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Tém tit

Trong bai bdo nay, ching téi dé xudt hai quy trinh s dung ham 16i dé xdy dung mét sé bt dcfng
thiec quen thudc ¢ bdc trung hoc phé théng. Trong dé, quy trinh thir nhat la ky thudt xdy du"ng cdc bat
dang thike tiv ham hoi va quy trinh thir hai la ky thudt xdy dung cdc bdt dang thire véi cdc diéu kién
phuwong trinh, voi hai ky thudt nay ching ta co thé tw sang tao ra mét hé thong bai tdp phong phii va da
dang vé chii dé nay. Hon nita, théng qua viéc hiéu dwoc hai quy trinh sdng tao cdc dang todn bat ding
thirc s€ gitip cho nguoi gido vién dinh huong phwong phdp giai cho hoc sinh hiéu qua hon, tir do c6 duwoc
phirong phép day hoc tot hon vé chii dé nay nham ning cao chdt hrong ddo tao..

Tir khéa: Bdt dang thite, ham 16i, quy trinh.
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Abstract

In this paper, we propose two processes using convex functions to build some familiar inequalities in
high schools. The first process is the technique of building inequalities from the convex function, while the
second one is building inequalities with equation conditions. There can possibly be plenty and diverse
system of exercises created on this topic with these two techniques. Moreover, adequate understanding
these two creative mathematical processes will help teachers orient the solution method for students more
effectively, thereby helping them to have a better teaching method about this topic, and improve training
quality.
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Chuyén san Khoa hoc Tw nhién

1. Giéi thiéu

Bét dang thirc va bai toan cuc tri ctia biéu thirc
1a mot trong nhiing ndi dung quan trong va clng
thudc vao cac chi dé& khé thuong xudt hién trong
céc dé thi hoc sinh gioi cac cap, ma thong qua viée
day hoc chu dé nay c6 thé giup hoc sinh hinh thanh
va phat trién nang luc toan hoc, nham thuc hién
muc tiéu ciia Chuong trinh Gido duc phd thong
mon Toan nim 2018. Dé giai cac dang toan nay,
nguoi hoc thuong phai ding nhiéu phuong phap va
ki thudt phtic tap dé phan tich tim 101 giai bai toan,
nhung cac phuong phéap va ki thuét gidi nay thuong
doi hoi sy tu duy cao. Vi tinh quan trong cta bat
dang thirc trong chuong trinh mén Toén & bac phd
thong, nhiéu tac gia dd dé xuat, nghién ciru nhiéu
phuong phap, k¥ thuat ching minh cling nhu xay
dung (sang tao) cic bat dang thirc (Ping Thanh
Nam, 2018; Nguyén Ngoc Pirc va Nguyén Thi
Minh Hué, 2015; Nguyén Thai Hoe, 2009; Nguyén
Vii Luong va Nguyén Ngoc Thing, 2018; Pham
Kim Hung, 2006; Tran Phuong, 2009; V5 Québc Ba
Cén va Tran Qubc Anh, 2018). Trong céc bat dang
thirc thi bat ddng thirc Jensen 1a mot loai bat déng
thirc dic trung cho tinh 16i ciia ham s dung dé
chtrng minh mot s6 bat dang co ban va mot s bai
toan vé bit ding thirc trong cac ky thi Toan hoc
Qudc gia va Qudc té. Xuat phat tir bat dang thirc
Jensen, ching t6i dé xuat hai quy trinh sir dung mot
s6 ham 16i dé xdy dung cac bat ding thirc quen
thugc. Twr d6, chiing ta co the tu sang tao ra cac bat
dang thirc theo mong mudn ciia minh tir cac ham
16i khac nhau tao ra mot hé théng bai tap phong
phu va da dang.

2. Xay dung mt s6 bat ding thirc tir ham 16i

Trong muc nay, ching t6i nhic lai khai niém
va mot sd tinh chit co ban ciia ham 16i trén R ciing
nhu gidi thiéu mot sé ham 16i quen thudc. Sau do,
ching t6i sir dung bat dang thirc Jensen cho cac
ham 161 nay dé xay dung mot sé bat dang thirc quen
thudc. Tir d6, chung t6i dé xuat mot quy trinh xay
dung bai toan bit dang thirc quen thudc va mot quy
trinh xay dung bat ding thirc chira diéu kién 14 cac
phuong trinh.

2.1. HAm 16i va tinh chit co ban ciia ham 16i

Pinh nghia 1 (Lé Diing Muu va Nguyén Vin
Hién, 2009, Pinh nghia 8.1). Gia sit | la mot
khoang trong R. Ham sé f: 1 — R duoc goi 1a ham
16i trén khoang | néu v&i moi x4, x, € I, Véi moi
A €[0,1],taco
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fQxy + (1= Dxz) < Af (xq) + (1 = Df (x2).
Bang quy nap toan hoc, ta ¢é thé chimg minh duoc
rang £(x) 1a ham 16i trén | khi va chi khi voi moi
s6 ty nhién n, moi xq,Xy,..,%, €I va cac sb
A =0v6ii= 1, ..,nsaocho Y-, A; = 1, ta co:

fQQaxy + Aaxz + o+ Apxy)

SAf(e) + 221 (x2) + -+ A f (x). - (1.1)

Bit dang thuc (1.1) duoc st dung dé dinh
nghia ham 16i dugc goi 1a bt dang thic Jensen, bat
dang thirc nay dugc xem 1a mot cong cu hidu qua
trong viéc chimg minh bat dang thic. Tuy nhién,
dé kiém tra mot ham s6 cho trudc co phai ham 16i
hay khong thong qua bat dang thirc Jensen doi khi
kha khé khan. DPinh ly sau (L& Diing Muu va
Nguyén Vian Hién, 2009) cho ta diéu kién du dé
mot ham s 13 ham 16i théng qua dao ham cép hai
ctia ham s6 do.

Pinh Iy 1 (Pic trung cua ham 16i théng qua
dao ham cép 2). Cho f la ham sé xac dinh trén
(a,b) va c6 dao ham cip hai tai moi x € (a, b).
Néu f"(x) > 0 v6i moi x € (a, b) thi f 12 ham 15
trén (a, b).

Vi du 1. Cac ham s6 sau 1a ham 16i trén cac
tdp tuong Ung:

i. f(x) = e* 1a ham 16i trén (—oo, +00).
ii. £(x) = x? 12 ham 15i trén (—oo, +0).
i, £(x) = - 1a ham 15 trén (0, +20).

Trong phan tiép theo, chung toi sir dung bét
dang thuc Jensen cua cac ham 10i trén dua ra mot
quy trinh xdy dung mdt s6 bat dang thic quen
thudc chang han nhu bat dz“mg thirc Cauchy, bat
dang thirc Bunhiacopxki, bat dang thac Sacno, bat
dang thuc Young, bat dang thuc gitta trung binh
cong va trung binh diéu hoa.

2.2. Xay dung mdt sé bat ding thic
thwong gap

2.2.1. Quy trinh xdy dung cdc bdt dang thirc
tir cdc ham 16i

~ Chung t6i dé xuét quy trinh xdy dung cac bat
dang thure tr cac ham 101 nhu sau:

Bude 1: Lay trude mot ham 16i trén tap | nao
do va viét dang bat dang thic Jensen cho ham
SO f(x).

Budc 2: Chon mdt bd A; va cac gia tri x;
tuong ung. Thay cdc bo nay vao bat dang thuc
Jensen twong ung vai f(x).
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Budc 3: Thuc hién cac phép bién ddi twong
duong cac bat dang thuc dé thu duoc mot bat dang
thirc don gian hon.

Chung t6i bat diu bang viéc xdy dung bat
dang thirc Cauchy, day 1a bat ding thirc co ban va
quen thudc voi hau hét hoc sinh. Trong cac ki thi
tuyen sinh vao 16p 10, ki thi Trung hoc phd thong
Quéc gia va mot sé ki thi hoc sinh gioi cac cap co
nhitng bai toan tim gia tri 16n nhét, gia tri nho nhit
ctia ham s6, chirg minh bat dang thirc... bang cach
ap dung bat dang thic Cauchy.

2.2.2. Xay dung bdt dang thirc Cauchy va mét
s6 dang ap dung cua bat dang thirc Cauchy thong
qua ham 19i f(x) = e*

Xét ham s6 16 f(x) = e* trén x € (—oo, +0).
Bat dang thac Jensen cua f(x) trong trudng hop
n = 2 dugce viét nhu sau:

et¥ithaXs < ) e¥1 4 ) e%2,

x 1
Lay A4, =4, = > ta duogc:
X1+x,  e¥1 4 e*2
e 2 <———
2

biéu nay tuong duong voi
e*1+e*2

(ex1+x2)% < .

(1.2)

bat a, = e*t,a, =e*2. Khi d6, bdi tinh
dwong ctia ham e*, ta ¢6 a,,a, >0. Hon nita, bat
déang thirc (1.2) trd thanh

1 a,+a
(@,82)2 < ———

Diéu nay c6 nghia la

a,+a;

a,a, < (1.3)

Bét dang thuc (1.3) dugc goi 1a bat dang thic
Cauchy cho hai s6 duong. Véi truong hop
a,=a,=0 thi bat dang thic hién nhién dang.
Bang cach tuong ty cho truong hop n va cac bo A
khéc nhau, ta s& c6 cac dang bat dang thirc Cauchy
cho bd n s6 ciing nhu cac dang twong tu bat ding
thirc Cauchy va c6 thé dugc suy ra tir bat déng thirc
Cauchy nhu sau:

. V(V)’l n=3,/’{1=12=13=§ Vé. a, =
e*1,a, = e*2,a; = e*3, ta co:
fQuxy + A2x5 + A3x3)
S A f () + A2 (x2) + A3 (x3)

XitXo+xs  e*1 4 e*z 4 e¥3
3

S e

3
1 e’ 4 e¥2 +e¥s
= (exl+x2+X3)§ S

1 a+a,+a
= 1 2 3
= (a1a2a3)3 <—

a, +a; +as

o 3ajaa; < 3

. ; 1
¢ V6i n bat ky, 4, =4 ==4== va
n

n
a; =e*t,a, =e*2, ..., a, = e*nr taco:

f(Aaxg + Apx5 + -+ Apxy)
S A f(xg) + A2f () + -+ A f (x)

Xitxpttxn ¥l 4 e¥*2 4 .o e¥n
S e n

n
1 et te*24 . te¥n
= (ex1+x2+~~~+xn)ﬁ S

a1+a2+"'+an

& (a1ay ...ap)n <
n

a1+a2+"'+an
n
e Yaqa; ...a, < .

n
- 1
. Véi n=2020,4; = ——,1, =
, 2020 1010.2021
—_— .1 =——— a a; =eXi>
1010.2021° "’ 72021 ™ 1910.2021 {

0vi =1...2020, ta c6:

fQAyxy + A2%5 + - + A2020%2020)
S Aif(xq) + Af (x2) + - + Az020f (X2020)

o ex1+f§;r();:32€iozo < eX14+e%X2 4...4+%2020
11010.2021
PEN e(x1+x2+...+x2020)1010.2021
e*1 4 eX2 4 ... 4 %2020
= L 1010.2021
2020)1010.202T
a; +a; + -+ azozo
- 1010.2021

aq + a; + -+ A2020
1010.2021
(=1 i/ aA14y ...Az020 <

1010.2021

Nhu vay, véi viée thay ddi cac bo sd A; va cac
cach dit a;, ching toi di xay dyng dwoc mot sb
truong hop khac cua bat ding thic Cauchy. Téng
quat, bang cach tiép can nay nhung thay ham
f(x) = e* boi cac ham 16i khac, chung t6i s& thu
duoc nhiéu dang bat dang thic quen thudc. Sau
day, chung t6i trinh bay cach xay dung mot s6 bét
dang thirc théng qua ham 16i f(x) = %

s (aqa;y ...

2.2.3. Xay dung duoc mgt s6 bat dang thirc
gizra trung binh céng va trung binh diéu hoa théng
qua ham léi f(x) = %
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Xét ham s 18 f(x) =2 trén x € (0, +00). -_ 3 Sl(l 1 i)
Bat dang thtc Jensen ciia f(x) trong truong hop Xy + Xy + X3 ? X1 Xz X3

n = 2 duogc vict nhu sau: et T7°< §(x1 + %, + x3)

1 1 1 —+ =+
— <AL —+ 1 — X1 Xz X3
Axq + Axx, X1 Xy 1 1 1
, 1 @9<(x1+x2+X3)( +_+ )
Lay A, =4, = > ta duogc: X1 X2 X3
2 _1 1 sVin=3,A ==,1, =24 =2 tacé:
X1 + X2 - le 2x2. f(Alxl + lzXZ + Agxg) f(xl) +
Hay —— < = (x; + %,). Aaf (x2) + A3f (x3)
rrar @f<x1+2x2+3x3)<1 (x)+ f(x)+ f(x)
bay la lgét dang thirc gitra trung binh cong va _16 ! ’ ’
trung binh diéu hoa. s Trren Sg( L2 )
Diéu nay tuong duong vai X1 aXp T 343 1 X2
4S(x1+x2)<i+i). <:>_1—+2+3_6(x1+2xZ+3X3)
X1 X2 X1 X2 X3
; 1 2 ) 1 2 3
*Véin=2,1 =2, = taco: © 36 < (xg +2x, + 3x3)< +—+—).
3 3 X1 X2 X3
< . .
f(Alx.I)C:_-l_AZZJ;ZZ) = Aff(xl) + %2f(x2) . Véi n=23 va Al — - +Zl+a ;AZ —
o F(B572) S 3£ +5 £ @ o a
3 1/1 2 ataztay’ T atagtas’
= v + 2x = § (x_ x_> fQAuxy + A, + A3x3) < A f (x1) + Aof (x2) + A3f (x3)
' ’ ' ’ c)f( % X, + 2 Xy + ! x )
ST _3(x1+2x2) ata,tay; !t g tatay g taytag
= 1
xtx, S T ata (a1f(x1) + ayf(x;) + af(x3))
1 2 1 2 3
@9S(x1+2x2)(_+_> PN a +a; +as < 1 (ﬂ+%+%)
X1 X2 X1+ Xy, +azx3 ~ ag+ta,taz\x; X, X3
Iy 1 k .. a+a, +a
0V0|n=2’/11=m,/12=m,ta00. (:)a_i a_§+a_zsa1+a2+a3(aflx1+a2x2+a3x3)
f(Aixg + Axx5) < /11f(x1) + lzf(xz) ot % O A as
o+ kx S (g + a; + a3)? < (ayx; + azx, + azxs) (x— + P + x_)
1 2 1 2 3
f( k+1 ) k + 1f( *) + k + 1f(x2) Véi viée thay d6i cac bo sb A; va cac cach dat
N k+1 < 1 (i k ) a,, ching t6i da xay dung dugc mot s6 bat dang
in + ’Ixz B k1+ 1\ x; thirc giira trung binh cong va trung binh diéu hoa.
© 3 + - < - (x, + kxy) 2.2.4. Xay dung bdt dang thirc Bunhiacopxki
P, +1 va bat dang thirc Sacno thong qua ham 1oi
1 X2 . ¢ e
ot 1)< ( +k)<1+k) Xét ham s6 f(x)=x* trén R. Bat dang thuc
X x) [—+—). o .,
- 2\x; " xy Jensen cua f(x) voi n bat ki dugc viét nhu sau:
*\Voin=3,1; =2, =1; = %, ta co: (Mg + Apxp + o+ Apxy)?

S X2 4 205 + -+ A2,
fQyxg + A2x5 + A3x3) < Ay f (x1) + A1 () + b2 b3

X1+Xo+Xx 1 1 A —
Asf (x3) @f( 3 3) S +3/0) + Ly = oy 2 = gy

2
3f () = bn
b? 4+ b% + -+ b2
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ta duoc:
b1 b2 b2 2
™ 1b]2 L+ ™ 1b]2x2+ = bZ
b2 22,
Jj= 1b12x1+ L Jj= 1b]2

Diéu nay tuong duong voi
2
1
(711)]22 1b2xj) SWZ?=1b]-2xj2. (14)

bat x; = ﬁ voi j =1..n. Khi d6, bdi tinh
J

duong ctia ham x*, ta ¢6 a,b >0 trong do6
i = 1..n. Hon nira, bat dang thtc (1.4) tré thanh

2
i
n bzzbz = n b22b

J=1% =3 j=1% =

N|‘~ N

Bét dang thirc twong dwong véi

2
n n

n 2/ 4ibj
iz b 4

j=1 11]]

hay(ZJ 1a]b) <X 1b221 1 ]2
Diéu nay c6 nghia la

(a;by + azby + -+ ayby)?

<(af+aé+--+a2)(b?+bi+--+b}).(15)

Bét dang thirc (1.5) duoc goi 1a bat dang thuc
Bunhiacopxki trong chuong trinh toan hoc phd
thong. Bing cach twong tw, nhung cho truong hop
cac bo A khac nhau, ta s& c6 cac dang bat déng thirc
Sacno va c6 thé duoc suy ra tir bat dang thuc
Bunhiacopxki nhu sau:

ag _a an

¢ Vo x;=—,x,==2,..,X, == Va
1 b1’ 2 bz' rin by,
b; b b
A =t A - 72 /1 - _n__
! z:?:1 bj 2 z:§‘l=1 bj P ?:1 bJ',
ta co:

fAaxg + Apx; + -+ Ayxy)
S A f () + A2 (x2) + -+ A f (x)
& (A1x1 + Ayxy oo Apxy)?
< x4+ x5 + 0+ Apx2
2
ab a,b a,b
PN < 1nl + Zn 2 + . nn )
by Y1 by b Xy by b 2=
a%bl a%bz arzlbn

< + o
bi j=1bj b3 j=1Dbj bz ~1bj

2
n
1
s Y] =
Jj=1 ]j=1

2
n .
( jzlaj) < §yn a_
by S 21

1 ia_}
Yo

—~ N

hay
(1.6)

by+by+:+by = by + b, ot by’

2.3. X4y dung bai toan bat ding thirc cé

diéu kién

~ Trong nhiéu truong hop, cic bai toan bat
dang thac c6 thé xuat hién thém cac diéu kién cua
cac bien nhu ab+ac+bc=abc,a+b=
ab,a+b+c+d=1.. Trong myc ndy, ching
t61 d& xudt quy trinh x4y dung cic bat ding thirc
véi cac diéu kién nay tur cac ham 161 & trén va mot
sO vi du minh hoa.

~ 2.3.1. Quy trinh xdy dung cac bai todn bdt
dang thuee tir cac diéu kién phuong trinh

Budc 1: Bién dbi diéu kién vé dang can thiét.

Budc 2: Liy mot ham 16i va viét bat dang
thirc Jensen cua nd vdi 4; hodc cac b x; tuong Ung
v61 diéu kién bai toan.

Bude 3:qBién ddi twong dwong dé thu duoc
bai toan bat dang thuc don gian.

2.3.2. Xdy dwng bdt dang thirc véi diéu kién
a+b=ab déi voi ham 16i f(x) =, f(x) = x2
va f(x) =e*

Xét didu ki¢n a + b = ab trong d6 a, b la hai
s0 thuc duong. Dicu kién nay tuong duong voi

1 N 1 1
a b

Ta théy, bo %,% théa mén co6 diéu kién cua bd
A; trong céac bz:it dang thirc Jensen. Do do, ta c6 thé
ap dung bat dang thac Jensen cua cadc ham 16i cho
bo A c6 dang nay dé dugc nhitng bat dang thic
khac nhau. Chang han nhu:

+ BOi voi ham sb 18i f(x) = — trén (0, +co),

bat dang thurc Jensen cua f(x) véi bo A, = %,AZ =
1 ,
~ ta co:
b
1 11 11
TS T (L.7)

X1 X2
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(i) Ta chon b0 x; = b,x, = a. Khi do, bét
dang thue (L7) trd thanh

1

2
S—b.
n a

Sa RS
Qs

Diéu nay tuong duong vai
a, by ab

PR (1.8)

Vay ta ¢ bai toan bat dang thirc sau:

Bai toan 1. Cho a, b 12 hai s6 dwong thoa mén
a + b = ab. Chimg minh rang; % + Z = %.

Bai toan (1) la mot bét dang thirc quen thudc
trong chuong trinh Toan hoc phd théng. Bay gio,
neu ta chon bd X, X, khac di, thi ta thu dugc mot
bat dang thirc khac nhu sau:

(i) Ly x; = a,x, = b, tir (L7) ta co:
11,1
2~ a? b2

Vay ta c6 bai toan bat dang thirc sau:

(1.9)

Bai toan 2. Cho a, b 14 hai s6 dwong thda mén

; hrdne 4+ L >1

a + b = ab. Ching minh rang: Pl
Nhu vay, véi viée thay doi céch dat x; va cach
lam tuwong tu, chung toi c6 thé xay dung thém
nhiéu dang bat dang thirc khac. Tong quat, bang
cach tiép can nay nhung thay ham f(x) =% baoi
céc ham 16i khac, chiing t6i s& thu dugc nhiu dang
bat dang thic khac nhau. Vi du sau day trinh bay
cach xay dyng mét so bat dang thirc théng qua ham

16i f(x) = x? vavéi dicukiéna + b = ab.
Xét ham sé f(x) = x? trén R. Bit dang thirc
Jensen cua f(X) v6ibo 4; 1a %,% dugc viét nhu sau:
<1 L1 )2 12,1,
ax1 be < ax1 bxz.

Diéu nay tuong duong voi

(bx; + ax,)? < (ab)? (3% +3x%). (1.10)

it x; =, %, = - Khi do, boi tinh dwong
ciia ham f(x) = x2, ta ¢c6 a,b>0. Hon nira, bat
dang thirc (1.10) trd thanh
4<a+h.
Vay ta ¢ bai toan bat déng thirc sau:
Bai toan 3. Cho a,b 14 hai s6 duong thoa
mén a + b = ab. Chung minh rang: a + b = 4.
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V6i ham s f(x) = e* trén (—oo, +00), bat
dang thirc Jensen cua f(x) cho bd %% duogc viét
nhu sau:

1+ 1 1
ea* 112 < —eMt e, (1.11)
Pit x, =Inx*,x,=Iny". Khi d6, bt ding
thirc (1.11) trd thanh

1 a1
ea o L Tone
a b

Diéu nay twong duong véi

eIn(xy) Slealnx +leblny.
a b
Diéu nay co6 nghia la
x@ yb
xy < —+—.
y a b

Viy ta c6 bai toan sau:

Bai todn 4. Choa > 1,b > 1 14 céc sb thuc va

x,y la cac so6 thuc khdng &m thoa médn a + b = ab.
N a b

Chiing minh rang: xy < % + y?

Bai toan (4) 1a bat dang thirc Young.

V6i céch tiép can nay nhung thay diéu kién
a+b= qb boi diéy kiﬂén khac, chuing té@ s& thu
duoc nhieu dang bat dang thuc khac. Chang han
vs’yi diéu kién ab + ac + bc = abc véi a, b, ¢ 1a ba
s0 duong, ta co:

1 1 1
ab+ac+bc=abces—+-+-—=1.
a b c

Nhu vay bd i,%,% cling thoa mén cac diéu
kién cua bg 4; trong bét’dér}g thire Jensen. Do do,
ta co thé xay dung céac bat dang thtc thong qua céac
ham 18i tir bd A; nay. Sau day trinh bay cach xay
dung mot s6 bat dang thac thdng qua ham 16i
f(x) = < va vei didu Kién ab + ac + be = abc.

2.3.3. Xay dung bdt dang thirc véi diéu kién
ab + ac + bc = abc d@si véi ham 16i f(x) = i

Xét ham sb f(x) =~ trén (0, +o0). Bét dng

, , 1A 1 1
thirc Jensen ciia f(X) v6i bo A, = ;,/12 = 5,13 =

1 e
- duoc viét nhu sau:
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1 1 1 1
X X '
a b c

(1.12)

bit x; = b,x, = ¢, x3 = a. Khi d6, bt déng
thirc (1.12) tré thanh
1 1 1 1

b ~ab bc ac

C a
atpte
Diéu nay c6 nghia 1a

(1+1+1><b+c+a>>1
ab bc ac/\a b ¢/ 7

Viy ta c6 bai toan bat dang thirc sau:

Bai toan 5. Cho a, b, ¢ la céc s6 dwong thoa méan
dieu kién ab + ac + bc = abc. Ching minh rang:

<1+1+1><b+c+a>>1
ab bc ac/\a b ¢/

V6i vige thay doi cach dit x; va cach lam
tuong tu, chung t6i ¢6 thé xdy dung thém nhiéu
dang bat dang thie khac. Pac biét, bang cach tiép
can nay nhung thay ham f(x) = = boi cac ham 1i
khac, ching t6i s& thu duogc nhicu dang bat dang
thirc khac nhau. Sau day trinh bay cach xay dung
mot s6 bat dang thirc théng qua ham 16i (x) = X2
va vai diéu kién ab + ac + bc = abc.

2.3.4. Xay dung bat dang thirc véi diéu kién
ab + ac + bc = abc doi véi ham 16i (x) =X

Xét ham s6 f(x)=x? trén R. Bat dang thirc
1 1 1

Jensen cua f(X) vdi bo A, = E,/lz =;,/’l3 ==
dugce viét nhu sau:

(1 +1 +1 )2<1 2+1 2+1 )
JXt T oxg) Soxi g oG
Diéu nay tuong duong vai

(bcx; + acx, + abx3)?
< (abo)? (3xF +1x% +2x%).  (113)
—_— a 1 b 2 c 3 . .

g 1 1 1 C i 1A
bat x, =X = X3 = Khi 4o, bat

dang thuc (1.13) tré thanh

32 <ab <1+j1+ 1)
abc|{—+—+—|.
- bc ac ab

Diéu nay c6 nghia l1a
9<a+b+ec.

Viy ta c6 bai toan bét ddng thuc sau:

Bai toan 6. Cho a, b, ¢ la céc s6 duong thda méan
dieu kién ab + ac + bc = abc. Chung minh rang:

9<a+b+c.

Tat nhién, chiing t6i hoan toan c6 thé xét cac
ham 16i khic nhu f(x) = e* d€ c6 dugc cac bat
dang thuc tuong Ung. Bay gio, ching t6i xét mot
cach khai thac cac di€u kién khac, thay vi cho b
A;, cac di€u kién duoc bién doi tuong tng voi cac
bd x; d€ dat dugc cac bat dang thirc co do phuc tap
16n hon. Vi du sau, trinh bay viéc xay dung bat
dang thtrc voi cach ti€p can nay.

Vi du 2. Cho a,b,c,d la bbn s6 thyc duong
thoamdna+b+c+d=1.

7 2 A _ X ~ A
q Xét ham 161 f(x) = N t,ren (0,2). Bat
dang thirc Jensen cua f(X) dugc viét nhu sau:
fAixy + Ayxy + A3xs + A4xy)
< Mf () + A2f (x2) + A3f (x3) + Aaf (x4).

Bay gio, thay vi chon A; tuwong Gng Vvoi
a, b, c,d nhu trong cac vi du trén, chung t6i c6 thé
thay d6i cach ti€p cén bang viéc dat x; = a,x, =
bxs=cx,=d VA Ay =1, = A5 =,14=i. Khi

do ta co:

F@)+ £ ) + £ + (@) 2 4 (LD
LS S SR
Vi-a V1-b V1-c¢ V1-d 4

a b c d 2V3

CVi-a Viob Vi-c vi-d 3
Vay ta c6 bai toan sau:

Bai todn 7. Cho a, b, ¢, d 1a bon s6 thyc duong
thcaména + b + ¢ + d = 1. Ching minh rang:

a 4 b 4 c N d - 2v3

Vi—a V1-b Vi-c¢ Vi-d 3

Vi du sau trinh bay viéc xay dung bat dang

thire voi diéu kién ~ + % +- =4 voi x,y,7 la cic

s6 duong.
Vi du 3. Cho x, y, z 1a cac s6 duong thoa man
Ttoto=4
Xét ham s6 f(x) = = trén (0, +co). Bét dang
thirc Jensen cua f(x) véi diéu kién % + % +§ =4

trong truong hop n = 3 duogc viét nhu sau:
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! < 1+l 1+l 1
Mag + a, +Aza3 = tay Za, as

Tacéh

ililicse il log

x y z 4x 4y 4z

lin lwot biang bo ba
/12=A3:

Thay (alr a2; a3)

£ 2

(0, y,2); 0,%,2); (z,x,Y). Lay 44 =7,
%, ta duoc ba bat déng thirc

1 1 /2 1 1

iz =16 2+ 5t ) (1.14)
1 1 1 2 1

provtp G+ v ) (1.15)
1 1 1 1 2

preaTS =G 5t ) (1.16)

~ Cong ba bat dang thirc (1.14), (1.15) va (1.16)
vé theo Ve, ta duogc
1 1 1

- +
2x+y+z x+2y+z x+y+2z
1 <4+4+4)
_16 y z/
Diéu nay co6 nghia la
1 1 1
+ + <
2x+y+z x+2y+z x+y+2z
Viy ta c6 bai toan sau:

Bai toan 8. Cho x,y,z 1a cac sd dwong thoa
min=+=+2=14. Chimg minh rang;

X y z

1 1 1
+ + <
2x+y+z x+2y+z x+y+2z

bay la bai toan bt dang thic trong ’dzé thi
Tuyén sinh Dai hoc nam hoc 2004-2005, Khoi A.

3. Két luan

Yiécqsfr dung ham 16i co thé xay glung dgqc
cac bat dang thirc quen thudc va v6 so bat dang
thirc khac c6 trong cac dé thi hoc sinh gioi cac cap,
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viéc xdy dung nén 2 quy trinh nay s& hf)q tro' cho

nguoi day trong vige sang tao ra cac bat dang thirc

mdi, dong thoi dinh hudng duge phuong phap giai

thong qua viéc xay dung do. Ngoai ra, chung to1

nhan thdy ciing c6 thé xdy dung cic bat dang thirc
theo mot ky thuat khac tir cac cap ham 16i lién hop,
déy 1a mot y tuong ma can ti€p tuc nghién ctru veé
viéc sang tao bat dang thuec.
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