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ABSTRACT

In this article, we state the condition for an y —endomorphism invariant module to be a
C2 module and an y — automorphism invariant module to be a €3 module. Finally, we discuss

when an y — automorphism invariant module is an y —endomorphism invariant module.
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1. INTRODUCTION

In [1], the authors defined the notions of y —automorphism invariant modules and
endomorphism-invariant modules where yis any class of modules closed under
isomorphisms. Clearly, an y —endomorphism invariant module is y —automorphism
invariant, y —automorphism invariant modules need not be y —endomorphism invariant in
general. Many interesting properties of y —automorphism invariant modules investigated.
Namely, that if u: M — X is a monomorphic y —envelope of a module M such that M is

x — automorphism invariant, End (X )/J (End(X))is a von Neumann regular right self-
injective ring and idempotents lift modulo J (End(X)), then End (M )/J(End(M))is
also von Neumann regular and idempotents lift modulo J (End(M )) and consequently, M
satisfies the finite exchange property. Moreover, if every direct summand of M has an y —
envelope, then y — automorphism-invariant M has a decomposition M = A@® B where A is
square-free, B is y —endomorphism-invariant and M is clean. In [2], the authors defined the
notions of y — strongly purely closed modules. As a consequence, in this paper we study
x —automorphism invariant y —strongly purely closed modules. We obtain that y —
strongly purely closed, y —endomorphism invariant modules satisfy C2 condition
([Theorem 2.10]) and y —strongly purely closed, y —automorphism invariant modules

satisfy C3 condition ([Theorem 2.13]). Throughout this article all rings are associative
rings with identity and all modules are right unital. A submodule N of a module M is

called essential in M (denoted as N <* M ) if N nK =0 for any proper submodule K of
M. Let y be a class of right R —modules, we say that y is closed under isomorphisms, if

Mey and N=M then N e y. Let y be a class of right R-modules which is closed
under isomorphisms, a homomorphism u:M — X of right R—modules is an y —
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envelope of a module M provided that: (1) X € yand, for every homomorphism
u':M — X" with X' e y, there exists a homomorphism f : X — X' suchthat u’ = fu;

M 2= X
l“’/
X'
(2) u= fu implies that f is an automorphism for every endomorphism f : X — X .

If (1) holds, then u:M — X is called an y — preenvelope.

2. RESULTS

It is easy to see that the y —envelope is unique up to isomorphisms. It has the
following proposition.

Proposition 2.1 [3, Proposition 1.2.1] If u:M — X and u’:M — X' are two different
x —envelopes of a right R—module M , then X' = X.

Proposition 2.2 [3, Theorem 1.2.5] Let M =M, @®M,, and U,: M, —> X, are y-
envelope of M,. Then, u, ®u, :M — X, ® X, isan y —envelope of M.

Let M, N be R —modules. We say that N is y —M —injective if there exist

x —envelopes U, :N — X, U, :M — X, satisfying that for any homomorphism
g: Xy = X, , there is a homomorphism f :N — M suchthat gu, =u,, f:

Xy —— Xy

uN T "L’-MT

N—L

If M is y—M —injective, then M is said to be an y —endomorphism invariant

module. A class y of right modules over a ring R, closed under isomorphisms is called an
enveloping class if any right R —module M has an y — envelope.

Lemma 2.3 Let y be an enveloping class. If N is y —M —injective, then N'is y —M'—
injective for any N’ is a direct summand of N and any M’ is a direct summand of M.

Proof. Let N=N'®@K,M =M'@® L for some submodules K of N and L of M .
Let Uy :N"— X, U K= X, uy :M"—> X, u :L—>X_ be yx-—envelopes of
N’ K, M’ L, respectively. We have U, @u, :N = X, @ X, isan y —envelope of N
and U, @u :M — X, ®X,_ isan y—envelope of M. Let a: X, — X,,  be any
homomorphism, and 7:X, @ X, —> X, be the canonical projection,
12Xy = Xy, © X be the inclusion map. Let g =iaz: X, © X, — X,, ® X_. Since
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N is y—M —injective, there exists an homomorphism f:N —M such that
g(uN’ EBUK) = (UM’ @UL) f.

_\—;\-‘ i* _\—ﬂ-f

UprSU KT up b, T

N m

It follows that gu,. =u,, f. Now, take 7,,, :M'@L — M" the canonical projection

and iy, :N"—> N'@K the inclusion map. Let 9’ = x,,. fi,, : N"— M, then we can check
that auy, =u,,.9".

Xy —— X

TLNIT TLJUJT

N 9

Therefore, N'is y — M’ —injective. O
The following corollaries are straightforward and we can omit their proofs.
Corollary 2.4 If N is an y—M —injective module and L is a direct summand of M ,

then N isan y —L —injective module.

Corollary 2.5 Every direct summand of an y —M —injective module is also an y—M —
injective module.

Corollary 2.6 Any direct summand of an y —endomorphism invariant module is y —
endomorphism invariant.

Corollary 2.7 Assume that M =M, @M, . If M is y —endomorphism invariant, then
M, isan y —M, —injective module and M, isan y —M, —injective module.

Definition 2.8 An R—module M is called y —strongly purely closed if every submodule
A of M and any homomorphism f : A— X, with X € y, extends to a homomorphism
g:M — X suchthat gi=f inwhich i: A— M is the inclusion map

A——>M

Vs

X ey

A module M s called satisfying C2 condition if every submodule A of M such that
A is isomorphic to a direct summand of M , then A is a direct summand of M.

Theorem 2.10 Let y be an enveloping class and M is an y —strongly purely closed
module. If M isan y —endomorphism invariant module then M satisfies C2 condition.
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Proof. Let A be a submodule of M, and B is a direct summand of M such that
A=B. Let ¢:B— A be an isomorphism. Let U, : B — X, be an y —envelope of B,

uy, :M — X,, be an y—envelope of M . Since M is an y —strongly purely closed
module, the homomorphism Ugp™: A— X, extends to a homomorphism S: M — X,

such that uBgo’l = fi. Since u,, :M — X,, is an y —preenvelope of M, there exists
k: Xy — Xg suchthat g =ku,,.

o

B\\\ ¥

A—— M Xy,
R“*uh up UB-?_I;’"
Y

Since M is an y —endomorphism invariant module and B is a direct summand of
M, M is y—B— injective by Corollary 2.4. Therefore, there exists f : M — B such that
ku,, =u, f

Xy —5 Xp

UM'T “BT

M—L B

Now, we have Uz = i =ku,,i = U, fi

As U, is a monomorphism, so ¢ = fi. It follows that i¢ is a split monomorphism. It
means that Im(ip) = A is a direct summand of M. o

Definition 2.11 A right R —module M having an y —envelope U:M — X is said to be
y —automorphism invariant if for any automorphism ¢ of X, there exists an
endomorphism f of M such that uf =gu.

N 9. X

ML

Lemma 2.12 Let M =M, ® M, be an y —automorphism invariant module. Then M, is
¥ —M, —injective.

Proof. Let U :M, = X,,u,:M, = X, be y—envelopes of M,,M,, respectively.
Thus, u=u, @u,:M — X =X, @ X, isan y —envelope of M . For any homomorphism
g: X, > X,, : X >X via g(Xx +X,)=%+X,+9(x) is an isomorphism of X .
Since X is an y —automorphism invariant module, there exists h:M — M such that
gu=uh. Let f=x,(h-1)i, where 7,:M — M, is the canonical projection and
I, :M; —> M is the inclusion map, then we have u, f = gu,
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,-Yl —g> 1\-‘2

i

My, —L 0,
Therefore, M, is y —M, — injective. O

Theorem 2.13 Let y be an enveloping class and M is an y —automorphism invariant
module. If M isan y — strongly purely closed module, then M satisfies C3 condition.
Proof. Assume that A, B are direct summands of M with ANB=0. Let A" be

some submodule of M such that M = A@® A’ . We claim that, there exists M’'<M such
that M=A®M' and B<M'. Let z:M — A, 7'M — A’ be the projections. Since
ANnB=0, 7'|;:B— A" is a monomorphism. Moreover, M is an y —strongly purely

closed module, A" is too. It follows that uz’'|;:B — X, is a preenvelope, where

u:A— X, and u': A"— X, are envelopes.

™| )/ -
B—— A é ,-\Ai

w|p P

_1 h .
J\q -

By definition of preenvelope, there exists h: X ,, — X, suchthat hu'z' |;=ur|;.

Xy — X,
!

Since A’ is y— A—injective by Lemma 2.12, there exists g:A — A such that
hu’=ug. Therefore uz|;=hu'z'|;=ugz’|;. As U is a momomorphism, 7 |;=g7'|; .
Let M'={a'+g(a’)la’" € A}. For every beB, we have
b =7'(b)+ z(b) = 7'(b) + gz'(b). It follows that be M'. Then B< M'. Itis easy to see
that ANM'=0 and for every me M,

m=a+a'=a—-g@)+(@+g@))eA+M,(acAa cA).

Thus M =A+M',andso M = A@M"'. On the other hand, we have M =B®B' for
some B'<M , then M'=B®(M'nB’). We deduce that M =A®@M'=A®@B®(M'nB").
It means that A@ B is a direct summand of M .o

We will say that M is y —extending invariant (or y —extending) if there exists an
x —envelope U:M — X such that for any idempotent g < End(X) there exists an
idempotent f :M — M such that g(X)u(M)=uf (M) or uf = guf.
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Theorem 2.14 Let M be an y —extending invariant modules and u:M — X is a
monomorphic y —envelope with u(M) essential in X. Assume End(X)/J(End(X)) is
a von Neumann regular, right self-injective ring and idempotents lift modulo J(End(X)).
If M is y—automorphism invariant, y —strongly purely closed module then M is an
x —endomorphism invariant module.

Proof. Let g be any endomorphism of X . By [1, Theorem 3.14], End(X) is clean,
so g=e+ f inwhich e is an idempotent endomorphism of X and f is an automorphism
of X. Since M isan y —automorphism coinvariant module, there exists a homomorphism
a:M — M such that fu =uca.On the other hand, since M isan y — extending invariant

modules and € is an idempotent endomorphism of X , there exists an idempotent
endomorphism  e'of X such that e(X)nu(M)=ue'(M).  Therefore

A=u'(e(X))"M =¢'(M) is a direct summand of M. Since (1—e) is also an
idempotent endomorphism of X, B=u"((1—e)(X))"M s a direct summand of M. It

is easy to see that ANB=0. By Theorem 2.13, A@ B is a direct summand of M. Let
M=A®B®C for some C<M, then M=A®A where A=B®C>B. Let
7. A® A’ — A be the canonical projection. We show that eu = ur.

Assume that, there exists 0= me M such that (eu—usz)(m)=0. Since u(M) <* X,
there exists m €M such that u(m,) = (eu—uz)(m)=0. Hence u(m, +7z(m))=eu(m) ee(X),
and so m, +7z(m) e A. Moreover, eu(m, +z(m)) =e’u(m) =eu(m), so eu(m, +z(m)-m)=0.
Now,

u(m, +z(m)—-m) =@-e)u(m, +z(m)—m) e (1-e)(X),

so m +z(m)-meB.

Let m=a+a’, where acAa €A, then m+z(m)-a-a'eB<A and
(m) = a. Therefore m +z(m)—ae A'\nA=0.Thus m, =0, a contradiction.

Let h=a+7 € End(M), it follows that

gu=(e+ flu=eu+ fu=ur+ua=u(zr+a)=uh.

That means M isan y —endomorphism invariant module. o

3. CONCLUSION

The article has just provided some general results about y — automorphism invariant
modules satisfying the C-conditions. And stating the condition so that y —automorphism
invariant modules is ¥ —endomorphism invariant. In the case of class y is a class of

specific modules such as the class of injective modules, the class of all pure-injective
modules, we will have the corresponding specific results as well known for injective
modules, pure-injective modules. We guarantee that the results in the paper belong to us and
are completely different from existing ones.
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TOM TAT
MO-DUN BAT BIEN DUOI CAC TU BPANG CAU CUA BAO TONG QUAT

Dao Thi Trang*, Nguyén Québc Tién
Truwong Pai hoc COong nghiép Thuec pham TP.HCM
*Email: daothitrang1982@gmail.com

Trong bai viét nay, chung t6i néu diéu kién dé mot moédun y — bat bién ty ddng cu
thoa diéu kién C2 va médun y — bat bién tu ding cau thoa diéu kién C3. Cudi cing, ching
t6i thao luan khi nao mot médun y — bat bién ti ding cdu 1a mot moédun y — bt bién tu
ddng ciu.

Tir khoa: Bat bién tu didng ciu, bat bién tu ddng cau, bao xa anh, bao téng quét.
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