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TOM TAT

Trong bai viét ndy, tac gia trinh bay phuong phap phan tich mot ma tran thuc (hogc phurc)
theo gi4 tri suy bién caa né va gioi thieu mot g dung cua sy phan tich nay. Bai viét nham
muc dich gigi thiéu kién thirc nang cao vé dai s6 tuyén tinh trong chwong trinh dai hoc & truong
Dai hoc Cong nghiép Thuc pham Thanh phd Ho Chi Minh va ky vong tang hung thi cho sinh
vién khi hoc mon nay.

Tir khoa: Gia tri riéng, gia tri suy bién, sy phan tich gia tri suy bién.

1. GIOI THIEU

Nhu chlng ta da biét, mot ma tran vudng Acip Nco thé duoc phén tich dudi dang
A=P™DP, vsi P la ma tran khong suy bién va D Ia ma tran dudng chéo véi cac phan tir
trén chéo chinh la cac tri riéng cua A. Su phén tich nay thuong duoc goi la su chéo héa ma
tranvudng A. Cach phan tich nay chi ap dung dugc voi ma tran vudng va khong phai lic nao
cling ton tai. Trong bai vi€t nay, chung toi trinh bay mot phuong phap phén tich ma trén c6 tén
la sy phan tich gia tri suy bien. Véi cach phan tich nay, mot ma tran bat ky c6 thé dugc phan
tich thanh tich cua ba ma tran. Trudc khi bat dau, chdng ta nhac lai mot s6 dinh nghia va ky
hiéu. Cho x=(X),..,Y=(Y;),4 trong C™. Tich vd huéng cia X,y duoc ky hi¢u va dinh

m
— —T — , . .

nghiala <X,y >=)y,X =y X, trongdd y; lasd phircliénhopcua y;. /<X, x> duoc

i=1
ky hiéu a |x|. Ma train A€ C™ c6 chuyén vi lién hop ki hiéu la A", tic 1a a; =a, . Néu
A" = A tanéi A 1a mot ma tran hermit. Mot hé vée to U, U,,...,u, € C" dugc goi la truc
chuan néu <u,,u; >=0véi i # j va |u|=1. Tagoi ma tran U, 1a ma tran unita néu
U=[u,u,,...,u,] véi u,u,,...,u. € C" 1ahé tryc chuan. Néu U Ia ma tran unita thi U

khong suy biénva U ™ =U". Trén truong sé thuc matran A"chinhla AT, ma tran unita chinh
la ma tran truc giao, ma tran hermit la ma tran doi xang. Ta nhac lai mot s6 két qua da duoc
biét d6i véi ma tran hermit A, sau day:

a) A cO m tririéng thyc.

b) Hé gém céac véc to riéng (g vai cac gia tri phan biét 1a truc giao.

¢) Ton tai co so truc chuan caa C™ gdm M véc to riéng cua A.
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d) Aduoc chéo hda unita bai mot ma tran unita ma cac cot la m vector riéng truc
chuan cua A.

Mot sb ki hi¢u va dinh nghia khong nhic lai & ddy, chung ta dé dang tim thay trong cac
gido trinh ,dai‘sé tuyén tinh, todn cao cap A2-C2 ¢ truong Dai hoc Cong nghiép Thuc pham
Thanh pho Ho Chi Minh, hodc trong céc tai liéu [1-3].

2. SUPHAN TICH MA TRAN THEO CAP MA TRAN UNITA

Bay gio, chiing ta s& noi dén mot trong nhiing phuong phap phan tich ma tran rat dep
cua dai SO tuyen 'ginh. binh ly sau day sé cho ta thay moi ma tran khoéng nhat thiét 1a ma tran
vuong, deu cé thé dugc phan tich thanh tich cua ba ma tran dac biét.

Pinh Iy 2.1. Cho matrgn A batkyva g =min{m,n}. Khi ds, ton tai ma trgn
2 n(0y) €6 o =0 véimoi i = jva oy, >---> 0, >0, vahai matrdn unita
U V, .. sao cho

mxm?
A=UxV *.
Chitng minh. Do A"A 1a ma tran hermit nén A"A dugc lam chéo boi mot ma tran
unita V =[v,,---,v.],.,. Tacla
(AA)V =V diag(4, -+, 4,),

trong d6 cac A, 1a céc tri rigng khong &m caa A”A va c6 thé dugc sap theo thir tu
Az2A, 224 >0, conlai A, =--=4,=0vsi r<q. Vatacé
AV =< Av,, Ay, >= V' A"Av, =V v, = A|v,[* = 4.
Do d6, ta dwgc AV, =0 véi i =r+1,---,n. Tiép theo ta xay dung ma tran unita U_

thoa yéu cau cua dinh ly.

bat véc to

U, :iAvi,izl,n-,r.
N
Khi do

1 . 1 . A s
—.(Avj) Av. =—.vj(A AV.)=—=V.V, =0,

Vay {u,,---,U,} 1a hé véc to truc chuan trong C™. Ta b6 sung vao {U,,---, U, } dé dugc

<u,u; >=

mot co sd truc chuan ciia C™ (néu can thiét). Ta dwoc ma tran unita U =[u,,---,u_ 1. .
Dit o, =./4, hay o} =4, . Bay gio taco

AV =[Ay, Av, - Av, Av,, - Av,]
:[\/Zul \//Tzuz \//Trur o - O]
= [Ullul ouu, -+ ou 0 - 0] =UzZ,
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hay A=UXV’.
Hé qua 2.2. Cho ma trdn thuc A . va q =min{m,n}. Khi dé, ton tai ma trdn Z (o)
\Y/

c6 o, =0 véimi i # j va oy, 2---2 0., 20, vatontgi hai matrantruc giao U ., V, .,
sao cho A=UXV'.

Nhén xét 2.3. 1) Mac du X khong phai ma tran vudng, ta van c6 thé coi nd 1a ma tran chéo vi cac
thanh phan khéc khéng cua nd chi nam & vi tri duong chéo, tuc 1a tai céc vi tri ¢ chi s6 hang va
chi s6 ¢ot la nhu nhau. S6 lugng cac phan tir khac 0 trong X chinh la hang ctia ma tran A.

2) Céch bidu diZn A=UZXV " khong 1a duy nhat. Ching han, néu ta thay U va V bai cac ma
tran doi ctia né thi dang thiic van théa man.

3) Tamd ta sy phan tich A=UXV "™ cua ma tran A trong hai truong hop: m < nvam > n.
(trwong hop m = n ¢6 thé xép vao mot trong hai treong hgp trén) nhu sau:

Amxn = UIII xm X F:b El_l Yimxn| X V“
nxn

(m<mn)

*
L V
E‘: nxn

Asisen mxm

men

(m >n)

Pinh nghia 2.4. Cac o;; trong Binh ly 2.1 1a can bac hai cua cac gia tri riéng cua A"A, ching
duogc goi la céc gid tri suy bién (singular values) cua A.

Ngudi ta cling goi Su phan tich ma tran A nhu trén 13 sy phan tich theo gia tri suy bién
(Singular Value Decomposition).

Pinh ly 2.5. Sé cac gia tri suy bién khac 0 cua A bang hang cia A

Chitng minh. Vi hang ctia ma tran chéo bing sé phan tir khac 0 ciand. Do A=UZV " véi
U,V la c4c ma tran unita nén U,V c6 hang chinh bang cép cua ching. Hang cia A 1a hang

cua UZV ™. Hangcua UZV ™ chinh 13 hang cua = va chinh 1a s6 c4c gié tri suy bién cua A.

3. THUAT TOAN PHAN TiCH MQT MA TRAN TONG QUAT THEO GIA TRI
SUY BIEN

Cho Ae C™" c6 hang bang k . Khi d6 A c6 thé phan tich duoc dudi dang A=UZV"
véi U, 2V 1an lwot co cdp 1a mxm; mxn; nxn theo cac budc sau:

(1) Tim ma tran V = [V1 V, .. Vn] 1 ma tran unita lam chéo A'A;
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(2) Céc phan tir chéo khic khong cia D, 1 0y, = A1 0y = A 250y = Ak VO
Ays Agyens Ay 14 céc gid tri riéng khac khong ciia A" A tuong (g voi cc cot vée to cta V |
cac cot vée to clia V' dugc sép tht tw sao cho 0y, 20, 2.2 g >0

(3) Pit u, =M:iAvi;(i =1,...,k), ta duoc {u,U,,...,U, } 1a mot h¢ tryc chuin
i

(4) M6 rong hé {ul,uz,..., uk} dé duoc mot co sé truc chudn {ul,uz,..., um} cia C™, ta
dugcmatranunita U =[u, u, .. u,].

Dé cho dé biéu dién va tinh toan, ching ta xét vi du sau voi ma tran thuc A
Vidu 3.1. Vi matran

1 2
A=2 2|,
2 1

taco

A'A=ATA= 9 8
8 9/

AT A c6 hai giatri riéng 1a 4, =17, 4, =1. Do d6, A c6 cac gia trj suy bién I

1) (1 .
0y, = 17, O, = V1 =1 va hai véc to riéng tuong tng I3 (J ,( j Co s¢ truc chuan chéo

hoa A'A la
V2 V2
2 2
Vv, = N, = .
1 Q 2 _\/E
2 2
Patmatran V =[v;,V,].
Lic nay ta cé
Y17 0
2= 0 1
0 0
Pat
1 (12 V2 NE
2
Uu=—Ay=—|2 2 =—|4
Coow o WIT, ) V2| VB,
2
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, (12 V2 i
b=t A =Y2 2| 2 |=¥2] 0
Tz o 1) 2] 214

2

Ta bd sung thém U, dé dugc hé truc chuan cua IR®. Giai hé phuong trinh tim (a, b, €)

truc giao voi ca u,, U,

3 4 3 2 0
b|=|0
-1 01
c 0
ta dugc U, sau khi chuan hoa la
L 2
U =——| -3

Pat matran U =[u;,U,,u;]. Khido A c6 sy phan tich

J17 0
A=U| 0 1T
0 O

4. MQT UNG DUNG

Giasir A 1a mot ma tran thuc. Theo Binh Iy 2.1 vé sy phan tich theo gié tri suy bién ma
tran A, ta co:

Vi

B B T

o, 0 0 v,

0 o, 0

_ T _ : : ‘. : Orx(n—r) T
A=USV' =[u, u, - U U, - U] i T v
0 0 O-rr V:—+1

L 0(m—r)><r O(m—r)x(n—r)_

T
LV

Trong d6 rla hang cua Ava ciing 1a s6 gia tri suy bién khac 0 cua A. Bay gio, trong
dang thuc trén, cac khbi ma tran O chang ta bo di, khi d6 ta dugc

T
o, 0 - 07 [
0O o, -+ 0 vy
_ 22 2
A_[ul u, - ur]mxr : t. : :
T

0 0 O-” rxr VT rxn
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Ta goi su phan tich trén |a sy phan tich theo gia tri suy bién thu gon cua A.
Chang han & Vi duy 4.1 trén, ta c6

11
[Jﬁojﬁﬁ
0 1

-
-

2l &l- &l
Sl e Sl

Nhu vay ta cé
A=o, UV, +o,UV, +-+ o uv . (*)

V6i mot ma tran A kich thuéc mx N, dé luu trir ta phai luu tit ca MN s riéng biét.
Tuy nhién, véi sy phan tich A thanh tong cac ma tran c6 hang 1 nhu dang (*), ching ta chi
can luu rgiatri ova rm, rn cac gia tri ciia cac véc to u,v. Vay ta can mot bo nhg dé luu ma
tran A véi s6 lugng r(m+n+1) thay vi mn. Chang han, ta can luu mét birc anh véi khich
thudc 512x512 (pixel), c6 hang r =16. Ta can mot bo nha 16(512+512+1)=16400 thay
Vi ta phai sir dung dén 512x 512 = 262144 don vi nho.

5. KET LUAN

Véi mot ma tran hang 16 nhu noéi trén, ti s6 % =0,063 duoc goi la ti s6 nén. Di
nhién, ty sb nén nay thay doi tuy vao hang ciia ma tran A can luu trit. Chling ta c6 thé lya
chon hang cia ma tran A dé c6 ti s6 nén phi hop véi kha ning luu trir va muc dich sir dung
cua dir liéu. DS v6i mot bic anh, hang caa ma tran cang Ion thi tinh chan thuc cang cao.
Chung ta biét rang, nhitng ang dung cua sy phan tich ma tran trén trong viéc luu trir tiét
kiém dix liéu so véi cac thuat toan hién nay thi that 1a thd so. Nhung né la co s¢ toan hoc va
1a diém khai dau cho cac y twong vé sau. Qua do ta thay, viéc giang day cac hoc phan dai s6
tuyén tinh trong truong Dai hoc Cong nghi¢p Thuc pham Thanh phé HS Chi Minh ngoai
viéc cung céap céc kién thirc co ban thuan tuy vé toan hoc can ¢ nhitng diém nhan rd rang,
di sau vao mot chu d& noi dung nao dé. Viée nay gitip ngudi hoc thiy duoc y nghia, tinh
thuc dung cua nhiing kién thirc dang dwoc giang day.
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ABSTRACT

AN APPLICATION OF MATRIX DECOMPOSITION
IN DATA COMPRESSION ALGORITHM

Nguyen Quoc Tien
Ho Chi Minh City University of Food Industry
Email: tienng@hufi.edu.vn

In this article, we present the method of decomposition a real (or complex) matrix in
terms of its singular values and introduce an application of this decomposition. This article
aims to introduce advanced knowledge about linear algebra in undergraduate program at Ho
Chi Minh City University of Food Industry and hopes to increase students' interest in studying
this subject.

Keywords: Eigenvalues, singular value, singular value decomposition.

275 CO DIEN TU - KHCB - CNTT


https://en.wikipedia.org/wiki/Eigenvalues_and_eigenvectors

