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Abstract:

At atmospheric pressure (p=101325 Pa), the effects of humidity and temperature on moist air become important
when discussing the quality factor of micro-cantilever and micro-bridge resonators. The squeeze film damping
(SFD) problem, the dominant damping source for micro-beam resonators, is modelled using the modified
molecular gas lubrication (MMGL) equation with finite element modelling (FEM) in the eigenvalue problem.
The MMGL equation is modified with the effective viscosity of moist air (u, f) to account for the effects of
humidity and temperature. Other damping sources, such as thermoelastic damping (TED) and the support loss
of micro-beam resonators, are also calculated. The quality factor of micro-beam resonators is then discussed
over a wide range of temperatures and relative humidity levels at atmospheric pressure and gas rarefaction.
The results show that the quality factor of micro-cantilever and micro-bridge resonators increases as both
humidity and temperature rise in atmospheric pressure and gas rarefaction. Furthermore, the quality factor
of a micro-bridge resonator with changes in humidity and temperature is significantly higher than that of a
micro-cantilever resonator in atmospheric pressure and gas rarefaction.
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1. Introduction airflow is squeezed in the gap spacing between a micro-

. S, . beam and its surrounding substrate [5]. In addition, TED
Micro-beam resonators [ 1] are utilised in many Micro- (691 and rt loss [10] ther d . f
. . -9] and support loss are other damping sources for
Electro-Mechanical Systems (MEMS) sensor applications . PP . ping sou

. o micro-beam resonators. For micro-beam structures of
for environmental monitoring [e.g., temperature (7),

humidity (RH), pollutant gases] [2, 3]. The advantages
of temperature and humidity MEMS sensors based on

resonators, three kinds of damping sources - SFD, TED,
and support loss - which are more dominant than other

) . . . damping sources, have been considered to accurately

MEMS technology include a wide detection range, rapid . .
i o i i evaluate the quality factor of micro-beam resonators
resonant response, and high precision. However, in moist . . .
i i [11]. At atmospheric pressure, the quality factor of micro-
air, the detection of temperature and water vapour plays N .
beam resonators is highly influenced by the effects of

temperature (7) and humidity (RH) due to the increased
viscous damping of moist air. Thus, the effects of

a pivotal role in many MEMS sensor applications for
environmental monitoring [4].

In MEMS resonators, the quality factor is the
primary outcome when micro-beam resonators operate
at atmospheric pressure. External SFD is one of the
significant damping sources of MEMS resonators as
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temperature and relative humidity are crucial to discuss
when aiming to improve the quality factor of micro-beam
resonators since the transverse vibration of micro-beam
resonators is significantly resisted by the SFD.
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In gas rarefaction, atmospheric pressure (p=101325
Pa) is introduced into a narrow air gap spacing (/). Then,
slip flow occurs on the micro-beam and substrate surfaces.
Hence, the effect of gas rarefaction becomes significant
on the dynamic performance of MEMS resonators, even
at atmospheric pressure and ultra-thin gap spacing [11,
12]. To account for the effects of temperature and relative
humidity in atmospheric pressure and gas rarefaction,
the effective viscosity of moist air (u,=u/Q,), which
is defined as the ratio of the Poiseuille flow rate Q)
[13] and the dynamic viscosity (u) [14] of moist air,
modifying the MMGL equation for the SFD problem.
As a result, the influences of temperature and relative
humidity on the quality factor of micro-beam resonators
can be addressed in both atmospheric pressure and gas
rarefaction. Existing literature has examined the effects of
temperature and relative humidity on the quality factors
of MEMS resonators under atmospheric pressure [15-19].
Consequently, the quality factor of micro-cantilevers is
heavily influenced by temperature and relative humidity
in the atmospheric environment. However, the effects
of temperature and relative humidity of moist air on the
quality factor of micro-bridge resonators in atmospheric
pressure and gas rarefaction have not yet been considered.

In this article, the impacts of temperature and relative
humidity of moist air on the quality factor of micro-
bridge resonators in atmospheric pressure and gas
rarefaction for environmental monitoring are studied.
The MMGL equation is solved using the effective
viscosity (,ueﬂ) for the SFD issue to consider the effects
of temperature and relative humidity across a range of
pressures, from atmospheric to gas rarefaction. Previous
studies have only addressed the temperature and relative
humidity concerning the resonant frequency and quality
factor of micro-cantilevers [18, 19] in atmospheric
pressure. However, the micro-bridge structure has not
been explored and discussed to date. In this research,
the quality factor of the micro-bridge resonator will be
discussed and compared to enhance the quality factors
of MEMS resonators in atmospheric pressure and gas
rarefaction. The objective of this study is to examine
the effects of temperature and relative humidity of moist
air in order to optimise the quality factors of MEMS
resonators based on the micro-bridge structure for
environmental monitoring in both atmospheric pressure
and gas rarefaction.
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2. Materials and methods

2.1. The modified molecular gas lubrication equation
for air damping of micro-beam resonators

P(x,y.0)

Transverse deflection

“miiero-bridge

air film damping

moist air (RH,T)

Fig. 1. Transverse vibration of micro-beam or micro-bridge
resonators under air film damping.

In Fig. 1, the micro-bridge structure is used to discuss
the effects of temperature and relative humidity on
the quality factor of MEMS resonators in atmospheric
pressure and gas rarefaction. In a moist air environment,
the transverse motion of micro-beam resonators is resisted
by the air film damping with a certain gas film pressure
(p(x,,1)). The Poiseuille flow rate (Q,) occurs in an
ultra-thin gap spacing (4,). In this instance, an isothermal
air squeeze film is assumed for all the edges of the
rectangular micro-bridge. The micro-beam temperature
is assumed to be the same as the ambient temperature
(T=T,). Anew MMGL equation [11] is utilised to model
the SFD problem in order to obtain the pressure variations
of the gas film as:

i ph? ap a ph® ap i
YR N TR

x \12erp(RHT) 0x 0y \12peff(RHT) dy ot
where RH is the water vapor relative humidity (%); p is

the air pressure, p is the density of moist air; /4 is the air
gap spacing; T is the ambient temperature (°C).

The water vapor molar fraction of moist air [14] is
expressed as:

Ny Dy
xv = = —
ny+tng 1%

2

where p is the water vapor partial pressure; p is the
total pressure partial pressure; x is the water vapor mole
fraction; n_ and n_ are the water vapor and dry air mole
numbers, respectively.

The relative humidity (RH) of moist air [14] is given

by:
— v _ Pv
RH = Xsv o Psv (3)
with
Xy = Xg, X RH 4)
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where p is the water vapor partial pressure; p  is the
water vapor saturated pressure at a given temperature; x|
is the saturated water vapor molar fraction.

The water vapor molar fraction (x ) can be calculated
as:

X, =f(p,T)x%:f(p,T)xRHx% (5)

with the total pressure (p) of moist air is given by:
P =Dy + Da (6)
where p_is the partial pressure of dry air.

The enhancement factors (f (p, 7)) [20] are calculated
by:

fo.T) =explax(1-22)+px(L-1)] @)

p Dsv
with
(i-1)
a=Y* A xT" (®)
and
B =exp(Tit,B; x TEV) )

where the numerical values of the coefficients in Egs. (8) and
(9) are: A =3.53624x10", A =2.93228x107, A,=2.61474x107,
A,=8.57538x107°, B =-10.7588, B,=6.32529x107,
B,=-2.53591x 10, and B,=6.33784x107, in the temperature
range between 0 and 100°C.

The saturated vapor pressure (p, ) [21] is expressed by

Psy = 103 X 0.1 x 108 (10)
where

e = l;o + l;l (1.__ 273

T+273
T+273) — E3 logao ( 273 ) +

—1)) +E, (104.76955x(1—Ti;373))

T+273

E, (1 _ 10—8.2969><( =

and

E=0.78614, E=10.79574, E=5.028, E=1.50475x10%,
E~0.42873x10%,

At atmospheric pressure, the dynamic viscosity of
humid air () [14] is calculated by:

— Hax(1—=xy)
H = )t a]

Xy XUy
[y +(1—xp) X Pql

(11)

where 4 and u are the dynamic viscosity of dry air and

water vapor, respectively, as:
o = My, + Xy My, (T + 273)" (12)

Wy = My, + My, T (13)
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and

M,=9.8601x107, M,=9.08012x10%, M =1.1764x10"",
M, =12350x10%, M, =5.797x10"7, M,, =8.058x10%, and
M, =4.0005x10*

Also, @ and @ are calculated by
?(1 +Z_Z)—0.s o [1 N (f)o.s o (5_2)0.25]2 (14)

o = §(1 +:_Z)—0.5 y [1 N (z_z)os y (IIZ_:)O.ZS]Z (15)

Dy =

where ® and @  are interaction factors for calculating
u, and u, respectively; M, and M, are interpolation
constants for the dynamic viscosity of dry air and water
vapor, respectively; M and M are the dry air and water
vapor molar mass, respectively.

For the effect of gas rarefaction, the Poiseuille flow
rate Q(D) [13] is derived for arbitrary inverse Knudsen
number (D) with the accommodation coefficients of two
surfaces (a,=a,=1.0) by:

Qp(D)=1+3Vmrxax D™+ 6b x D
where a=0.01807, h=1.35355, c=-1.17468.

(16)

The inverse Knudsen number (D) is expressed by:

_ i
D—E— ” 17)

where / is the gap spacing.

The mean free path of gas is estimated from the kinetic
theory of gases [22] is expressed as:
RT
A= Fomenaty (1%
where d is the gas molecular diameter; R=8.314 (J/mol)
is the gas constant; N =6.0221x10* is Avogadro’s number.

From Egs. (3), (7), and (18), the mean free path of
moist air (A) can be expressed by:

AopoT AopoT
A= (; = 0 i (19)
pTo (Pa+RH psw)Ty

where 1,=66.5 nm, Po=101325 Pa, ;=300 K are the
reference gas mean free path, reference pressure, and
reference temperature, respectively.

The effective viscosity (,ue/j) of moist air [11] is
expressed by: A
u
Herr = op (20)

where u of (RH, T) can be used to consider the effects
of temperature and relative humidity in atmospheric
pressure and gas rarefaction.
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2.2. The linear transverse vibration equation for
micro-beam resonators

Under small displacement (w), the linear transverse
vibration equation of a micro-beam in Fig. 1 governs the
transverse displacement [23], which is expressed as:

D, (22 +2

dox*

o+ T oty 5 = P8 (21)
where Dp (=Et}/12(1 — v?)) is the rigidity of the material;
E is Young’s modulus; v is the Poisson’s ratio; t; is the
structural thickness; p(x, y, t) is the gas pressure variation;
w(x, y, t) is the transverse displacement at positions along
the structure (x, y) over time (?); p, is the density of the
material.

For a micro-cantilever beam [18, 19], single-clamped
boundary conditions are used at one edge of the cantilever
(x=0):

w(0,y,t) =0 (22)
ow(0,y,t) —0 (23)
0x

and three free boundaries are used at the other edges of
the cantilever (x=/,, y=0, and y=w,):

Zw(tpyt) _ BPw(Epyt)

9x2 - 9x3 =0 (24)
Zw(x,0t) _ 3w(x00) _

dy? - ay3 =0 (25)
azw(x,wb,t) _ 63w(x,wb,t) — 0 (26)

dy? - ay3

For a micro-bridge, the two double-clamped boundary
conditions are set at two edges of the micro-bridge (x=0)
and (x=1,):

(O,y, t) = W(ebry' t) =0
WOy _ Wyt _
dx - dax -
and two free-edge conditions at other edges of the micro-
bridge (y=0, y=w,):
Pw(x,0t) _ 3w(x0t) _
ayz — ay3

27
(28)

0 (29)
(30)

Zwxwpt) _ BPw(xwpt) _ 0
dy? - ay3 -

2.3. Quality factors of micro-beam resonators

In the eigen-value problem, the quality factor of the
MEMS resonators in the SFD problem is numerically
estimated by obtaining the eigenvalue (1 = § + iw). Then,
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the quality factor for the SFD problem (Q,,,) [14] can
be calculated as the ratio between the natural frequency
(wo) (Im|2|) and the damping factor (3) (&) (Re|4|) by:

Qsrp = | G

m(d) _ wo
2Re()| — 26

where A(= & + iw) is the complex eigenvalue.

In micro-beam resonators, the total quality factor
(Q,) can be evaluated by the quality factor of the main
damping sources of the SFD (Q,,,), TED (Q,,,), and
the support loss (Qmp). Therefore, the total quality factor
(Q,)) of the micro-cantilever and bridge beam resonators
are calculated as:

=y (32)

Qr  Qsep  QrED Qsup

where the basic operating conditions are listed in Table 1.
0., 1s calculated by C. Zener’s models [6, 7] (Eq. (14)
in [7]) in Table 2. Q‘wp is also calculated by Z. Hao, et al.
(2003) [10] (Eq. (18) in Table 3).

Table 1. Basic geometric and operating conditions of
MEMS resonators.

Symbol Description Values

g, Length of beam 250 um

w, Width of beam 10 pm

t, Thickness of beam 1 um

E Young’s modulus of silicon 130x10° Pa
P, Density of silicon 2330 kg/m?
v Poisson’s ratio of silicon 0.28

a, Thermal expansion coefficient of silicon 2.6x10°1/K
K Thermal conductivity of silicon 90 W/(m.K)
C, Specific heat capacity of silicon cantilever 700 J/(kg.K)
h, Basic gas film thickness 4 um

T, Basic temperature 50°C

p Ambient pressure of moist air 101325 Pa
T Ambient temperature 0-100°C

RH Relative humidity of moist air 0-100%
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Table 2. The quality factor of thermoelastic damping (TED) (Q,,,) for micro-beam resonators in the 1% mode of vibration.

% Error
Resonators Mode shape (Hz) 0,,,in FEM [24] Q,...in Zener [6, 7] |Qm—amer %100%
QrEl
Cantilever ———— = 19,344 21,738,340 22,589,923 3.77
Bridge — L “ - "_ 123,539 3,283,491 3,491,068 5.94

Table 3. The quality factor of support loss (Q_ ) for micro-beam resonators in the 15t mode of vibration.

sup

Resonators  Mode shape f, (Hz) C(F(n)) Ap AW, Qw [10]
Cantilever #__ = ———1 1 19,344 2.081 0.241 24,133 32,515,625
Bridge — - h - _ 123,539 0.638 0.038 3,778 9,968,750

3. Results and discussion
3.1. Effective viscosity, ,ueﬂ(RH, 7)
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0 10 20 30 40 50 60 70 80 90 100
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Fig. 2. Effective viscosity of moist air (u_) versus
temperature (T) for different relative humidity values (RH)
at atmospheric pressure.

In Fig. 2, the effective viscosity of moist air (,ueﬁ),
Eq. (20), in dry air linearly increases with 7 in the dry
air (RH=0%). Meanwhile, Moy of moist air decreases
gradually as temperature and relative humidity increase.
Therefore, we note that the effective viscosity ()
decreases more significantly as temperature and relative

humidity increase.
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3.2. Effects of temperature (T) and relative humidity
(RH) on quality factors (Q,,,, Q,)

In Table 2, the results show that Q. and Q
very high because the TED is very small in the 1% mode

arc

Zener

of cantilever and bridge resonators. Moreover, 0, from
the FEM (COMSOL Multiphysics) [24] and Q,
the C. Zener's models [6, 7] are nearly identical with an
error of less than 5.94%. Therefore, O, in the FEM [24]
can be accurately used to calculate the total quality factor

(Q,) of MEMS resonators.

from

In Table 3, the result showed that qup is very high
because the support loss is very small in the 1% mode
of the resonators. Also, the results of qup can be used
to calculate the total quality factor (Q,) of micro-beam

resonators.

In Fig. 3, the obtained results of O, and Q, of the
micro-beam resonators are nearly identical over a wide
range of temperature and humidity values at atmospheric
pressure (p=101325 Pa). Therefore, O, can be calculated
by the main contribution of Q. because the SFD is the
dominant damping source and the other damping sources
(O Qmp) are negligible in the 1** mode of the resonator.
0., and Q_ of dry air decreases as T increases. O, and
O, of moist air increases as 7T increases while Q. and O,
of moist air increases as relative humidity (RH) increases

from 0 to 100 % at atmospheric pressure. Then, O, and
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Fig. 3. The quality factor by SFD (Q.,) and total quality
factor (Q,) versus ambient temperature (7) for different
relative humidity (RH) values in the 1t modes of MEMS
cantilever and bridge beam resonators at atmospheric
pressure (p=101325 Pa).

O, of moist air increases with temperature and relative
humidity at p=101325 Pa. Also, O, and Q. of the
micro-cantilever with temperature and relative humidity
is lower than that of the micro-bridge because of SFD
influences on the cantilever being much stronger than
that on the micro-bridge.

4. Conclusions

In these results, the quality factors of micro-beam
resonators are numerically calculated by solving the
MMGL equation, the equation of transverse vibration
of the micro-beam, and their appropriate boundary
conditions simultaneously using the FEM. The effective
viscosity (,ugff(RH, 7)) is utilised to modify the MMGL
equation to consider the effects of temperature and
relative humidity in atmospheric pressure and gas
rarefaction. Some of the obtained results are shown as
follows: (a) The quality factor of micro-beam resonators
increases as the temperature and relative humidity
increase in atmospheric pressure and gas rarefaction;
(b) The quality factor of the micro-bridge resonator with
temperature and relative humidity is much higher than
that of the micro-cantilever resonator.
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These highlighted results can be utilised to design
for a high-quality factor and a fast resonant response
of MEMS resonators. In future work, the design and
fabrication process of temperature and humidity sensors
based on micro-bridge resonators can be addressed and
fabricated using MEMS technologies for environmental
monitoring.
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