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Abstract: In the present study, we developed a formalism based on the statistical moment
method to investigate lattice constant and elastic moduli of yttria-doped ceria crystal
including the anharmonicity effects of thermal lattice vibrations. The lattice constant and
elastic moduli are calculated as functions of the dopant concentration, temperature, and
pressure. We calculate the elastic moduli under temperature up to 1800K and pressure up
to 60GPa using Buckingham potential. Our calculations are compared with theoretical
and experimental results.
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1. INTRODUCTION

Pure ceria (CeOy) electrolyte is not a good oxygen ion conductor. There are very few
oxygen vacancies in ceria due to the high vacancy formation energy. Because of Y3* ion of
lower charge than the host cation, the substitution of Ce** by Y** jons creates many oxygen
vacancies to maintain overall charge neutrality in the crystal lattice [3, 14, 10, 25]. Yttria-
doped ceria (YDC) crystal is a well-known oxygen ion conductor and a very relevant
material as an electrolyte in solid oxide fuel cells (SOFCs). With the fluorite structure, the
presence of the oxygen vacancies allows the oxygen ions to be extracted (or inserted into)
the lattice sites of YDC crystal in a low-oxygen (or oxygen-rich) environment, respectively [4].

A large number of experimental and theoretical studies have been carried out on
catalytic [19], lattice vibrational [13], structural [26] and mechanical properties [21] of
cerium dioxides. Theoretical study on the structure, stability and, morphology of
stoichiometric ceria crystallines has been done using the simulation method [20]. The change
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in cubic lattice constant of YDC crystal as a function dopant concentration obtained from
the molecular dynamics (MD) simulation and previous X-ray diffraction (XRD) experiment
at 300K and zero external pressure [2]. However, the dependence of lattice constant on the
pressure has not been evaluated in detail. In a recent study, E. Wachtel and 1. Lubomirsky
[21] measured the elastic modulus of pure and doped ceria to understand the mechanical
behavior under doping level and oxygen vacancy concentration. They found that the
presence of oxygen vacancies makes the chemical bonds “softer” and the measured value
depends strongly on the measurement technique and the thermal history of the sample. It is
noted that elastic properties play an important role in controlling crystallization of
amorphous phases, and the stiffness of the chemical bonds can be reflected by the elastic
modulus [17]. Notwithstanding, the anharmonicity of lattice vibrations has been neglected
in most of the previous theoretical studies related to the lattice constant and elastic moduli
of YDC crystal.

The present work attempts to provide an overview of the lattice constant and elastic
moduli of YDC crystal. The lattice constant, Young’s, bulk, and shear moduli are calculated
in detail at various dopant concentrations, temperature, and pressure using the statistical
moment method (SMM). The analytic expressions of lattice constant and elastic moduli are
derived taking into account the anharmonicity effects of the lattice vibrations. The present
calculations are compared with the previous theoretical calculations as well as with the
available experimental results.

2. BODY
2.1. Theory

YDC crystal has the fluorite structure where O% ions occupy the fcc sites and Ce** and
Y3 ions occupy the tetrahedral interstitial sites. Due to Y3* ions of lower charge than the
host cations, an oxygen vacancy is generated for every two Y3* ions [16]. Let us consider
YDC crystal with Nce Ce** ions, Ny Y** ions, No O% ions and Nva 0Xygen vacancies. The
number of cations and yttrium concentration in YDC crystal are denoted by N and x,
respectively, then Nce = N(1-x), Ny = Nx, No = N(2—x/2) and Nva = Nx/2. Hence, the
formulation of YDC crystal is written as Ce1-xYxO2-xs.

Using the Boltzmann relation, the Helmholtz free energy of Ce1xYxO2-x2 System can

be written by taking into account the configuration entropy of system, Se: [8, 9]
Y=Y, , +¥y —Nyu* =TS,

1)

Ce
with Y s the average interaction potential of a Ce** ion in CeO2—x2 system, Voo, i

¥y is the Helmholtz free energy of Y3* ijons,

)

the Helmholtz free energy of CeO2-x2 system,
lIlceoz,x,z =CeoWe. +Co W6 - TS,
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here, C,,, C, are the concentrations of Ce** and O>~ ions in CeOx. system, respectively,

Ce?

Cce = X/3, Co = (2-x/2)/3, and Tcer Fo are the Helmholtz free energies of Ce**, 02 ions in
CeO2-x2 system, respectively,
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In Egs. (3), (4), (5), the parameters .oy, Xeoor Xv, &, B, K, 757, 7%, yeeon
are defined as Refs. [8, 9], and W&, w°, ¥, denote the harmonic contributions of Ce*,

0%, Y** ions to the free energies with the general formulaas ¥, = 3N0[x +In(1-e™ )] ,and

us, Ul represent the sums of effective pair interaction energies of Ce**, O* ions,
respectively, in CeOz-x2 system, and U, represents the sum of effective pair interaction

potentials of Y3* ions in Cei—xYxO2—x2 System. It is noted that the presence of oxygen
vacancies impacts strongly on the interaction potentials of Ce**, 0%, Y** ions. Based on
probability theory, the total interaction potentials of Ce**, 0>~ and Y*" ions in CeOz—x and
Ce1xYxO2-x2 Systems, respectively, taking into account the role of oxygen vacancies can be
determined as

e Ne e—Ce *Ce-Ce Nva e— *Ce—
UoC ZTC(ZbiC C(/’ioc © +(1—N]Zbic o(”ioC Oj' (6)
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with b*~*(or b*~°, or b*™) is the number of the i-th nearest-neighbor sites relative to X
ion (X = Ce**, 0%, Y3 that Ce** (or O%, or Y*") ions can occupy, and ¢~ (or ¢ X°, or
") is the interaction potential between the 0-th X ion and a Ce** (or 0%, or Y3*) ion at
the i-th nearest-neighbor sites relative to this X ion, respectively. In CeO,-y2 and
Ce1xYxO2-x2 systems with fluorite structure, the interaction potential between the i-th and

the j-th ions includes the electrostatic Coulomb potential and Buckingham potential
including the short-range interactions

C.
@;(r) = q?J + A eXp(_é]_r_g1 9

]

where i and g; are the charges of the i-th and the j-th ions, r is the distance between them
and the parameters Ajj, Bij and ¢ are empirically determined (listed in Table 1).

Table 1. The parameters of the Buckingham potential in Ce1xYxO2-x2 system [11].

Interaction AijleV Bij /A CiileV (A)
0>- 0% 9547.96 0.2192 32.00
Ce*- 0% 1809.68 0.3547 20.40
Y3*- 0% 1766.4 0.3385 19.43

Since pressure P is determined by

oY a (oY
{55,
oV A/ \ da );
from Eq.(1), it is easy to take out an equation of state of Ce1-xYxO2-x2 System at temperature
T = 0K and pressure P

Ce Y
Pv= —a{Cce F Wy | heve, ey } + %{l%ﬂ}lﬂ%} +

6 cda 4k, oOa 6 ca 4k, oa
(¢} Zr
c, 10dug +ha)o% X dug . (11)
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with v la the atomic volume.
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The average nearest-neighbor distance of Ce1xYxO2x2 System at temperature T = 0K
and pressure P, r1(P,0) can be derived by numerically solving the equation of state Eq.(11).
Then the average nearest-neighbor distance at temperature T and pressure P can be written
as

(P, T)=r(P,0)+C.Ys +C,Ys +CoVs, (12)

with y&, y¥ and y° are the displacements of Ce**, Y** and O ions from the equilibrium
position in the crystal lattice

ce 275,8" 2y,0° 13
0 3Kk, 3k? (13)
2 2 n2 2
o 2709 Ab L1 1+% 27020(X00thx_1)_ﬂ+1 19
3K 3}/0 Ko K& )| 3k 2775k, 3

where parameters Ace, Ay, Ao are determined as Ref.[14]. The lattice constant of
Ce1-xYxO2-x2 system is then can be defined in relation to the average nearest-neighbor

distance as a(P,T)=4/3(P.T).

Young’s modulus is a mechanical parameter to measure the stiffness of solid materials.
In previous study, the Young’s modulus E of CeO- crystal was given by V.V Hung et al. [6]

oo 1 52\1’

15
86‘ \" 85 ( )
with gis the train, o denotes the stress.

From Egs.(1) and (15), it is easy to derive the explicit expression of Young’s modulus
in the harmonic approximation as

v( %t a%wy
E= Eceo2—x/2 +§(_ oe2 + o2 | (16)
where
2
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The isothermal bulk modulus K and shear modulus G can be derived using the following

relations
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where v is Poisson’s ratio related to the stability of crystal under shear deformation. In this
study, the value of Poisson’s ratio is assumed to be 0.33 in accordance with experiment [1].

2.2. Results and discussion

The lattice constant of YDC crystal at the different dopant concentrations is presented in
Fig. 1. One can see that the lattice constant decreases with the increasing dopant concentration.
This dependence arises mainly from the creation of the oxygen vacancies that leads to a lattice
contraction. Using empirical equations, N. Kim et al. [7] showed a linear relationship between
the lattice constant and the dopant concentration in fluorite-structure oxide solid solutions.
Fig.1 shows that SMM results at the room temperature are in good agreement with the results
obtained from other theories [2, 27] and experiments [7, 27].
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Figure 1. The dopant concentration Figure 2. The temperature dependence of

dependence of lattice constant at T = 300K. lattice constant at various dopant

The other theoretical [2, 27] and experimental concentrations, x =0, x = 0.06, x = 0.13.

[7, 27] results are presented for comparison.  The experimental results [24] are
presented for comparison

In Fig. 2, we compare the lattice constant at pressure P = 0 using the SMM with the
experimental results (in the case of pure CeO.) [24] for temperature range T = 400K — 1600K.
The calculated lattice constants by the present theory are slightly larger than the experimental
values for temperature range T = 400K — 800K, and slightly smaller than the experimental
values for temperature range T = 800K — 1600K, but overall features are in good agreement
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with the experimental results [24]. The predicted zero-pressure lattice constant a(0,400K) =
5.4314 A agrees within 0.4% with the corresponding experimental value 5.413 A.

In Fig. 3, we compare the SMM results of lattice constant at the room temperature and
various pressures with the experimental results (in the case x = 0). Fig. 3 also shows the
experimental lattice constants of pure CeOz [5, 22] as functions of the pressure. The pressure
dependence of the lattice constant at the different dopant concentrations is similar for a wide
pressure range. Our SMM theory predicts that the lattice constant of YDC crystal decreases
rapidly with the pressure. The obtained results are in agreement with those measured by
experiments for pure CeO: [5, 22]. The predicted zero-pressure lattice constant a(0,300K) =
5.4291A agrees within 0.3 % with the corresponding experimental value 5.411A.
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Figure 3. The pressure dependence of Figure 4. The dopant concentration
lattice constant at various dopant dependence of Young's, bulk, shear moduli
concentrations, x = 0, x = 0.06, x = 0.13. at the room temperature. The experimental

The experimental results [5, 22] are results [18] are presented for comparison.
presented for comparison.

Fig. 4 shows how the dopant concentration dependence of the Young’s E, bulk K, and
shear moduli G. One can see that all YDC with different dopant concentrations has lower
Young’s E, bulk K, and shear moduli values than those of pure ceria (x = 0). The presence
of oxygen vacancies related to the replacement of Ce** by Y3* ions decreases the binding
energy between cations and anions near the oxygen vacancies. Consequently, the elastic
moduli decrease as the dopant concentration increases. The SMM results of bulk modulus K
are in good agreement with the experimental results using scanning electron microscopy and
small specimen technique [18]. The temperature dependence of Young’s, bulk, shear moduli
is given in Fig. 5. The SMM results of the Young’s, bulk and shear moduli with x = 0.2
decrease gradually with the increasing temperature. Accordingly, YDC crystal becomes easier
to elongate at high temperatures. The rapid reduction in the elastic moduli indicates the
stronger anharmonicity contributions of the thermal lattice vibrations at high temperatures.
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Figure 5. The temperature dependence of Young'’s, bulk, shear moduli of YDC crystal.
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Figure 6. The pressure dependence of Young'’s, bulk, shear moduli at various dopant
concentrations, x = 0, x = 0.06. The results using LDA and LDA+U methods [15] are
presented for comparison.

In Fig. 6, the calculated Young’s, bulk and shear moduli with x = 0.06 are plotted as
functions of pressure P. It is clearly seen that the Young’s, bulk and shear moduli depend
sensitively on the pressure. The lattice constant decreases due to an increase of pressure,
therefore the elastic moduli become larger. The obtained results of Young’s modulus using
the local-density approximation (LDA) and LDA+U methods [15] are also shown for
comparison with the SMM result for CeO> crystal. N. Wei et al. [23] explained that the
material with larger Young’s modulus responds to the more covalent feature of the material.
The Young’s modulus increases linearly with the increase of the pressure, which means that
CeO and YDC crystals become more stiff under the pressure.

3. CONCLUSION

The lattice constant and elastic moduli of YDC crystal are investigated using the SMM
including the anharmonicity effects of thermal lattice vibrations. The SMM calculations are
also performed using the Buckingham potential for YDC crystal with fluorite structure. The
lattice constant and elastic moduli are calculated as functions of the dopant concentration,
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temperature, and pressure. The influences of dopant concentration, temperature, and pressure
on the lattice constant and elastic moduli have been studied in detail. Our results are in good
agreement with previous experiments and several theoretical calculations.
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NGHIEN CUU HANG SO MANG VA MO PUN PAN HOI CUA
TINH THE CERIA PHA TAP YITRIA BANG PHUONG PHAP
THONG KE MOMEN

Tom tit: Trong nghién ciru nay, ching t6i da phat trién hinh thirc lugn dwa vao phirong phép thong
ké momen dén nghién ciru hang sé mang va médun dan hoi ciia tinh thé Ceria pha tap Yitria ¢ tinh
dén cac anh hwong phi diéu hoa cia cdc dao ddng mang tinh thé. Hang sé mang, médun dan hoi
duoc tinh toan la cac ham cua néng do tap chat, nhiét do va ap suat. Sir dung thé Buckingham,
chiing t6i tinh todn médun dan hoi véi nhiét dg 1én t6i 1800K va dp sudt lén t6i 60 GPa. Cdc tinh
todn cia chiing i dwoc so sanh véi cdc két qua Ii thuyét va thiee nghiém.

Tir khoa: Hdng $6 mang, médun dan hoi, tinh thé ceria pha tap yttria.



