude at high energies 

In the previous section, the general form of the scattering amplitude of two scalar 
particles is found in the potential ܸ(⃗ݎ;  .(ܧ

Now, let us consider a particular example in which the graviton exchange1 [9] the quasi-
potential increases with energy ,ݎ)ܸ (ݏ = ఓ௥ି݁ݏଶߢ)  ⁄ݎߨ2 ) . Substituting this Yukawa 

potential into (7), (8) and noticing that at high energies, ݌ ∝ ܧ ∝  we find the leading ,ݏ√
term of the scattering amplitude 

ܶ(଴)(߂ଶ; (ܧ ∝
ݏଶߢ

ସ(ߨ2) ቆ
1

ଶߤ − ݐ −
ସߢ

ଶ(ߨ2)2 (ݐ)ଵܨ +
ସߢ

ହ(ߨ2)3  ቇ (11)(ݐ)ଶܨ

and the first correction term 

ܶ(ଵ)(߂ଶ; (ܧ =
଺ߢ3݅

଺(ߨ2) ቆܨଵ(ݐ) −
ଷߢ2

ଷ(ߨ2)  ቇ (12)(ݐ)ଶܨ

Where 

(ݐ)ଵܨ =
1

ට1ݐ − ଶߤ4

ݐ

ln อ
1 − ඥ1 − ଶߤ4 ⁄ݐ
1 + ඥ1 − ଶߤ4 ⁄ݐ

อ (13) 

                                                 

1 The model of interaction of a scalar “nucleons” with a gravitational field in the linear approximation to 
ℎఓఔ(ݔ) (ݔ)ܮ = (ݔ)଴,ఝܮ + (ݔ)଴.௚௥௔௩ܮ +  where (ݔ)୧୬୲ܮ

(ݔ)଴,ఝܮ = ଵ
ଶ

ൣ߲ఓ߮(ݔ) ఓ߲߮(ݔ) − ݉ଶ߮ଶ(ݔ)൧;  ܮ୧୬୲(ݔ) = − ఑
ଶ

ℎఓఔ(ݔ) ఓܶఔ(ݔ);  

ఓܶఔ(ݔ) = ఓ߲߮(ݔ) ఔ߲߮(ݔ) − ଵ
ଶ

(ݔ)ఓఔൣ߲ఓ߮ߟ ఓ߲߮(ݔ) − ݉ଶ߮ଶ(ݔ)൧ ; and ఓܶఔ(ݔ)  is the energy momentum 

tensor of the scalar field. The coupling constant   is related to the Newton constant of gravitation G  byߢଶ =
ܩߨ32 = ௉௅݈ߨ32

ଶ .   ݈௉௅ = 1, 6.10ିଷ ܿ݉ is the Planck length. 
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(ݐ)ଶܨ = ඲ ݕ݀
1

ݕݐ) + ݕ)(ଶߤ − 1) ln ቤ
ଶߤ

ݕݐ)ݕ + ଶߤ − ቤ(ݐ

ଵ

଴

 (14) 

 These results (11), (12) have similar forms in [9]. Moreover, from these equations 
we see that the first correction term of the eikonal expression of the scattering amplitude at 
high energies and fixed momentum transfers increases rapidly in the linearized gravitational 
theory. Comparison of these above potentials has made it possible to draw the following 

conclusions: in the model with the scalar exchange, the total cross section t  decreases as 

 1 s , and only the Born term predominates in the entire eikonal equation; the vector model 

leads to a total cross section t  approaching a constant value as ,s    0t s  . In both 

cases, the eikonal phases are purely real and consequently the influence of inelastic scattering 
is disregarded in this approximation, 0in  . In the case of graviton exchange the Froissart 
limit is violated. A similar result is also obtained in Ref. [20] with the eikonal series for 
reggeized graviton exchange. 

 

3. CONCLUSION 

The asymptotic behavior of the scattering amplitude at high energies and fixed 
momentum transfers has been studied within a quasi-potential approach in the coordinate 
representation in the linearized gravitational theory. The obtained results of eikonal 
expression of the scattering amplitude and the corresponding first correction term coincide 
with the results found by other authors [9-10]. The Yukawa potential has been used to 
concretize the results. 
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