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TOM TAT

Cong thiic x4c suat day du va cong thirc Bayes 1a nhiing noi dung quan trong, Iy tha
dugc giang day trong chuong trinh Xac suat ¢ truong dai hoc. Trong phan dau caa bai bao
nay tac gia dung cong thuc xac Suit day du va cong thirc Bayes dé giai mot s bai toan xac
Suit so cap ndi tiéng nhu bai toan vé tinh cong bang trong thé thire rat thaim may man, bai
toan Monty Hall. Riéng bai toan rat thim may mén duogc trinh bay véi 1oi giai chat ché va
tong quat hon nhirng loi giai da biét. Phan cudi bai gisi thi¢u mot s6 tng dung cua cdng thirc
Bayes trong y hoc, trong hoat dong tim kiém ctu ho. Hy vong bai viét ndy mang lai nhitng
diéu bé ich cho cac ban bat dau viéc giang day hay hoc tap mén Xéc suat.

Tu’ khéa: Cong thirc xac suat day du, cbng thirc Bayes, rat tham may man, Monty Hall, tim
kiém cutu ho.

1. CONG THUC XAC SUAT PAY PU VA CONG THUC BAYES

Pinh ly
Trong khong gian xéc suit (Q,F,P), cho {A}  1a mat ho diy du cac bién c (tac

AA =D véimoii=j, Y A =Q)va Blabién cb bat ky thuoc F. Khi d6

i=1

P(B)=3 P(A)P(BIA) ®

P(A|B)= w =1n(P(B)=0) )

Cong thue (1) duoc goi 1a cong thie xac suat day du, cong thic (2) 1a cong thirc Bayes.
Trong cong thirc Bayes, cic xac suat P(A) goi la cAc XAc suét tién nghiém, cac xac suat

P(A |B) goi la cac xac suat hau nghiém.

Cong thirc Bayes hay dinh ly Bayes mang tén nha toan hoc nguoi Anh Thomas Bayes
(1701-1761). Pinh 1y nay duoc trinh bay trong mét bai luan céng bo truac Hoi khoa hoc
Hoang gia nam 1763 bai mot nguoi ban cua Bayes la Richard Price [1].

2. BAI TOAN RUT THAM

C6 n 14 tham trong d6 c6 m 1a trang thuéng (m< n) Cho n nguoi lan luot rat méi
ngudi mot 1a. Hoi rang ngudi rit trwdc, ké rut sau, ai ¢6 nhiéu co may hon ai?
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Giai:
Co may trung thudng cia mot ngudi tham gia rat tham chinh 1a kha nang (xac suat)

ngudi d6 rat duge thdm trang. Ta s& dung cong thirc xac suat day du dé chirng minh xac suat
trang thuong ciia moi ngudi 14 nhu nhau, bat ké rit trudc hay rit sau. That vay

Trudc hét ménh dé “xac suat trang thuong cua moi ngudi bang nhau” tuong duong voi
ménh d& “xac suat khong trang thudng cua moi nguoi bang nhau”, n6i cach khac: vai tro cia
mva n—m nhu nhau nén khéng mat tinh tong quat c6 thé gia st m<n-m.

Goi B, labién cb nguoi rat thir k dugc tham tring thuéng, K =1,n.
D& thiy P(B,) =
n

Véi méi 2<k <n, goi A labién cb c6 ding i nguoi trang va k —1—i ngudi khong
trang trong k —1 ngudi dau tien (0<i<k—-1). Vi c6 tit cA m tham trang vd n—m thiam
khéng tring nén can thém diéu kién

i<m .
{k_l_iSn_mdk—l—(n—m)glgm
Nhu vay diéu kién cua i la
ax{0;k —1—(n—m)} <i<min{m;k -1}
iel;={0,...k-1} khi k—1<m<n-m
< |iel,={0,..,m} khi m<k-1<n-m
iely={k=1-(n—-m),...,m}khi m<n-m<k-1
Ta xét ting treong hop trong 3 truong hop trén:
« Truong hep 1. k—l<m<n-m tuong tng véi iel, ={0,...k—-1}, khi d6 ho
{A}., laho day du cac bién cb nén theo cng thuc xéac suat day du ta co

P(B)=3 P(A)P(B,A) ®

Dé y rang bién ¢ A chinh la tong cua C,_, bién cd xung khic timg doi, mdi bién cb
thanh phan nay déu Ia i nguoi trang nhung thtr ty khac nhau (vi lay i phan tir trong k -1
phan tir nén c6 C| _, t6 hop), dé thay xac suat caa cac bién cb thanh phan bang nhau va bang
XAC sut cua bién ¢6 i ngudi dau tring va k —1—i nguoi tiép theo khdng trang, tic 1a bang:

mm-1 m-i+ln-m n-m—(k-1-i)+1
nn-1"n=i+1 n=i” n—k+2
m! (n—m)!
(m=i)'(n-m—(k—-1-i))!
n!

(n—(k-1))!
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A

nen
m! (n—m)!
P(A)=C | (m—i)! (n—nm!—(k—l—l))!
(n—(k-1))!
m! (n—=m)!
(k-1 (m-i)'(n—-m—(k-1-i))!
itk 1) o
(n—(k-1))!
m! (n—m)!
Cilm—i)! (k—1-i)(n—m—(k -1-i))!
B n!
(k-DY(n—(k-D)!
_cie
-~

(c6 thé dung phan phdi siéu boi: xac suat co i ngudi tring khi k —1 ngudi rdt 1an luot ciing

i ~k-1-i
chinh 1a xac suat c6 i ngudi trang khi k —1 ngudi rat dong thoi; tic P(A)=CFHCC%
Con
m—i
P(B =
(B [A) T
Do do
CilcH  m-—i
P(A).P(B = _m-n-m
(A) ( klAi) C:_l n_(k_l)
m! K—1-i
__i(m-i)t " m—i
n! n—(k-1)
(k-1!(n—(k-1))!
| .
i+ ™ ki
B (+D!(m-(G+1D)!
B ‘ n!
ki(n—k)!
_(i+)cie
- kCk '
Thay vao (3) ta duoc
K@+ncHck 1 &
P(B,) = m_Znm __—_ N jcickd 4
( k) ; kC: kC: ;J m~’n-m ()
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Xét tap hop S 6 n phan tir d6i mot khac nhau, ta chia S thanh 2 tap hop A B roi
nhau trong @6 A ¢6 m phan tir va B ¢c6 n—m phan tir. Tir mdi t6 hop chap k cua S ¢6
dang (X, %,,.... X ), ta “nhan” thanh k b nhu sau: bo thir nhat 13 X, %, X, ..., X, (X, 1dp 2
1an), bo thi hai 12X, X,, X, % (X, 13p 2 1an), ..., bo thir K 12 X, %,,..., X, %, (X lap 2
1an). Nhu vay tir C* t6 hop chap k cua S sinhra kC* bo c6 lap 1 phan ti.

Bay gio trong nhiing t6 hop chap k cia S, xét riéng nhiing t6 hop chia j phan tir
thuoc tap A va k — j phan tir thuoc tap B thi c6 CICKJ t6 hop nhu vay, nhiing to hop nay

sinh ra jC!C*J bo c6 lap ma phan tir I3p thudc tap hop A. Cho j chay tir 1 téi k (luu y

m = n-m

rang ta dang xét truong hop k —1<m<n-m nén cacsé C;C¥J déu co nghia) va lay tong

k . . Y \
ta dugc tat ca »_ jCICx-J bo c6 Iap ma phan tir Iap thuoc tap A. Mat khéc, trong n phan tur
=1

cia tap S c6 m phan tir thuoc tap A nén trong téng cong kCX bo co lap sinh ra tir cac t6

hop chap k caa S s&c6 kank b6 ma phan tur 1ap thudc tap A. Do do ta c6 ding thuc to
n

hop sau:
k
Y jcick) =Dkct )
i1 n
Tir (4) vao (5) ta duoc
m
P(B,)=—.
n

« Truong hep 2. m<k-l<n-m tuong tng véi i €I, ={0,...m}, khidé ho {A}

iel,
1a ho day du.

Ta cling c6 cac cong thirc tuong tu nhu (3), (4), (5) nhung voi i€ {0,..., m}; je {1,..., m -|—1} ,
tac

P(B) =Y P(A)P(, | A)

noGi+)ciHck o e
P(B) =) mZrm 3 jcicl]
( k) “ kC: ka J m~“n-m

n j=l

m+1

Y jcici) =Dk
n

m = n-m
=
va ciing c6 két qua

P(Bk)%.

* Trudng hep 3. m<n-m<k-1 twong ng véi i€ ly={k-1—-(n—m),..,m}, khi d6
{A}. 1a ho day du. Tuong ty truong hop 1, tuy nhién ie{k—-1-(n-m),.,m};
je{k—(n-m),...m+1} vaciing c6

P(Bk)z%
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A . \ X oz m . Ky o , , . \
Vay trong moi truong hop déu cd P(B,)=—, tac xac suat trang thudng cta moi nguoi
n

déu bang nhau.
Két qua nay cho thay rang thé thie rit tham phan phdi trong doi séng la cong bang.
Céc tai lidu dé cap dén bai toan rat tham thuong chi chimg minh dugc P(B,) = P(B,)
[2, 3] hoic chi 1am duoc trudng hop cu thé véi n=3,m=1 [2, 4]. DBé giai bai toan mot cach
chat ché can loi giai tong quat nhu da trinh bay.

3. BAI TOAN MONTY HALL

“Let’s Make a Deal” 1a mot game show néi tiéng trén kénh truyén hinh My do Monty
Hall sang lap, duoc mua ban quyén va phét séng & nhiéu nuéc. Trong game show nay co
mot trd choi nhu sau: c6 3 canh ctra, dang sau 1 trong 3 canh cira d6 13 1 phan qua, sau 2 cira
con lai khong co6 gi. Nguoi choi dugc chon 1 trong 3 canh cira, néu chon diing ctra ¢6 qua thi
dugc nhan qua. Ban dau ngudi choi dugc chon trudc 1 cra nhung chwa mé ngay. Sau dé
ngudi dan chuong trinh (MC) ma mét trong hai ctra con lai va chi mé cira khéng co qua
(MC Ia chu tro, dugc sap xép nén anh ta biét ctra ndo c6 qua, cira ndo khong). Sau khi MC
mé 1 cira khdng c6 quad, nguoi choi duoc quyén chon, hoic 1a gii cira minh chon ban dau,
hozc 1a d6i lay ctra chua dwoc mé con lai. Theo ban thi nguoi choi nén giir hay d6i? Vi sao?

Bai toan nay da gdy nhiéu tranh cdi gitra cac nguoi hdm mo game show nay va la mot
chu de dwoc ban luan sbi noi trén bao chi khoa hoc cling nhu béo chi dai chiing [5]. Sau déy
la loi giai bang cdng thuc Bayes:

Gidi:

Panh s6 ba cira la 1, 2, 3. Goi A, A,, A, lan luot 1a cac bién ¢d cira 1, 2, 3 ¢6 qua, ta co
A, A, A 1amot ho day dii va

P(A)=P(A)=P(A)=3

Khang mét tinh tong quét, gia str nguoi choi chon cira 1. Khi ngudi choi da chon cua 1,
c6 2 truong hop ¢ thé xay ra: mot [a MC m¢ cira 2, hai la MC m¢ cira 3. O day chi can xét
truong hgp MC mé cua 2, tredong hop cira 3 tuong tu.

Goi B, 1a bién c6 MC m¢ ctra 2, xét cac truong hop:
« Néu ctra 1 c6 qua thi MC c6 2 lya chon mé cua 2 hodc cira 3 vai X4c suat bang nhau nén
1

F’(B2 | Ai) = E .

« Néu cira 2 ¢6 qua thi MC chi c¢d 1 lya chon mé cira 3 nén xéac suit mo cira 2 bang 0, tirc
P ( B, | A, ) =0.

« Néu ctra 3 ¢6 qua thi MC chi ¢6 1 lya chon mé cira 2 nén xac suat mé cira 2 bang 1, tc
F’(B2 | Ai) =1,

Khi ¢6 thdng tin cira 2 da dwgc MC mé thi cac xac suit cira 1, cira 3 c6 qua duoc tinh
theo cong thac Bayes
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11
P(A)P(B,|A) 32 1
P(AIB;) P(A)-P(B,IA)+P(A)P(B,|A)+P(A)P(B,|A) 11 1, 1, 3
32 3 3
11
P(AB,)= PR LB : 3
" P(A)P(B,IA)+P(A)P(B, [A)+P(A)P(B,|A) %%%.0%1 3

RO rang néu doi sang cira con lai thay vi gitt nguyén ctra da chon thi xac Suit nguoi
choi duoc nhan qua sé tiang 1én gap d6i. Vi vy, ngudi choi nén dbi cira.

4. QUY TRINH BAYESIAN UPDATING

Gia str khi nghién cttu mot van dé A, ban dau ta dua ra cac gia thuyét H,,H,,...,H, vé
A V6i cac x4c suét tién nghiém P(H,),P(H,),..,P(H,). Cac xac suat nay thé hién hiéu
biét ban dau cua ta vé A. Sau khi c6 théng tin 1,, ta dung cong thirc Bayes dé cap nhat hiéu
biét ctia ta vé A, bang cach tinh cac xac suat hau nghiém P(H,|1,),P(H,[1,),...P(H,|1,).
Khi ¢6 thém thong tin mai 1, va ta lai coi P(H,|1,),P(H,[l,),...P(H,[l;) nhu la cac
X4c suat tién nghiém mai va ding cdng thirc Bayes dé tiép tuc cap nhat hiéu biét vé A, bang
cach tinh cac xac suat hau nghiem méi P(H,[11,),P(H,[11,),..P(H,|1,1,)... Ct nhu
thé sir dung céc thdng tin mai ta lién tyc cap nhat cac hicu biét vé A. Quy trinh nay dugc goi
la Bayesian updating. Bayesian updating da va dang duoc ap dung rong rai trong nhiéu linh
vuc cua khoa hoc, k¥ thuat, y hoc, triét hoc, v.v.

Ung dung déu tién cia Bayesian updating bai viét nay gioi thiéu la trong hoat dong tim
kiém cttu nan trén bién. Mat trong nhitng cudc tim kiém dién hinh 13 vu doi tim kiém ctu
nan caa My tim kiém mot nguoi danh ca bj mat tich khi roi xudng bién [6]. Thong tin dau
tién ma doi tim kiém nhan duoc 12 6ng Aldridge bi roi xudng bién trong khoang tir 9 gio toi
ngay 27-7-2014 dén 6 gio sang ngay hdm sau. Nhing gio sau do, cac thong tin méi nhur sy
thay d6i dong hai luu, hudng gid, v.v. do cac truc thing va tau ctu ho thu thap dugc tiép tuc
duoc nap vao may tinh. Sir dung Bayesian updating théng qua mot hé thdng xu 1y goi 1a
SAROPS (Search and Rescue Optimal Planning System), may tinh da lién tuc cap nhat va
dinh vi ngay cang chinh xac khu vuc ma nguoi mat tich c6 kha nang dang & d6. Sau 12 gio
doi tim kiém da phat hién dugc ngudi danh ca dang 6m phao tréi trén bién, gan kiét strc
nhung van con séng.

Bayesian updating ciing dugc tmg dung trong Xét nghiém y khoa. Mot sb thuat ngi
duoc quy udc dé danh gia d6 chinh xac cia mot xét nghiém T nhu sau:

- Do nhay (sensitivity): 1a ty 1¢ xét nghiém T cho két qua duong tinh (T*) dbi véi
nguoi bi bénh B, ky hiéu la P(T+ |B* ) , con goi la duong that (true positive).

- Amgia, P(T"|B"),laty 1¢ xét nghiém T cho két qua am tinh ddi véi ngudi bj bénh B
- D6 chuyén hay d6 dic hiéu (specificity): 13 ty 1 xét nghiém T cho két qua 4m tinh

trén nguoi khong bi bénh, P (T’ | Bf) , con goi 1a am that.
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-Duong gia, P(T*|B"), laty 1¢ xétnghiém T cho duong tinh trén nguoi khong b bénh B.

Gia st ¢6 hai xét nghiém T, va T, trong d6 T, c6 do nhay 93% va do chuyén 95%, T,
duong gia 7% va am gia 5%. Xét nghiém T, dung sang loc ngudi co nguy co bénh B con xét
nghiém T, ding chin doan bénh niy trén nhimg nguoi ma T, cho két qua dwong tinh. Mot
nguoi lam lién tiép hai xét nghiém doc 1apT, va T, déu cho két qua dwong tinh. Biét ty 1¢
hicf:n hanh bénh B trong cong déng theo s6 liéu dich t& hoc 13 0,001; tinh kha nang nguoi nay
mac bénh B.

Dung cong thirc Bayes dé tinh toan két qua:
Gia thiét cua bai toan cho ta biét
P(T,1B")=0,93,
P(T, |B")=0,95 suyraP(T," | B~)=0,05;
P(T,|B")=0,07;
P(T, |B*)=0,05suyraP(T, |B*)=0,95
P(B*)=0,001suy raP(B")=0,999.
Theo cong thirc x4c suat day da

159

P(T,")=P(B")P(T,"|B")+P(B )P(T,”|B)=0,001.0,93+0,999.0,05=——

(1) ( )(1| ) ( )(1| ) 3125
Khi biét xét nghiém T, duong tinh ta co cic xac suat hau nghiém cta cac bién cb

B*, B thay ddi theo cong thirc Bayes nhu sau:

P(B')P(T/1B") 0001093 _ 31

P(EIT ) P(Ty) 159 1696
3125

.\ P(B)P(TIB) 0,999.0,05 1665

P(BIT)= P(T) 159 169
3125

Cac xac suat nay lai dugc coi la xac suat tién nghiém doi véi xét nghiém T,, ap dung
cong thirc xac suat day du:

P(T,)=P(T, 1BT,).P(B"|T,)+P(T, BT, ).P(B"|T,)
Xét nghiém T, doc lap vai T, nén
P(T, |B'T,)=P(T, |B")=0,95P(T, | BT, )=P(T, |B")=0,07
Do d6

P(T,)= 0,95+ 1 0,07.2060_ 13
1696 1696 848

Cuébi cuing theo cdng thic Bayes
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31
P(T, |B'T,).P(B"|T") 095~ ~
P(B"IT,T, )= (i [BT)P(BTIT) ™ 1606 _ 403 ~13,8%.
P(T,) 732920
848
C6 thé thay rang, néu chi dua vao két qua duong tinh ctia Xét nghiém T, thi tinh dugc Xac
31

suat nguoi duoc xét nghiém méc bénh la kha thap (P(B+ |T1*) = Teo6 ~1,83% thap hon rat

nhiéu so véi do nhay 93% caa T,), con néu dwa vao ca 2 két qua duong tinh cia T, va T, thi
kha ning nguoi dugc xét nghiém bi bénh ciing khdng cao, d6 1a mot dic diém cua y hoc hién
dai - tinh bat dinh trong bat cir do ludng ndo, bat ctr xét nghiém nao va bat ¢t chan doan nao [7].

5. KET LUAN

Bai béo trinh bay mét sé wng dung mang tinh thuc tién cao cua cdng thirc xac xuat day
du va cong thirc Bayes trong viéc giai cac bai todn xac suit nhu: tim kiém cau ho, rat thim
may man, Monty Hall, xét nghiém y khoa, v.v. Bang loi giai chat ché va tong quét da thu
dugc céc két qua chinh xac va thi vi. Hy vong bai béo s& 1a tai liéu tham khao bé ich trong
viéc giang day va hoc tap mén XAac suat.
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ABSTRACT

SOME APPLICATIONS OF TOTAL PROBABILITY THEOREM
AND BAYES’ THEOREM

Nguyen Dinh Inh
Ho Chi Minh City University of Food Industry
Email; inhnd@hufi.edu.vn

The total probability theorem and the Bayes’ theorem are important and interesting
contents taught in probability at the university. In the first part of this article, we use the total
probability theorem and the Bayes’ theorem to solve some well-known elementary
probability problems, such as the problem of fairness in the lucky draw, the Monty Hall
problem. As for the lucky draw problem, we present a tighter and more general solution than
the known solutions. At the end of the article, we will introduce some applications of the
Bayesian theorem in medicine and search and rescue operations. Hopefully this article will
bring some useful things for those who are starting to teach or study probability.

Keywords: Total probability theorem, Bayes’ theorem, lucky draw, Monty Hall, search and
rescue operations.
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