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ABSTRACT

Fuzzy set theory and rough set theory have many applications in the fields of data mining, knowledge
representation. Nowadays, there are many extensions which are mentioned along with the properties and
applications of them. Concept T- rough set which allows us to discover knowledge is expressed as a map. In this
paper, we introduce the concept of T- rough fuzzy set on crisp approximation spaces; their properties and fuzzy
topology spaces which based on definable sets are studied. Then, by the same way, we also introduced the concept
of collective T - rough fuzzy fuzzy approximation space, it is seen as a more general concept of T- rough fuzzy set on
crisp approximation spaces.

Keywords: Fuzzy approximation spaces, fuzzy topology spaces, rough fuzzy set.
Tap T- m& thé trén khong gian xap xi m&
TOM TAT

Ly thuyét tap hop me va ly thuyét tap thé c6 nhidu ng dung trong céac linh vuc khai thac div liéu, biéu dién tri
thirc. Ngay nay, c6 rat nhidu phan mé rong dwoc dé& cap cling véi cac thudc tinh va cac ng dung cua ho. Khai niém
T- tap thd cho phép chung ta kham pha kién thirc dwgc thé hién nhu mét anh xa. Trong bai bao nay ching téi dwa ra
céac khai niém vé tap mo T- tho trén khong gian xap xi rd; cac tinh chat cta ching va khéng gian t6 pd md dwa trén
bd dinh nghia dwoc nghién ctvu. Sau d6, bing cach thirc twong tw, ching toi cling gidi thiéu khai niém tap T — mo
thd trén khong gian xap xi md& dwoc xem nhuw la mot két qua khai quat hon két qua vé tap mo T - thé trén khong gian
xap Xi rd.

Tur khéa: Khéng gian té pd md, khéng gian xap xi me, T- mo tho.

information systems and decision systems.
1. INTRODUCTION . yee Y

Equivalence relation was often used to the
Over time, the

Rough set theory was introduced by Pawlak relation.

in the 1980s. It has

indiscernibility

become a useful application of rough set theory in data mining

mathematical tool for data mining, especially
for redundant and uncertain data. At first, the
establishment of rough set theory was based on
equivalence relation. The set of equivalence
classes of the universal set, obtained by an
equivalence relation, was the basis for the
construction of the upper and lower
approximations of the subset of the universal
set. Typical applications of rough set theory

were to find the attribute reductions in

became increasingly diverse. The demand for an
equivalence relation on the wuniversal set
seemed to be too strict requirements (Dubois
(1990), Yao (1997), Kryszkiewicz (1999),...). It
was a more limited application of rough set
theory in data mining. For example, real-valued
information systems (Kryszkiewicz (1999)) and
incomplete information systems (Hu et al
(2006)) cannot be handled with Pawlak’s rough

sets. Because of this limitation, nowadays, there
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are many extensions of rough set theory.
Bonikowski et al. (1998) introduced the concept
with covering. Yao (1998)
introduced the concept of rough sets based on

of rough sets

relations. In 2008, Davvar also studied the
concept of generalized rough sets and called
them T-rough sets. Ali et al. (2013) investigated
some properties of T-rough sets. Besides rough
theory, fuzzy set theory, which was introduced
by Zadeh (1965), is also a useful mathematical
tool for processing uncertainty and incomplete
information for the information systems. In
addition, combining rough sets and fuzzy sets
results. The
approximation of rough sets (or fuzzy sets) in

also has many interesting
fuzzy approximation spaces gives us the fuzzy
rough sets (Yao (1997), Dubois (1990)) and the
approximation of fuzzy sets in crisp
approximation spaces gives us the rough fuzzy
sets (Yao (1997), Wu et al. (2003, 2013), Du
(2012), Dubois (1990), Tan et al. (2015)). Wu et
al. (2003) presented a general framework for the
study of fuzzy rough sets in both constructive
and axiomatic approaches. By the same, Wu
(2013) and Xu (2009) investigated the fuzzy
topology structures on rough fuzzy sets, in
which  both

approaches were used. The concept of the rough

constructive and axiomatic
fuzzy set on approximation space was
introduced by Banerjee and Pal (1996). Later,
Liu (2004) extended this rough fuzzy set on the
fuzzy approximation spaces. Zhao et al. (2009)
extended Liu’s results by defining the lower and
upper approximations. It is well-known that the
rough set theory is closely related to the
topology theory (Wu (2013), Hu (2014),..). A
natural question: are similar results as above
true when we combine T- rough sets and fuzzy
sets, in which, T: X — P*(Y) is a (crisp) set-value
map? It is well-know that crisp set is a specific
case of fuzzy sets, so we can build the similar
results when replacing T: X — P*(Y) (a crisp set-
value map) with T: X — F(Y) (a fuzzy set-value
map). In this paper, we provide a few answers
to these situations.
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The remaining part of this paper is
organized as follows: In section 2, we quote some
definitions of T-rough sets and a-cut of a fuzzy
set. In section 3, we define the T-rough fuzzy sets
along with upper and lower rough fuzzy
approximation operators on crisp approximation
spaces and their properties. In section 4, we
study the fuzzy topological structures associated
with definable sets. Finally, we introduce T-
rough fuzzy sets along with upper and lower
rough fuzzy set approximation operators on fuzzy
and their properties

approximation spaces

in section 5.

2. T-ROUGH SETS AND FUZZY SETS

Definition 2.1. [1]. Let X and Y be two
nonempty universes. Let T be a set-value
mapped by T: X — P" (Y), where P (Y) is the
collection of all (non empty) subsets of Y. Then
the (X, Y, T) is referred to as a generalized
(crisp) approximation space. For any subset A e
P* (Y), a pair of lower and upper approximations
of A, T(A) 4, and T(A) , are subsets of X which
are defined respectively by

TA) = {x € X: T(x) c A}

and
TA)={x € X: T(X) N A = &}
The pair (T(A), T(A)) is called a

generalized rough set (T- rough set).

Note that T, T :P"(Y) —» P*(X) are the lower
and upper generalized rough approximation
operators, respectively.

We denote F(Y) is the collection fuzzy
subsets of Y. Then for all A € F(Y), we use A(y)
to denote the grade of membership of v in A.

Definition 2.2. For 4 € F(Y) and for all
a € [0,1], the @ —cut and strong a —cut of fuzzy
set A4, denoted A4, and A% respectively, are
defined as follows:

A, ={yeY:Aly) = a}, A ={yeEY:A(y) > a}.

Theorem 2.1. [13]. Let A€ F(¥), then
A= Ugepoy@Ag and 4 = Ugepo,1) @ Az, and for all
yEY, we have A(y) = Vae[a,l](a/\‘qa(y)) =
Veero.(@ A Az ().



3. T-ROUGH FUZZY SET AND ITS
PROPERTIES

Definition 3.1. Let (X,V,T) be a
generalized (crisp) approximation space. For all
A € F(Y), we define:

T(A)e ={x EX:T(x) C A},
T(A)o = {xEX:T(x) N A, = 0}
and

T(A)z ={x €X:T(x) c Az},
T(A)E = {x EX:T(x) N 45 = 0}

Example 3.1. Given
={a,b,c}, Y ={1,2,3,4}. Let T be a set-value
mapped by T:X — P*(Y), where

T(a) ={1,24},T(h) ={1,3,4},T(c) ={2,3}. For a

04 05 08
?+?+TOf Y we have

fuzzy subset A = % +
T(A)os ={x € X:T(x) C Agq} ={c};
T(A)gy ={xE€EX:T(x)NAgy = 0} ={a,b,c} =X.
T(A)Gs={x€EX:T(x) C A} =0;
T(A)j,={x€X:T(x)NA5, = 0} ={a,b,c} =X.
Lemma 3.1. Let (X,Y,T) be a generalized
(crisp)
A,B € F(Y),VxE [0,1], we have
T(ANB). =T(A)x NT(B)«
T(ANB), CT(A)x NT(B)y;
T(ANB)z =T(A)zNT(B)e
T(ANB)S S T(A)SNT(B);
T(A)xUT(B)x CT(AUB)y ;

approximation space. For all

T(AUB). = T(A)u UT(B)q;
T(A), UT(B); ST(AUB)

T(AUB)L =T(A)LUT(B)L
IfAc BthenT(A)y € T(B)y and T(A)s S T(B)x:
If A c B then T(4);, C T(B)S, and T(A): € T(B)Z;

T, = (T(450))

Theorem 3.1. Let (X,Y,T) be a generalized
(crisp) approximation space. For all A € F(Y),

T(A9). = (T(4i-))°

we have
(Ugero.y @ T(4)e) (x)
= Vaepo{: vy ETC)ANAQ) 2o

(Uae[o,l] aT(A): )(x)
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= Vaep{X: Vy ET()NAG) >}
(Ugepon @ T(A)0) (x)

= Vaepyix: Iy €T AA(Q) = <}
(Ugepo.n & T(AD(x)

= Vaept: 3y € TO) NAQ) >,
Proof.

(Ugepo1 2 T(A)a) (x)

= Vaepp{® AT(A)4(x)}

= Ve T(x) © Aq}

- \/ {o:Vy € T(x) and A(y) = o}
ae[0,1]

(Ugeroq @ T(A) ()
= Vel X AT ()}

= Vaepayio: ¥y € T(x) AA(y) >oc}
(Useron @ T(A)0) ()

- \/aem {x \T@a0}

= VaE[O,l]{OC: T(x) n Aa +* @}
= Veaepo){:3y ETCOANAQ) = o}
(Uae[o,l] aT(A))(x)

= \/aem {x \T@z0}

- \/ (o T(x) N AS = 0)
ae[0,1]

= Vaepay{: Iy € T() NAQy) >

Definition 38.2. Let (X,Y,T) be a
generalized (crisp) approximation space. For all
A EF(Y), we define:

T(4) = Ugeroag al(A)q

T(4) = Ugero aT(A),

The pair (T(4), T(A4)) is called a generalized
rough fuzzy set (T-rough fuzzy set).

Note that T, T: F(Y) = F(X) are the lower

and upper generalized rough fuzzy

approximation operators, respectively.

Example 3.2. Let T be a set-value mapped
by T:X - P*(Y) which was defined in example
3.1 and a fuzzy subset 4 = ?-I—?-I—‘Z—S-I-? in

Y. We easily verify that
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T(A)o, ={a,b,c} =X = T(A)g3

T(A)x ={a,b,c},Vx < 0.3;

T(A)x = T(A)gs = {c}, VXE (0.3,0.4]

T(A). = 0,Voc> 0.4.

Then T(4) = Ugeroy @ I(A)g = = + 2 + .
0.8 0.8 0.5

Similarly T(A) = Ugepo1) @ T(A)a = —+—+=

Now we consider some properties of T-
rough fuzzy sets.

Theorem 3.2. Let (X,Y,T) be a generalized
(crisp) approximation space. Then, its lower and
upper generalized rough fuzzy approximation

operators satisfy the following. For all

A,BE F(Y)
L) T(A) = (TA°)"
W) I) =X
L3)T(ANB)=T(A)NT(B)
(LY ACB=T(4) CT(R)
L5)T(A)UT(B) ST(AUB)
L6) T(AUK) =T(A)U &
U1) T(A) = (T(A)°
U2)T(0) =0
(U3)T(AUB) =T(A)UT(B)
(U4 Ac B=T(A) c T(B)
(Us)T(ANB)CT(A)NT(B)
(U6) T(AN&) =T(4) N&

where
VXE [0,1],Vy EY,Vx EX: & (x) =& (y) =«

4. FUZZY TOPOLOGICAL SPACES

Let (X,¥,T) be

approximation space.

a generalized (crisp)

Lemma 4.1. Let X and Y be two nonempty

universes. Let T:X — P*(Y)be a set-valued
map. Then T(Y) =X =T([¥)and T(0) = 0 = T(@).

Lemma 4.2. Let X and Y be two nonempty
universes. Let T:X — P*(Y)be a set-valued
map. Then T(A) € T(A) for all A € F(Y).
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Definition 4.1. Let X and Y be two
nonempty universes. Let T be a set-value
mapped by T:X — P(Y). We define binary
relation ~, ~,~ on P*(Y) by defining:

ARB & T(A), = T(B), VXE [0,1]

A~ B & T(A)y = T(B), VXE [0,1]

A~B &= T(A)x = T(R)«

and T(4). = T(B).,V«E [0,1].

It 1is
equivalence relations on P*(¥) and called the

easy to verify that =~ =~ are

generalized rough fuzzy upper equal relation,
generalized rough fuzzy lower equal relation,
and generalized rough fuzzy equal relation,
respectively.

Theorem 4.1. Let (X,Y,T) be a generalized
(crisp) approximation. Then for all
A,B,A,By € F(Y), we have

A~B < A~(AU B)~B

A~A,,B~B, = (AUB)~(4, U B,)
A~B=(AUB®) =Y

ACB,B~0 = A~Q

AC B, A~Y = B~Y

Similarly, we have

Theorem 4.2. Let (X,Y,T) be a generalized
(crisp) approximation. Then for all A,B,
A,,B, € F(Y), we have

A~B&A~(AUB)~B

A~A, B~ B, = (AUB)~ (4, U B;)
A~B= (ANB%)~ 0.
ACBB~p= A~0
ACBA~Y=B=~Y

Now, we introduce the definition related to
fuzzy topology (Lowen (1976)).

Definition 4.2. A collection of subsets 7 of
F(Y) 1s referred to as a fuzzy topology on ¥ if it
satisfies:

If A C 1 then UAIEJEAI' €t
IfABertthenANnB €T
If &€ F(Y) then & € 7.

Let X and Y be two nonempty universes.
Let T:X - P*(¥Y)be a set-valued map. We



denote T={A€F(Y):T(A)= T(A)}). Then, we
have some properties as follows:

Theorem 4.3. Let X and Y be two
nonempty universes. Let T: X — P*(Y) be a set-
valued map. (¥,7) is a fuzzy topological space.

Proof. Lemma 4.1 shows that @,V € 7. We
consider all the conditions of definition 4.2 for
this space.

Given A = {4;} € 7, then

T(Aj)x = T(ADx VE[0,1].

Since T(UAE_EJEA[-)DC =UgeaT(A)x

= Ugeal(Ae ET(Ugeqd))_, VXE [0,1]

And T(Ugeqdi) S T(UAieﬂAi)m(lemma 4.2)

then T(UAIEJIAI')DC =T(Ugends)_, VXE[0,1].
So Ugeqdi €T

If A,B € T then T(A) = T(A),T(B) = T(B). So
that T(ANnB) c T(A)NT(B) = T(ANB).
Application of Lemma 3.2, we have AN B € 1.

For any & € F(Y). It is easy to see that
T(&X)(x) = Ayern & () =«

and  T(&)(x) = Vyerm & () =«

Hence T(&) = T(&).So& € z.

This shows that 7is a fuzzy topology on Y.
Hence (¥, 1) is a fuzzy topological space.

Similarly, we have

Theorem 4.4. Let X and Y be two
nonempty universes. Let T: X — P*(Y) be a set-
valued map. Then collection

T ={A €EFX):IAE€F),A = T(A) =T(A)}

is a fuzzy topology on X.

5. T-ROUGH FUZZY SETS ON FUZZY
APPROXIMATION SPACES

In this section (X,Y,T) is a generalized
(fuzzy) approximation space, where T: X — F(Y)
is a (fuzzy) set-valued map. We propose
methods to build a T-rough fuzzy set in which a
pair of lower and upper approximations of the
fuzzy set A € F(Y), T(A) and T(4), are fuzzy

subsets of X. The results obtained in this section

Ngoc Minh Chau, Nguyen Xuan Thao

are the more general results which were
obtained in section 3.

Definition 5.1. Let (X,¥,T) be a
generalized (fuzzy) approximation space. For all
A € F(Y), we define:

E(A)oc = {x €X: T(x)oc c Aa}

T(A)y ={xEX:T(x), NA, = 0}

T(A); ={x EX:T(x)% € A%}

T(A)L = {x € X: T(X)3 N AS, # 0}

Example 5.1. Given
={a,b,c}, Y ={1,2,3,4}. Let T be a set-valued
map by T: X — F(Y) and

01 02 05 09

T(a) ZT-I-?‘F?‘FT
08 06 09 0.8
Ttz 3T

0.6 05 08 07

T(h) =

0.4 0.5 0.8
- + < + T of Y

we have T(4)g7 = {x € X:T(x)g; © Ag;} = {a};
T(A)g; = {x €EX:T(x)g7 NAg7 = 0}={a bc} =X

For a fuzzy subset A = % +

T(A)5; = {x € X:T ()5, € 45 ;} = {a};
T(A); = {x € X:T(x)§, N A5, = 0} = {a,b}.
Lemma 5.1. Let (X,¥,T) be a generalized

(fuzzy)  approximation  space. For all
A,B € F(Y),V«E [0,1], we have

T(ANB)x =T(A) NT(B)x,
T(ANB)y CT(A)x NT(B)x
T(ANB)g =T(A)x NT(B)z
T(ANB): CT(A)L NT(B)
T(A)xUI(B)x CT(AUB)y
T(AUB)yx = T(A)s UT(B)e
T(A)z UI(B)z ST(AUB);
T(AUB)% =T(A)L UT(B)S;

If AcB then T(4)ST(B). and
T(4)y S T(B)«
If AcB then T(A)ZCST(B), and

T(A): € T(B):
T(A9), = (T(A5_.))°¢

T4, = (T(A1-))’
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Proof.

(1). We have

TANB), =x€EX:T(x). C(ANEB),}
={x€EX:T(x) CTA. NB,}

=X EX:T(x), CAIN{x EX:T(x), C B,}

=T(A)x NT(B)«

2).TMANB), ={x€X:T(x)5 c (ANB)3}

={x EX:T(x)% c A3 N B}

={x EX:T(x) c A3}n{x € X: T(x)5 c BE}

=T(A)zNT(B)x

(7). We have T(A%), = {x € X: T(x), C A5}

= {x EX:-T(x)x C {x € X:pyelx) 20(}}

= {x €EX:T(x)y c {x €X:1 — py(x) =3}

= {x EX:T(x)ecixeEXipu(x) = 1—0C}}

:{x EX:T(x), C {x EX:Tx)xC{xEX:p, (x)>1—0:}c}

=frexT@a ez } = TU)F

The remaining properties are similarly
proved.

Theorem 5.1. Let (X,Y,T) be a generalized
(fuzzy) approximation space. For all 4 € F(Y),
we have

(Uae[ﬂ,l] aT(A)q)(x)

— \/ €0 1]{°C: Vy € T(x)e, TX)(Y) N A(Y) =}

(Uaero.@ T(4):x H)(x)

= \/ae[o,ﬂ {x:vyern,  T@O) \40) >«

(Ugero aT(4))(x)
= vae[o,l]{‘x: Ay € T(x)o, TG NA(Y) =}

<\/ _roo \aw)

(Uae[o,l] a:?(A)ﬁc)(x)

= vae[m] {oc: Ay e T(x)/\A(}’) >oc}
-\ {rom [\ o)

Proof.
We have
(Ugero1 @ T(A)) (x) = Ve X AT(A) ()}
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= Vae[all]{OC:T(x)(x c Aa}
- \/ (o:Vy € T(x), and A®Y) = o}
ae[0,1]

=Vaep{%:Vy €3, If T(x)(y) = « then A(y) = «}
= Ve {o: V¥ € T(X)o, TC() A A(Y) =}
(Uae[o,l] aT(A)x)(x)

- \/ae[{l,l] {OC /\I(A)Z(XJ}

-V Tzcan
ac[0,1]

= \/ {oc: vy € T(x)5,
ael0,1]

< \/ {OC: Vy € T(x)y,
ae[0,1]

= \/ {OC: Vy € T(x),
ae[0,1]

10 [\ 40) >«}
106 [\ 40 >«

700 [\ 40) =«

(Ugero aT(4))(x)

- \/ae[m] {x AT@aw)

= Vae[ﬂ,l]{OC:T(x)oc n Aa + Q}
=Veepof®: Iy ET(x)e A Ag}

= \/ <o 1]{oc:3y €Y, T(x)(y) 2« and A(y) =}

= Voo {3y € ¥, TG A AQY) 200

) \/ae[o,u {“:VT&)@ A A) Eoc}

YVEY
=Vyer (TG A AD)).
(Ugerony @ T(A)2)(x)

\/ae[o,l] {OC /\ T(4): (x)}

= Vaepon{o: T(OS N AS # 0}
=Veep{®: IV EY, (T AAG)) >}

_ \/ae[m] {OC:VT(x)(y) A AGy) >oc}

VEY

=Vyer(T) A AG))

Definition 5.2. Let (X,Y,T) be a
generalized (fuzzy) approximation space. For all
A EF(Y), we define:

T(A) = Ugepo @ T(A)z



T(A) = Ugepoay @ T(A).

The pair (T(4), T(A)) is called a generalized
rough fuzzy set (T-rough fuzzy set) on the fuzzy
approximation spaces.

Note that T, T: F(Y) = F(X) are the lower

and upper generalized rough fuzzy

approximation operators, respectively.

Example 5.2. Let T be a set-value mapped
by T:X — P*(Y) which was defined in example
5.1 and a fuzzy subset 4 = ?-I—?-I—oé—s-l-? in
Y. We easily verify that

T(4)oz ={a,bc}=X= I(A)os,

T(A)x ={a,b,c},Vx =03

T(A)y = T(A)yg = {a}, V€ (0.3,0.8]

T(4)x = 0,V 0.8.

Then
)= ) et =242+
«£[0,1] @ b ¢
Similarly
T(4) = aT(A)y _08,07, %7
a b c

aco.1]
Now, we consider some properties of T-
rough fuzzy sets.
Theorem 5.2. Let (X,¥,T) be a generalized
(crisp) approximation space. Then, its lower and
upper generalized rough fuzzy approximation

operators satisfy the following. For all
AB € F(Y)

(L1 T(4) = (T(49))S,

L2 TY) =X

L3)T(ANB)=T(A)NT(B)
(L4) AS B=T(4) € T(B)
(Ls)T(A)UT(B) CT(AUB)
(L6) T(AUR) = T(A)u &

(U1) T(4) = (T(4)°

U2 T@) =0

(U3) T(AUB) =T(A)UT(B)
(U4 AcB=TM)C T(B)
(Us) T(ANB)ST(A) NT(B).
(U6) T(AN&) = T(4) N&

Ngoc Minh Chau, Nguyen Xuan Thao

where
Ve [0,1],Vy EY,Vx EX: & (x) =& (y) ==.

Proof. These are easy obtained by using
Lemma 5.1 and Definition 5.2.

According to Theorem 5.2 and by the same
way in Section 4, we also obtain the fuzzy
topological spaces. Let X and Y be two
nonempty universes. Let T:X — F(Y) be a set-
valued map. We denote

o={A€EF(V):T(A) =T(4)}

and

o' ={A€EX:FAEF(Y),TA) = TN

Then, we have some properties as follows:

Theorem 5.3.

o 1s a topology on X.

o' 1s a topology on Y.

6. CONCLUSIONS

In this paper, we build the T-rough fuzzy
set (definition 3.2) based on the a-cut of a fuzzy
set In a crisp approximation space and study
some properties of it. We also investigate fuzzy
topological spaces of all the sets which were
definable (theorem 4.3, theorem 4.4). Finally,
we introduce the T-rough fuzzy sets (definition
5.2) based on the a-cut of a fuzzy set in the
fuzzy approximation spaces. By the same way,
we also point out the results obtained in the
fuzzy approximation space also allow us to
identify the fuzzy topological spaces (theorem
5.3), respectively.
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