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Abstracts

This paper analyzes the basic connotation of some concepis, proposition, lemma and theorems in
[financial mathematics, and an order for these contents established to give more meaningful insights on
porifolio and value at risk ai a basic level. Some problems are introduced as examples to elucidate the

concepls and theorems via the detailed solutions.
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Hiéu biét diy @i hon vé Danh muc diu tw va Gid trj rii ro, & mirc co ban

Tom it

Bai beo nay irinh béy va phdn tich cde ngi ham co ban cia mdt 56 khdi niém, b dé, d;u.i: dé va
dinh Iy lfrong todn tai chinh theo mgt vt e dum thiét f(:p dé nhém dem lai hiéu biét dey dii hon vé danh
mc diu firvé gid trf rii ro ciia danh muc ddu ter. Mt 56 héi todn don gien dwgre gidd thidu nfne fa vi dy
é lam sang 16 ede ndi hinn nhdr lod gial ohi 1ié1 4 hiéu diegre thire hign.

Tir khoa: Todn tai chinh, danh mype ddu tu, gid trj rii ro.,

1. Introduction

The trade process is a stochastic
process of transactions which were impacted
by a number of exogenous factors with their
potential impact levels have been being very
difficult to predict unambiguously. The
realizations of this process, such as
periodicity, up-and-down size, transaction
value and others, are a source of information
to market participants. They cause prices to
move, into full swing some time and the stock
price either hit the ceiling or fell the floor.
They affect the market maker's beliefs about
the value of the stock. For each period the
finance market investors may draw
inferences about the future value of an asset
from its trading history. A preponderance of
buy orders may signal good news, causing
traders to raise their expected value for the
assct. A preponderance of sell orders may
induce the opposite revision, Al a basic level
related to portfolio and wvalue at nsk,
meaningful  insights of the theoretical
microstructure literature is the first step to

draw lessons from the pass and to know the
direction of trades. These basics will give
investors to make trading strategies and to
translate() goals and constraints of asset
management into dynamic, intertemporal,
and coherent portfolio decisions. Under
special assumptions, myopic portfolio
policies are shown to be optimal and constant
over time. In general, however, both optimal
theoretical portfolios and current portfolio
positions are subject to random movements
s0 that periodic monitoring and rebalancing
are necessary. With that calculate value at
risk allows to optimize worth weights
distributed on assels as to gel a maximum
return with a minimum standard deviation of
the invested portfolio. Portfolio goals and
strategy selection are important decisions
which based on information in the financial
market. First information has been treated to
estimate the return direction and magnitude,
and value at risk for each asset. Then
portfolio goals and strategy will be defined.
These mentions are an important rescarch
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topic in the ecconomics literatures.
Information in the financial market is
generally imperfect, sometime fuzzy or
disturbing market. Xia etal. [1] examined the
effect of uncertainty about the stock retum
predictability of optimal dynamic portfolio
choice. Peijnenburg [2] studied on ambiguity
and the parameters in life-cycle asset
allocation. With assuming the volatility of
stock return is stochastic, Andrei and Hasler
|3] created a dynamic portfolio choice model
to investigate how much attention an investor
should pay to the news. Obviously from an
economics point of view, the unattractive and
fuzzy features of information are their
inability to separate the concept of risk
aversion from the concept of the elasticity of
intertemporal substitution.

This paper provides an important
mathematical foundation at a basic level to
regard information how to get an optimal0
portfolio with its value at risk [4].

2. The portfolio problem in finance
matOhematics

We consider a financial market with
1+d assets on some probability space
(€, F, P), where the assets are priced at two
times, at t = 0 (today) and t = 1 (one period
or one year after). All asset prices today are
known and given by usually positive
constants S{,53,...,5% € R. Asset prices in
one period, however, are usually unknown
today. In most financial markets, not all asset
prices in one period are unknown. In practice,
there is a riskless asset, often called bank
account, which will pay a sure amount in one
year. We now assume that S° is a bank
account and satisfics

Sy=1land Sy =1+r 2.1)

Where r > —1 denotes the interest
rate.

We also assume that all asset prices are
positive today SJ,53,..., 5§ and have finite
sccond moments, 1.e.

E[(5)] < i € {01,....d} for e € 0{0,1)
(2.2)

To distinguish the riskless asset §° and

the risky assets §%,...,5% we will use the

S, =(54...,5%) andS = (52,5,) for ¢
{01} (23

Example 2.1. Let a period binomir
model. We assume that d = 1, i.e., there
only one risky asset, and there are two stat
awy and @, of the event world £ at time ¢
1,i.e., Q = {w,, w;}. With assuming S} =
We can write

SH(wy) =1+uand S} (w,) =1+
(2.4)

Whereu >d > —1. Hereuand d ¢
mnemonics for up and down, and it is oft
assumed that u > 0. The probabilities for
and down are given by

P({an}) = py and P({w2}) = p;

Where py,p; € (0,1) and p, + p,
1. This model can be illustrated as t
following diagram, where the numbers on t

narrows denote probabilities:
ar =0 1 [=]
Riskless Asset § | ——s 1 =p

l+uy @W=a

Risky Asset §°: 1

l+d w=wa
2.1. Trading strategies and arbitra
opportunities in one-period markets
Let §=(S7,S:) for t €{0,1} be
financial market as above, a trading strateg
often called a portfolio is a vector
d = {9°,9) = {8°,0',..,0 €
(2.5)
Where @' denotes the number
shares held in asset i. At time ¢ = 0, the pri
today for  buying the tradi
strategy/portfolio # is (note that 5 = 1)
d

Rl +d

7.5, = Zﬁf.:;:; = (9°.1) + (8. 5,)

i=0

=9+ 4.5, (2.6)
At time t =1, ie, in one year t
value of the trading strategy/portfolio

i
7.5, () = Z 9. 5i(w)
i=0

=9"(1+4r)+ 9.5 (w) (2.
Depending on the state of w € Q, i,

ctate “un™ or “dowm™ in examnle 1 ahove
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Definition 2.1. A portfolio trading
strategy @ € R is called an arbitrage

opportunity for § if
0.5,<0, 8.5, 20P ., and P(4.5, >
0) > 0 (2.8)
The financial market § is called

arbitrage-free or no-arbitrage if there is no
arbitrage opportunitics. In this case one
usually says that § satisfies NA.

Here note that in well-functioning
financial markets, arbitrage opportunitics do
not exist for long time. An investor exploited
and sold some assets to make an initial wealth
W, to buy 6 riskless asset and 0 risky asscts.
If the financial market is frictionless then
8.5, = W,, the value of purchased assets
cqual to the value of an initial wealth. As
some [ees such as taxes, brokerage [ees, clc.,
in real financial markets the value of 4.5, <
W,. And W, is taken as a coordinate origin
for referencing, then 9.5, = 0 are defined.
At time t =1, an arbitrage opportunity is
exploited, then investor will sell 3 assets with
8.5, >0 P .

Example 2.2.
opportunity.

We consider a financial market § =
(5¢,5)tco1), which allows arbitrage
transactions. In practice the return of riskless
assels is often lower than the one of risky
assel. One can, however, salles some high
risky assets to buy amount of riskless asset as
an approach to hedging. From economics
perspective, it should be done when interest
rate is higher than inflation rate.

An  arbitrage

t=0

d
Fe= Za'.q =" 4 8.5,

T}

In the following diagram, one financial
market is illusirated, where numbers on
arrows denote probabilitics:

Tait=10 Tait=}

1
] ———— 10

-
) 0.1
Risky Asset  5'7 00 =—— 300

k 198 =as d

Since existence of “up” states of w €
€2, we can say that the financial market § =
(SP:Sr):EIu,ﬂ
admits arbitrage. Indeed, we consider a self-
financing trade as follows: attime of t = 0,2
risky asset S§ has been shorted from the
market to buy 200 units of riskless asset, i.¢.,
#' = =1 (the sign “=" denoles one risky
asset shorted from the market) and #° = 200,
It is also inferred that the price of a risky asset
is 200 and the price of a riskless asset is 1.
Mathematically we set

g =(9",8") =(200,-1)
Then attime t = 0,
8.5, = (8.95).(55.53)
=(200x 1)+ (—=1x200) =0
Att=1,
8,.5, = (8°.5° + 8L.51)
{Eﬂﬂx 101+ (-1).202=0 if w =w1}
=4200x 101+ (-1).200=2 >0 if w=1w,
200%x 101+ (—1).19B =4 >0 if w = wy
Thus P(5,.5,=20)=1 and P(H,.5, >
0) =02
Whenee 4 is an arbitrage opportunity.

Risklass Aszer 57

202 @=an U

we=an g

=1

[ ]
F.5, () -Za'.s;(aj =8%(1 +r) + 8.5, ()
im0

fi %0

dfiz0p,., and Pl S, >0] >0
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Figure 2.1. llustration of transactions in the financial market, where at time ¢ = 0, some
stocks @ were shorted from the market whit the price of S, to purchase 9 riskless assets with
the price S§ = 1. And to period end, at time ¢ = 1, 8.5, = 0 may be obtained.

Remark 1. The remark not only shows
existence of arbitrage opportunities (arbitrage
portfolios) in financial markets, but indicate
us how to make a feasible portfolio, as well
as how to get transformed portlolios
(portfolio  diversification) with updated
information of predictable prices of some
risky assets. It is most important how lo
exploit arbitrage opportunities.

If the market § admits arbitrage, there
is always exists an arbitrage opportunity
which satisfies 9.5, =0. Indeed if 7=
(n",m) is an arbitrage opportunity with
.5, < 0.

Setd = (8°,8) = (n° — 7.5,.1m)
with assumption S§ = 1, then
.5, =0"+0.5,=0"—1.5, +1.5
=0’ =" 1+n.8)+n5=0

Moreover, as —1]. 53 = 0,

4.5, =0"(1+1r)1+48.5
° —7.5)A +7) +n.5
'L+ 1)+ (—7.5)(1 +71) + 1.5,
=M"A+7r)+ n.5]+ (7.5)(1+71)
=7.5; + (—1.5)(1 + 1)

Z (—7.50)(1 +71)

>0, Pgg

Thus, it follows from definition 1 that
9 is an arbitrage opportunity with 8.5, = 0.
2.2, Arbitrage and trading in multiperiod
discrete-time markets

Time

Consider a financial market on time
horizon T, where trade transactions are
carried out at different points in time, i.c.. at
t=0,1,... T with 14+ d asseis. We also
assume that the price of cach risky asset is a
stochastic process in multiperiod discrete-
time market. [t follows from that at cach point
t=1,2,..,T the sct ol assct prices arc a
random wvariable and denoted as 5 =
(52, ..., 5%). For the example 2 above, at t =
1 the price of S just hit one of three values
consisting of 202, 200 and 198 corresponding
to the event world Q = {w,, w,, ws}.

As complexity of a multiperiod
discrete-lime market, first we consider the
two-period market with one risky asset,

Example 2.3. Let {S‘E)u[n.tz} be a

two-period financial market with a risky asset
having the price 5!. The price is a random
variable. At time ¢t = 0, its price is known as
54 and at t = 1 the price will either be 1 or
will be —1. However, at £ = 2 it could be
received one of three values {—1,0,2}. Then
€, the world of events possesses all available
states {—1,0,1,2} which the price 5} will be
reached, 1e., O ={wy =—-1w, =0,w; =
1, w, = 2}. The following diagram illustrates
available paths on which the price could be
recached at points intime t = land t = 2,

£=2

dy ) / 2 @ Py or
P le —* o
Pz

._-- ---
.h\ —1 i,

Sz

0 woy P 5 or P

P,y or P

Figure 2.2, [llustration of the two-period market with one risky asset, where its price, 57, is a
random variable which could be reached to one of available states of the world @ = {w, =
—1,w; = 0,wy = 1,w, = 2} with some probability corresponding to every part of each

pathway.
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As seen in figure 2, at t = 1, the price
S} just could be either S = -1 or §! =1
corresponding (o w; or wy. And at t = 2 the
price 5% just also could be received one of
three wvalues {—1,0,2} corresponding 1o
Wy, Wy, Wy, respectively, with the
corresponding probabilities pj._,; denoted for
the state transition from wy, to w;. And there
exist six pathways for the transitions from
statesat t = Ltostatesat £ = 2,

In the case of the multiperiod discrete-
time market with a risky asset for T periods,
ie.,t=1,..,T, the number of the world, N,
is defined by:

No =Ul_; (N)

where N, is set of states of the i*"
period, i.e., where the number of available
values the asset price can be reached.

The number of the pathways
throughout all periods is

Npachs = T7_, (N;)

Now consider a financial market with
the number of risky asseis, there exist three
ways 1o represent a porifolio which is made
up of these assets: the portfolio based on the
proportion of each asset, the portfolio with
the number of each asset and the portfolio
with the value invested in each asset. We start
the portfolio based on the proportion of each
assel, because it 15 easier to understand. Then
the other ones will be represented on
equivalently.

A self-financing portfolio or from here
called simply as a portfolio, is represented by
the sequence of  wvectors fle =
M0t )", and Toni=1 for t=
(0,1,...,T —1). Here 5} = %f is the ratio of

the value proportion of portfolio W, invested
in asset i over the total wealth W, invested in
the portfolio at time t. Equivalently W/} =
0!.5! where 0} is the number of shares of
asset { in the portfolio and Sf is the price of
asset i, at time t. More precisely

d d
W, =Zw;‘ =Zﬂ;‘.5§

=0 f=0

d
= Zﬂirwt
i=0

(2.9)

where n;,0{, W, can be positive,
negative or zero, representing long, short or
no investment positions in  asset i,
respectively. In addition, a portfolio strategy
can be a sequence of random vectors 1, =
{n!} that depend on the information obtained
from the asset i price before or at time €. In
the other word n{ is function of random
variables 5! for i=(l,...d) and t=
(1,...T). More rigorously we give the
definition as following.

Definition 2.2, A self~financing
portfolio strategy is given by vector functions
e = ik, ..n?)7 such that neR? is a
real vector, and for t =(1,... T—1) f; =
(i nl, ....n®T is a function that maps

S0 .. s®
Se=|: = i (2.10)
sg - st

into a vector in R? that satisfies
v oni=1fort=(01,...T—1).

In other words, at time ¢ the function
n; depends only the price of all assets from
t = 0 until time ¢, not depends on the future
prices at points ¢ + 1 to T, This shows that a
portfolio strategy only depends on the
information collected up to the present time,
including specific information and forecast
information. And a porifolio sirategy
adjustment can be made out to naturalize
risks and could gain more returns.

For more easier in other applications,
another representation of the portlolio
strategy was effectively confirmed. For
example, in the portfolio strategy, it is easier
to write portfolio in terms of the ratio above,
meanwhile for replicating portfolio of an
option, the number of shares of each asset
give more convenient representation. In more
details, if 9, = (8,8}, ...,8%) is known at
time t, the value of the portfolio is given by
W,=48,.5 =085 +9L5 + -+ 0.5

d
= Zﬂ‘,s;‘-

=0
Then the value invested in asset i
changes by A= 05 (5{4, — S from time ¢
to time t+ 1. And the total value of the
portfolio at time ¢ + 1 is given by

(2.11)
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o
PR
=0

From time ¢ (o time £+ 1, the time-
consistent portfolic value is changed and

given by
d
Wi =W, = Zﬁci-(-séﬂ -515)

=0

for t=1(01,.. T—1)

Weiq =

(2.12)

— %S0
T EEw
number of share of each asset is still 95, so
(Wi _ %S
m= FI = E-uwlr
change in the number of shares of some assels
from 895 to ¥ which will be assigned to
second period from time € = 1 totime £ = 2
where the portfolio is adjusted. Hence the
value proportion of portfolio invested in asset

and at time t=1, duc to the

Then if there exists the

Here we should also detail the ;|| be adjusted how to satisfy
proportion value i} in line of time, ic., at d
ljmet=0,r;é,=1‘; Zr}f-=1 for ¢
W, i=0
=01,.,T—1 (213)
This process could be continued and called as rebalancing as described follows
Time Number of Shares/Units Value of the Portfolio
Att =t L nEeW W, = 005 + 8}5} + - + 9858
{After Rebalancing at B = 5
time ¢ — 1) ot
t+1 i_ Iﬁ. w:+1 Wt+'| = ﬂ?sf:.-' + ﬂtl.ﬁ}_lﬂ + e
Before Rebalancing O = st + 0S4,
t+1 P Mes1 Wea Weer = 00450 + 084Sk +
After Rebalancing B4y = G + 08,584

Table 1. Rebalancing the portfolio strategy for (¢ + 1)*" period from time ¢ to time ¢ + 1.

Remarks 2.

* Decisions relating to portfolio
rebalancing can be considered an
active investment strategy by
investors when important
information of available prices of
some assets in the Ffuture for
portfolio returns.

o Throughout the above argument
we did not distinguish the risky
assets and riskless assets, 1.e., the
portfolio  rebalancing could be
implemented for both kinds of
assels.

* For a porifolic with two risky

assets, from (2.12) we can wrile:
1

Wi — W, =Zﬂg-{ﬂ+1-5§}
The change in the value d=i
invested in the portfolio
= ?l."l (St — Stll + 0F.(SF4 -Sczl
The value change T
in risky asset 1

The value change
inrisky asset2

t=1

We=Wo+ ) 0].(Shy — 5D

=0
=1
+ ) 08.(Sh, — SP)
for t=1,..T

Wy,=90282+0)5) at t=0

2.3. Discounting and discounted assets

We should give out necessary and
sulTicient conditions where a finance market
S satisfies NA as in Definition 2.1 above.
Then we introduce two further nolations
based on which the basic concepts of finance
markets (like no-arbitrage, NA) should not
and do not depend on the choice of any unit
for pricing assets, i.e., by USD, EUROQ, etc.
For this rcason, the first concept of the notion
of discounting is introduced on which we are
free to change unit so that it makes
mathematics simpler. It turns out that in
particular a good choice is a unit which itself
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is a traded asset and the canonical choice is to
use the risk-free asset §”. Then the prices of
risky assets are discounted with 5°, and we
define the discounted assets X%, X%, ..., X% by

i
Xi=3%,te{0,.,T} i€
(3

{1,....d} (2.19)

Then X! =1 and X, = {X}, ..., X8}
express the values of the risky assets at time
t in comparing with units of the risk-frec
assel as a numérais S¢.

The mathematic reason for taking a
trade asset as a numérais is that it allows to
reduce the dimension of the market from 1 +
d to d, and in this case the values of the risky
assels are estimated with the value of the
risky-free asset. This process is called
discounting,

Example 2.4. Consider again a
binominal model with one period in the
example 1. The discounted risky asset X!
given by X1 =1

Xi(wy) = i-: and X{(w;) = iii

Now we can reformulate the notion of
arbitrage in terms of the discounted risky
assels X = {X", v, X%} only.

Proposition 1. The
statements are equivalent

a) The market S satisfies NA

b) The discounted risky assets X
satisfy NA ie., there does not exist an
arbitrage opportunity 9 = (9%, ...,9%) € RY
for X such that

8.(X, — X)) =20 P

and P(O.(X;—Xp)=0)>0

Proof

We should start to proof the direction
from a) to b) which is also more difficult
direction. And the statement a) asscris that
there is not existence of an arbitrage
opportunity ¥ := (8°,8) € R%*" for the
finance market § such that 8.5, <0 P_,,
and 9.5, 20 with P(8.5, >0)>0 (by
Definition 2.1). Secking a contradiction,
supposc that there exists an  arbitrage
opportunity 4 = {#%,9',8,* ... 9%} €
R with § = (§°,5,5%. .. ,5% and the
corresponding  discounted  assets X =

following

KINH TE VA XA HOI

(XO,XVLX2%. .. ,X%, ie, it is satisfies
Definition 2.1. Then we obtain
9.5, 0,P_ s and 8.5, = 0 with
P(O.5,>0)>0
and write in more details
9%1+9.5,<0,P,,; 9.5+
9.5, = 0 with P(8°.5? + 9.5, > 0) > 0
004 0.3<0,Py; ﬂ“.g +
8.32 0with P(8°.55+ 0.5 >0) >0
B+ 8.X, =0, Pge; 0"+
0.X, 20
with P(9° + 9.X, > 0) >0

Taking the difference of 8% + 9. X, =

0and 9° + 9. X, < 0, P_,; gives

ﬂ(xi - xﬂ) =0, Poas,
and of course P(&(X;—Xy))=>0)>0
(2.15)

MNow we aim to extend the (rade
opportunity ¢ into an arbitrage opportunity 4
on the market § by choosing 8% in an
appropriale way, scliing

9 == -4, Xy
Then with 8 :=(8"9) and X, :=
(Xg, Xp) = (1,Xy), we have
'E.f“ = ﬁ"’Jﬂ’S +80.X, = 7% +
9. X,
=—0.X +9.X, =0

Multiplying the above expression by
59 =1 gives

(0.%,).50 = (9°. X2 + 0. X,)5)

=950 +9.5,=9.5,=0(2.16)

And next adding Xy — X/ =1-1=
0 into the expression (2.15) gives
B0 (X =X +0.(X, - X))

=8.(X,=X) 20 P,

And PA.X5-X)=0)>0
(2.17)

The expression (2.15) and (2.17) show
that 9. (X; — X,) > 0 and 4. (X, — X,) > 0
have the same value (duc to setting 9% :=
—#. X,), and also show that 3. (X, — X,) > 0
is performed by co-occurrence of 87, (X} —
X)) =0 with P=1 and 9.(X; —Xy) >0
with P = 0.

Plugging (2.16) into (2.17) gives

8.X,20 P, and P(0.X, >
0)>0

S6 03 - Thang 3.2022 - Tap chi KH&CN Truong Pai hoc Hoa Binh 11



KINH TE VA XA HOI

By using that the inequalitics remain
unchanged by multiplying it with a positive
constant, here 57, we have

4.5,=0 P,, and P(8.5, >
0=0

This in combination with (2.16) shows
that ¥ is an arbitrage opportunity for the
finance market § in contradiction to the
hypothesis of the part a) in proposition 1 that
S satisfies NA.

In the next, to prove the direction from
b) to a) it 15 clearly that by the part b) in
proposition 1, there is not exists a trading
portfolio # = {#%,8%,. .. ,89 € R? such
that

0.(X;—Xy) 20 P

and P(O.(X;—X;)=0)=0

This implies that the trading portfolio
satisfies the complement of &.(X, — X,) =
0,ie.,

ﬁ-{xl —Xo) <0 P—a_s.

And P(O.(X,=Xp)=0) >
0 (2.18)

Repeat the steps in the proof for the
direction from a) to b) but in reverse, and set
9= —-8.X,

We obtain

B.X, =0" X2 +0.X, =8"+0.X,
=—0.X;+0.X;=0
(2.19)
This together with (2.18) show that
DX —0.X; <0 P
and P(0.X; —0.X;,=0)=0
B.X, +0"<0 P,
and P(0.X,+9°<0)>0
Recall the definition of the discounted

asset
[1]

Y
x[°=;:0=1 for i € {0,1} = X2 =Xx?

=1
And wrile
9.X, +0°X0 <0 P,
and P((0.X, +9°X%) <0)>0
3.8, <0 P,, and P((B.X,) <
0)>0
Multiplying by a positive constant 57
gives
9.5, <0 P, and P(8.5, <0)>
0 (2.20)

The expression (2.20) indicates that
0.5, <0=4.5, P_,, does not respond to
the Definition 2.1 for an arbitrage portfolio,
i.e., the hypothesis of the part b) leads to that
there is not exist the portfolio for the finance
market S. In other words, it satisfies NA.

2.4. The fundamental theorem of asset
pricing (FTAP)

Before presenting FTAP we need to
give the definition of concept of an equivalent
martingale measure (EMM).

Definition 2.3. A  discrete-time
stochastic process {M,}I_, on a probability
space (€2, F,P) is called a martingale with
respect to X if

a) My is integrable forallt =0, ..., T,

and E[lMEI] = o0,

b) The conditional expectation of M,

given X, Xo_q, ... Xy is equal to M.,

E[M|X; X5 q, ... Xy] = M; for
0=s<t.

Definition 2.4. Let (©,F) be a
measurable space. Two probability measures
P and @ on (£2,F) are called equivalent
(notation: P = Q) iffor A€ F, Q(A) =0 if
and only if P(A) = 0.

MNow we can define the concept of an
equivalent martingale measure EMM.

Definition 2.5 Let X be the
discounted risky assets on the probability
space (£, F,P). A measure @ on (£,F) is
called an equivalent martingale measure
for X if @ = P, each X' is @Q —integrable and

E°[X{]=X{ for i=(1,...d)
Here the terminology equivalent
martingale measure stems from the fact that
the X''s are martingales under the equivalent
measure .

In the following we consider the
fundamental theorem of asset pricing for the
one-period  finance market. For  the
multiperiod discrete-time finance markets
[5], we refer the readers to some articles such
as “Arbitrage and duality in nondominated
discrete-iime models, by Bruno Bouchard
and Marcel Nutz, The annals of applied
probability, 2015, Vol. 25, No. 2, pages 823 -
859",

Theorem 1. The fundamental theorem
of asset pricing (FTAP)
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Let §=(5".5.),t €{0,1} be one-
period finance market on some probability
(©,F,P). The following statements are
equivalent

a) The market satisfies NA.

b) There exists an EMM for the
discounted risky assets X = 5/5°.

Proof

Mormally we will start in the easy
direction from a) to b). And let P = @ be an
EMM. So, by using Definition 2.5 we have
E?[x{]=X§ for  i=(1,..,d) then
E?[8.(Xy — Xo)] = 0Q_qs and Q(8. (X, —
Xy) = 0) = 0. By Proposition 1, It suffices
to show that X satisfies NA, i.e., that there not
cxists a trade portfolio # =
4,92, .. ,8) € RY for X such that

d.(Xy—Xo) 20 Q_gs
and Q(0. (X, = Xy) = 0) =0

To prove theorem FTAP by secking a
contradiction, we assume that there exists a
financial market with =
#4192, .. ,0%) € R? such that

3. f}-rl - Xn} =0 P—a::.
and P(O.(X;=Xp)=>0)>0

By the fact that @ is equivalent to P we
can write

9.(X, = Xp) =20 Q_gs
and Q(O.(X;—X,)>0)=>0

By the monotonicity of the expectation
operator, we have

E2[8.(X, — X,)] > 0

But by linearity of the expectation
operator, we can write E?[9. (X, — X;)] in
more details then using the fact that @ is
EMM for X

d
E2[9. (X, — Xo)] = E¢| ) 8(Xi - X¢)

- iﬂfzﬂ[(x; - x8)] =ia*‘m =0

W= {ﬂ. (X (wy) — Xy), 0. (X (wz) — Xodho. o

A such X corresponds io the collection
of all random variables in the form &. (X; —
Xy) for # € R Note here that each K-
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And S.(X; - X))=0 is in a
contradiction to #.(X; — X;) > 0.

Thus, this contradiction shows that
there not exists a trading portfolio @ =
(®,82%...,9% e R? for § market, and
therefor for § market. We conclude that the
existence of an EMM for finance markets
does not allow the hypothesis

9.(X; —Xo) 20 Py
and P(O.(X,—Xp)>=0) >0
meaning  that the finance market
satisfies NA.

Mow we can prove the reverse
direction from a) to b). this direction stems
from the hypothesis of the existence of the §
market satisfying NA, ie., there exists
conditional expected value of the portfolio
where conditional probability for ecach state
of every risky asset is defined. Here the
existence of an EMM for discounted risky
assets must be proven. This requires the
world of states where there exists P =  and
the conditional expected wvalue of cach
discounted risky asset is evaluated.

For the proof, we only consider the
special case that Q = {wy, wy,...,wy} is
finite and containing all outcome states of all
risky assets, F = 2 and P(w;) > 0 for all
i €{1,..,N}. But in the case £ is infinite
countable we can easily prove by induction
[6]. For the general case we also refer the
readers an excellent book, H. Féllmer and A.
Schied, Stochastic Finance, 4™ ext. ed. De
Gruyter Studies in Mathematics, vol. 27,
Walter de Gruyter & Co., Berlin 2016.

We first consider a random variable ¥
on some measurable space (02, F) with the
R%-valued veclor
(Y(wy), Y(w3),....Y(wy)). Based on that
the market § satisfies NA, i.e., the value
@.(X; — Xo) = 0is created after each period.
Then we set
0. (X, (wy) — Xo): 0 € RY} (2.21)
clement 8. (X (w;) — Xy) is the portfolio
return ereated when the portfolio is evaluated
at states w;, it can take a value negative,
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positive or zero. Mathematically, a subspace
K (minimum  d —dimensions, maximum
N —dimensions) is a vector space of RY with
all elements that satisfies NA by proposition
1, that is &.(X(w;)—=X,) =0 for i€
{1,...,N}. So, we have
¥ nRY ={0}

where RY = [0, +)", a space of the
N —dimensions  vectors with  their  each
component that is a positive number; {0}:
ZEro vector.

To set up some probability measure
on (£2,F), we consider a subspace AV c
RY and 0 & AY"1, and define the standard
simplex of dimension N — 1

where the index i here is not exponent,
but only the i*® —component with its value
x'>0; xeRY is a vector with N
components, 0 <x' <1 for i € {1,..,N},
which satisfies /L, x' = 1. It means that
A¥"1c RY and {0} € A, s0

KnAV-1=¢

As X and A¥~1 are both nonempty and
convex, X is closed, and A¥~! is compact, it
follows from the strict separating hyperplane
theorem (see D. Bertsekas, Nonlinear
Programming, second Ed, Athena Scientific,
Belmont, MA, 1999 [7]). As an illustration
we consider the case with N = 2, then every
vector x € A¥~! possesses two components,
x! and x* with their supremum and infimum
that are of 1 and zero, respectively. It follows
from that each AM"! —component x' is
positioned at a point located in a range of
(0,1) as illustrated in the following figure.

Figure 2.3, lllustration of the separating hyperplane theorem for N = 2, [8],

And there is the fact that X © RY is a vector
subspace that there exisis a veclor @ €
RY\{0} perpendicular to a vector k € K, i.e.,
a.k=0 orallke X
Also there exists a real number 4 > 0
such that
a.x=1>0 forall xeA¥!
As AV contains all standard unit
vectors e’ in RV, It follows that
ae =a" >0 forie{l,.. N}
Mow we define the probability

measure § on (€2, F) by
a
Q(w;) =_EF§=1 a >0

where a; > 0 is the i™ —component
of the vector a, and of course £, Q(w;) =
1. It follows from Definition 2.4 that § = P
on Q) = {wy, wq,..., @yl

To the end we need to define the
conditional expectation of the risky assets on
Q. And we consider vector k! € X as follows

ki = (ef. (X, (@) —
Xo)s-o-re'.(Xy (wy) — X)) € K, for i €
{1,....d}
where e denotes the unit vector in R?.
The expectation of [X{—Xi] is
estimated on (€2, F, Q)
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N
EOLX! - X§] = > (X (wn) — X£).Q((w,))

n=1
-
= (X{(w,) = X§) =
E’;’uk;a“ (X (wy) — x§)
N
1 )
=swa D, (€ i) = X)) =
n=1
N
1 ;o ak
= Sar 2k = 5~ 0

In the last step we used the result

above a.k = 0 for all k € . Finally
E?[x{ - Xx{] = 0= E?[X]] =

E?[X}] = M, fori € {1,2,...,d}

By Definition 2.5, @ is called an
equivalent martingale measure on (€3, F) for
X.

Example 2.5. Consider the binominal
model from Example 2.4, that describes a
finance market with one risky asset with two
states “up” and “down™ at the end of each
period

S'(w))=14+uand S (w;) =1+d

By using FTAP we want to check
when the finance market satisfies NA. So let
@ be a measure on (£, F), and sct qy =
Q(w,) and q; == Q(w;). By Definition 2.4,
@ =P if and only if q; > 0 and g5 > 0.
Indeed, due to py = P{w;) > 0 and p; =
P(w;) > 0 then g, > 0 and g; > 0 because
of that if g, = 0 or g; = 0 or both then the
equivalence of relations on two probability
measures leads o py = 0 or p; = 0 or both
1 =0 and p, =0. It is a contradiction.
Moreover @ is an EMM if and only if (by
Definition 2.5)

EX =X =1
& g1 X1 (@) + g2X7 (w;)

1+u 1+4d

Using g2 = (1 — q) then rearranging

gives
Gl+uw)+(1l-—g)l+d)=1+r
r—d
= a “u-d

U=r
Q2=1-q =7
Clearly this result shows that q; > 0
and g, > 0 if and only if ¥ > r > d. So the
finance market § satisfies NA if and only if
u >7r >d, in which case there exisis only
one EMM satisfying
r—d u-—r
L r—" and =4
The condition u>r >d is quite
intuitive from cconomics perspective as it
says that the risky assets must offer the
chance of a higher return than the interest rate
in one state of the world, state u > r but also
have a lower return than the interest rate in
another state d < r. Note here that the
expression of g, and g, there not appears p,
or ps, 1.e., the EMM @ does not depend on
the value of p,; and p,.
3. Risk measures and value-at-risk
The risk management of asset
investment is very important for optimization
of the portfolio and maximization of the
portfolio return. Since 1990°s value-at-risk
{(VaR) and conditional value-atrisk (C-VaR)
have widely used as risk measures, replacing
the traditional variance measure. VaR is the
threshold point of a specific lower percentile
on the return distribution, whereas C-VaR is
the expected loss beyond the VaR level in the
distribution’s lower tail. These risk measures
are particularly useful when the investors
consider the downside risk of a financial
position. Simply VaR is the worst loss over
the target horizon that will not be exceeded
with a given level of confidence. Losses can
occur through a combination of two factors:
the volatility in the underlying financial
variable and the exposure to this source of
risk. Corporations have no control over the
volatility of financial variables, they can
adjust their exposure to these risks, for
instance, through derivatives. VAR captures
the combined effect of underlving volatility
and exposure to financial risks. To this end
we will present the relevant content at the
basic level according to the axiom approach
initiated by Artzner, Delbaen, Eber & Heath
in a seminar paper (1999), the theory of
monetary risk measures [9].
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Definition 3.1, Let (£4,F,P) be a
probability space and ¥ the set of all random
variables, Let « € (0,1) be a confidence
level. For X € X, the value at risk of X at level
a is given by

VaR,(X) = inf{m € R:P((X + m) < 0)
< a}

The VaR at @ level is the smallest
amount of capital which, if added to X, keeps
the probability of a negative outcome below
or equal to a. Typical value for a are 0.05,
0.01 or 0.001. VaR is probably the mosi
widely used risk measure in practice. One can
easily check that it is normalized, monotone,
cash-invariant and positively homogeneous.
However, Value at Risk fails to be convex,
i.e.,, VaR has its limitations instead of
encouraging it. Theoretically VaR is lacking
in sub-additivity and neglects the risk beyond
the threshold [9]. Rockafellar and Uryasev
showed that VaR is biased just for the
optimum portfolio [10].

Example 3.1. Let X' and X? be two
independent-identically distributed random
variables (i.i.d. wvariables) on some
probability (€, F, P), where

P(X'=-100)=0.01 and P(X'=
90) =0.99 for i={12}
Then fori = {1,2}
X'+m<o0
X' =90 thenm € (—o2,—90)
when {X { = —100 then m € [—90,100)
it does not exist if m & [100, o)
And for { = {1,2}if X' = {—100,90}

then
PIX'+m < 0)
1 if m € (—eo,—90) then only exists X' +m < 0
= [u.m if m € [-90,100) then X'+ m = —100
] if m € [100,20) then X' +m > 0

So the smallest amount of capital
which must be added to X to keep the
probability of a negative outcome (X' +
m) < 0 at level 0.01 is

VaRgg,(X') = =90 for i={12}

Therefore both X' and X% are
acceptable and even wvery good from a
VaRgp:(X") = =90 perspective. Now we
consider the “diversified position™ for
investments in X' and X?. Let

1 l
==Xl )2

Then the distribution of X satisfies (X
could be taken one of three wvalues by
=100,-5,90 with the comesponding
probability)

P(X = —100) = (0.01)2 = 0.0001

(Since both X! and X' are
simultaneously taken value by —100)

P(X=-=5)=2x0.01x099 = 0.0198

(Since there exist two choices X! =
90 and X* = —100, 0or X' = —100 and
X% =90)

P(X =90) = (0.99)* = 0.9801

{Since both X! and X? are
simultaneously gotten value by 90)

And we have P(X +m < 0)
1 if m € (—eo, —90) then only exist X +m < 0
{D.UIW if me|[=90,5)then X +m =10
0.0001 if me[5100)then X +m <0
1] if m € [100, 2) then only exist X +m > 0

As resulted
VaRg 0001 (X) =5 for i€ {1,2}

And hence in this case the “diversified
position™ X is no longer acceptable.

We should consider what is the main
difference of the two finance positions above.
As computed the probability of the loss, i.e.,
for X<0, is PX<0)=00198+
0.0001 = 0.0199 higher than the probability
for X', P(X' < 0) = 0.01 fori € {1,2}.

However, the expected size of the loss
when it does happen is much larger for X°

E[-Xx!|-X' = 0]
_ —(—100) x 0.01
B 0.01
than for X
E[-X|-X = 0]
_ =(=100)x 0.0001 + [-(—5)x 0.0198]
- 0.0001 + 0.0198
= 5477

The results estimated above indicate
that even though the probability of the loss is
a bit higher for X than for X{, ie.,
P(X <0) =0.0199 > P(X' < 0) = 0.1,
but the expected loss for X, equal 10 5.477,
given default is significantly lower than the
expected loss for X!, equal to 100. Therefore,
from a regulatory point of view, X is a much
better risk than X*.

=100 for i€ {12}
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For this reason, investors might look at
amore conservative way, i.¢., must determing
the extent and probabilities of potential losses
in the portfolios given default In this
example we have seen that VaR at some
fixed levels @ is positively homogeneous but
not convex on the full space (£,F,P),
because of that we can take two cvents A;
(i = 1,2) such that P(4;) < a, but P{(4; n
A;) > @ and thus it is not a coherent risk
measure. However, we can take its average
then we obtain the basic example of a
coherent risk measure, known as Average
WValue at Risk, or Conditional Value at Risk,
or Expected Shortfall, and or Tail Value at
Risk [11].

Definition 3.2. Let (£, F,F) be a
probability space and ¥ the set of all real-
valued random variables having finite first
moments. Let « € (0,1) be a confidence
level. For X € X, the expected shortfall of X
at level @ 15 given by

i
ES,(X) =% VaR,, (X)du
1]

Since VaR,, is nonincreasing inu [ 10],
it follows that ES,(X) = VaR, (X) for all a
and all X on the full space (€, F, P). It means
that ES,(X) prescribes higher capital
requirements than VaR,, (X). In fact, ES,(X)
can be characterized as the smallest
distribution-based convex risk measure that
dominates VaR,(X). Morcover, onc can
show that unlike Value at Risk, expected
Shortfall is a coherent risk measure, 1.e., it is
a convex risk measure. One can even show
that it is “optimal” in the sense that it is the
smallest law-mvariant convex risk measure
that is more conservative than Value at Risk,
see [6-Theorem 4.67, 12].

To continue we state an alternative
characterization of Expected Shortfall for
continuous distributions, which shows that
Expected Shortfall takes care of the size of
the loss given default.

Lemma 1. Let X be an integrable
random wvariable on a probability space
(2, F, P). Suppose that the distribution of X
is continuous, Then for o € (0,1)

ES.(X) = E[-X|-X = VaR,(X)]
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Mote here that Expected Shortfall in
lemma 3.1 is defined under continuous
distribution of X and encourages
diversification and it will false without the
assumption of a continuous distribution as
seen in the following example.

Example 3.2. Consider the sctup of
Example 3.1, we recall

PX'+m<0)
1 if m € (—os, =90} then only exists X' + m < 0
= {{lﬂl if m & [=90,100) then X' +m = =100
0 if me[100,%) thenX*+m >0

and Definition 3.1
VaR,(X) = inf{m € R: P((X + m) < 0)

< a}
Then we obtain for i € {1,2}
A _ (100 if u=(0,0.01)
VaR, (X') = [—9(} if u=7[0011)

For i € {1,2} this gives
i

ESq01(X") = % f VaR,, (X)du
1]

1 oo
= mj; 100 du = 100

Beside this, Example 3.1 also gives
PIX +m<0)
1 if me€ (—oo,—90) thenonly exist X +m < 0
0.0198 if me [-90,5)then X +m <0
0.0001 if me[5100)thenX+m=<0
0 if m € [100,20) then only exist X +m = 0

Then we obtain for X
100 if u = (0,0.0001)
5 if u=(0.0001,0.0199)
—90 if u=(0.0199,1)
This gives
1 14
ES;c0.01(X) = p VaR, (X)du

o
0.0001 1 0.01

= —uulj; 100du + m 0001

1
= —— (100 x 0.0001 + 5 x 0.0099)

0.01
= 595
So the ES,_pp:(X) =595 of the
“diversified position™ X is significantly lower
than the Expected Shortfall of the individual
position X, ES, (X") = 100 for i € {1,2}.
Now we can check Lemma 1 for this
case. We can compute the right side of the
expression of the Lemma 1
E[—X|=X = VaR,(X)]
= E[-X|-X
= VaRy 4, (X) = 5]

VaR, (X) =

Sdu
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100 x 0.0001 4+ 5 x0.0198
= = 547
0.0199
and to compare with the left side of the
expression of the Lemma 1, ES,_y0,(X) =
595, It gives E[-X|-X = VaRyy,,(X) =
5] = 547 < ES yup01(X) = 5.95 and shows
that Lemma 1 is not true in this case where
the continuity of the distribution is faulty.
Conclusion
The goal of this paper is to build a
collection of fundamental concepts for more
insights at basic level for finance market

sclections and to include the portfolio
selection problems related to Value-ai-Risk
and Expected shortfall. The procedure could
be summarized as follows. Consider the price
and the return of every stock or each financial
asset in a time-serics S; and R} for each
selected investment period, by using a
binominal model. Then compute the
VaR,(X") and ES,(X") for each stock (X©)
for a period and include for the selected
portfolios. It follows from that the investors
will turn out the portfolio with their criteria.

based on which one can establish and
determiner preferable stock or financial asset

References

[1]. Yihong Xia, Leamning aboul predictability: the effects of parameter uncertainty on dynamic
asset allocation, The Journal of Finance, Veol. 56, No, 1 (2001) pages 205-246,

[2]. Peijnenburg Kim, Life-cycle asset allocation with ambiguity aversion and learning. J. Financ.
Quant. Anal. Vol. 53, (2018) pages1963—-1994.

[3]. Andrei Daniel and Hasler Michael, Dynamic attention behavior under return predictability.
Manag. Sei. Vol. 66, (2020) pages 2906-2928,

[4]. Shelldon M. Ross, An Elementary Introduction to Mathematical Finance, 3rd ext. ed.,
Cambridge University Press, 201 1.

[5]. Arbitrage and duality in nondominated discrete-time models, by Bruno Bouchard and Marcel
Nutz, The annals of applied probability, 2015, Vol. 25, No.2, pages 823 — 859,

[G]. H. Féllmer and A. Schied, Stochastic Finance, 4th ext. ed., de Gruyter Studies in Mathematics,
vol. 27, Waller de Gruyter & Ca., Berlin, 2016,

|7]. D. Bertsekas, Nonlinear Programming, 2nd Ed. Athena Scientific, Belmont, MA, 1999,

[£]. Martin Hedergen, ST339 Introduction to mathematical finance, Lecture notes, Department of
Statistics, University of Warwick, 2018.

[9]. Artzner, P, F. Delbaen, I.-M. Eber & D. Heath, *Coherent measures of risk’, Mathematical
Finance, Vol. 9, No. 3 (1999) pages 203-228.

[10]. Rockafellar, R., & Uryasev, S., Conditional value-at-risk for general loss disiributions,
Journal of Banking & Finance, Vol. 26, No. 7(2002) pages 14431471,

[11]. Dirk Tasche, Expected shortfall and beyond, ArXivieond-mat/0203558v3 20 Oct. 2002,
hitps:/farxiv.org » pdl» cond-mat.

[12]. Hans Féllmer and Stefan Weber, The Axiomatic Approach to Risk Measures for Capital
Determination, Jan. 2015, https://www.math.hu-berlin.de » ~foellmer » papers

18  Tap chi KH&CN Trudng Pai hoc Hoa Binh - S6 03 - Thang 3.2022



