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ABSTRACT: We consider a periodic boundary value problem for a
nonclassical diffusion equation lacking instantaneous damping with hereditary

memory u, —Au, — J‘: K($)Au(t—s)ds+k, |u lu=g.

The main feature of the model is that the equation does not contain a term of
the form -Au, which contributes to an instantaneous damping. Setting the
problem in the history framework, we prove that the global attractor generated
by the above-mentioned nonclassical diffusion equation is finite dimensional.

Keywords: Non-classical diffusion equation; lacking instantaneous damping;
memory; global attractor; fractal dimension.

SO CHIEU HOU HAN CUA TAP HUT TOAN CUC CHO PHUONG TRINH KHUECH TAN
KHONG CO DIEN KHUYET SO HANG TAT DAN TGC THGI VA CHUA NHG

TOM TAT: Trong bai bao ndy, chung t6i xét bai toan gia tri bién tudn hoan
cho phuong trinh khuéch tan khong c6 dién khuyét s6 hang tat dan va chira
nhd u, — Ay, —J.: K(s)Au(t—s)ds+k, |ul”" u=g. Dac diém dang chu y cua mo hinh
1a phuong trinh khong chira s6 hang c6 dang -Au, gop phan tao ra sy tat dan
tirc thoi. Xét bai toan trong trudng hgp mé hinh chiu sy anh hudng cia cac yéu
t6 trong qua khir, chung t6i ching minh rang tip hut toan cuc sinh ra boi
phuong trinh khuéch tan khong ¢ dién néu trén 1a hitu han chiéu fractal.
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Tw khéa: Phuong trinh khuéch tan khong ¢ dién; sb hang tat dan tic thoi;
nhd; tap hut toan cuc; s6 chiéu fractal.

1. Introduction

The study of the asymptotic behavior of dynamical systems arising from
mechanics and physics is a capital issue, as it is essential, for practical
applications, to be able to understand and even predict the long-time behavior
of the solutions of such systems. One way to attack the problem for a
dissipative dynamical system is to consider its global attractor. This is a
compact invariant set, which contains much information about the long-time
behavior of solutions.

The main goal of this paper is to discuss the asymptotic behavior of the
solutions for the following autonomous equation

u, —Au, —J:O K (s)Au(t—s)ds+ky |u "™ u=g(x) (1)

with the damping coefficient &, >0, 2 < p <5, and the initial data

u(x,0)=u,(x), xeR"t<0,

u(x,t)=u(x+Le,t), xeR"teRi=12...,n,
where ¢, ={0,...,0,1,0,...,0} and L is a positive constant.

2. Literature review, theoretical framework and methodology

The nonclassical diffusion equation was introduced by E.C. Aifantis
[1] as a model to describe physical phenomena, such as non-Newtonian flows,
soil mechanics and heat conduction theory. In the case of the nonclassical
diffusion equation containing viscoelasticity of the conductive medium, that is
to say, we add a fading memory term to this equation,

u, —Au, — Au— J:G K(S)Au(t—s)ds+ f(u) =g.

The conduction of energy is not only affected by present external forces
but also by historic external forces. The existence and asymptotic behavior of
solutions to nonclassical diffusion equations with memory has been studied
for both autonomous case (see [2, 3, 5, 6]) and non-autonomous case (see [3,
8]) where the memory term satisfies the conditions

K(s) = [ p(rydr, g (s)+ du(s) < 0; (2)

114 | TRUONG PAI HOC HAI PHONG



or only requires conditions much weaker than (2) «(s)<u(s), which can
be equivalently expressed in the form
w(o+s)< Me ™ u(s). 3)

In particular, V. Pata et al [6] considered the nonclassical diffusion
equation with memory lacking instantaneous damping

u, —Au, — J.: K(s)Au(t—s)ds+ f(u)=g.

Under assumption on the memory kernel as in (2), and the nonlinearity
s fulfills the growth restriction

| f) = fO) [k, lu—v|Q+|ul* +|v[*)  for some k, >0,

they proved the existence of global attractors and their regularity. Besides,
they pointed out that the whole dissipation is contributed by the convolution
term only. Then, the weaker condition (3) no longer suffices to ensure energy
decay. In this paper, by the fractal dimension theorem given by A.O. Celebi et
al [4], we prove that the fractal dimension of the global attractor for the

problem is finite. Now, denote Q=] [(0;L) and the spaces

i=1

‘per

2 (Q)= {u & [(Q): |, udv=0,u is periodic in x with period L},

H(Q) = {u & H*(Q): [ udx=0,u is periodic in x with period L},

per

(. and Il -l are inner product and norm of £’_(Q) along with (,), and Il -,

‘per

are inner product and norm of /(). To study the problem (1), we assume

per
that the external force g and the memory kernel ~ satisfy the following
conditions [H1] The time-independent external force gel’(Q).

[H2] The memory kernel - is a nonnegative summable function (we take it
of unitary mass) of the form «(s)= f u(r)dr,where peL(R") is a decreasing

(hence nonnegative) piecewise absolutely continuous function such that
1 (s)+u(s)<0,for some 6>0 and almost every s>0. In particular, these

assumptions imply that «(0)= _[: 4(s)ds < oo, and p(0) <o,namely, 4 can be

continuously extended to the origin.
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To avoid the presence of unnecessary constants, from now on we assume
x(0) =1 which can be always obtained by rescaling the memory kernel.

To this aim, following C.M. Dafermos [7], we consider a new variable
reflecting the history of (1) which is introduced, that is to be,

n'(x,s)=n(x,t,s)= J:u(x, t—r)dr, s>0, then we can  check  that
o (x,8)=u(x,t)-0.7'(x,s),s20. Since u(s)=-«'(s), problem (1) can be
transformed into the following system

u,—Au, — J:O U(OAR (x,8)ds +k, |u|"" u=g(x),xeR",teR,

o' (x,s)=-0.n" (x,s)+u(x,1),xeR"t>7,5>0,

u(x,t)=u(x+L,t),xe R",t <0,

n'(x,s)=n"(x+L,s),xeR",seR", <0,
u(x,0)=u,(x),xeR",

(4)

7°(x,8) =1,(x,5) = j:uo(x,—r)dr,x eR" seR".

Denote z(f)=(u(t),n'), and z, = (u,,7,). We now define the history spaces
L (R*,H.(Q), which is the Hilbert space of functions ¢:R*— H/ (Q)

per

endowed with the inner product (¢,¢,) = j: 1(5)(@,(5),0,(5)) ds,and let I-Il_,

denote the corresponding norm. We now introduce the following Hilbert
spaces ‘H, = H, (Q)x L’ (R*, H! (Q)),i=1,2.

per per

rou

The paper is organized as follows. In Section 1, we introduce the notation
along with some definitions and give some assumptions on the forcing term g
as well as the memory kernel «() (or u()). Section 2 is devoted to showing the

finiteness of the fractal dimension of the global attractor by using the fractal
dimension theorem given by A.O. Celebi et al [4]. The last section is the
conclusion.

3. Finite Dimensionality of the Global Attractor

First, we recall the definition of the weak solution of problem (1) as well
as the theorem about the existence of a global attractor of the problem. By an
application of a Galerkin scheme, we can get the existence and uniqueness of
local solutions to the problem (4) as follows.
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Theorem 3.1. Assume that hypotheses (HI)-(H2) hold. Then for any
z, = (uy,1,) € H,, the problem (4) has a unique solution z = (u,7") on the interval
[0;T] satistying zeC([0,T];H,) for all T>0. Furthermore, if z,e™H,, then the
problem (4) has a unique solution z = (u,7"), it satisfies that zeC([0,T];H,) for
all T7>0.

From [8], we have the existence of global attractors A .

Theorem 3.2. [8] Assume that conditions (HI)-(H2) hold. The
semigroup {S(#)},, generated by (4) has a global attractor A in H,.

We first give a lemma for describing the finite dimensionality of a set.
Lemma 3.3. [4, Theorem 3, p. 441]

Let B be a bounded set in Hilbert space X . The map V: B— X satisfies
that B<V(B), and

Vovy-rol<ilv-vl,, v,veB,B,
1o V(-0 V@I, <slv=vll, (5<1),
where Q, is the orthogonal projection of X onto the subspace X ,t , and

X, is spanned by the first N basis elements of X, that is, the first N

eigenfunctions of the problem
—AJx) = AP(x),  px+Le)=Px),i=123.n, [ P(x)dx=0. (5)

Then the fractal dimension of B satisfies where k is the Gaussian
constant.

Theorem 3.4. The fractal dimension of the global attractor A for the
semigroup {S(t)},., generated by (4) is finite.

Proof. To prove that for some ¢, >0, the operator S(#,) =V satisfies the

conditions of Lemma 2.3. Assume that
(u(x,0),7°(x,9)) = (1 (), 7, (x,9)), ((x, 00,77 (x,5)) = (v (x), 7 (%, 5)) € A
Theorem 3.2 implied that (u(x,7),7" (x,s)),(v(x,1),7""(x,s)) € A, where
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n"(x,s) = josu(x, t—7)dr, n"V(x,s)= J: v(x,t—7)dr. Putting W=U-V, then
n""(x,s)= J.OS wx,t—7)dr, and  (W(x,7),7""(x,s)) satisfies the equation
w, —Aw, —_[: 1()An"" (s)ds +k, (| ul’ " u—|v|P! v) =0. (6)

Multipying (6) by —Aw in £ (Q), we have

1 d tw * ’ tw
EE(" wilZ + 1 wl? +1 ||§)ﬂ)—j0 ()l g™ 1% ds )

+k, (| ulu—|v|P "y, —Aw) =0.

Since the global attractor A is bounded in A, (Q), that is,

max, o lul, max, o vl Bal3=lul?, o WviZ=lvi?, <M, (8)
where M is a constant.
Thus,
p-1 p-1 p-1 p-1
ko (lu "™ u=[v "™ v,—Aw) sko(p+1)jg(|u| +[v[7) [ wll Aw| dx
<k(p+DM,[ i Aw|dx ©)

SM(" Wi +1wl2) < M, wi? +1 wi?).

From (7) and (9), we get
d
E(Ilwllf+llwllj+llry II§!#)S2M2(IIWIIIZ+IIwllé) (10)

2 2 w2
<2M, (Nl +1wl2 0 02 ).

then Gronwall inequality implies that

w2 w02 0 12, (1w 12 1wy 02 0 13, ) &2 (11)
For some ¢ >0 we define / = ¢**>", the constant that we need in Lemma 3.3.
Next, taking the inner product of (6) in L_(Q) with ~AQ,w(x,1), we

commute the operator —A with the projection O, and get
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1 d i 2 o
EE(" VOWI +1 AQ I +]_p(s) I AQ 7™ (5) ) ds)

(12)
- jo‘” H($)WAQun"" () I ds+ky (|| u=| v " v,=AQw)=0.
As in (8) and (9), we have
ko (lu 1™ =] v ™ v, ~AQ, W) < ko (p + DM, Il VIl VO . (13)

By the Poincaré inequality, we have

1
I VO, pl< 4,2 1 AQ,1l, e Xz, where 1, is the N -th eigenvalue of the
periodic eigenvalue problem (5).
Thus,

1
M, VWil vowll <M, I Vwllll AQwil 4,2, (14)
1
<ML22,(Vw i +1 AQ wiI).
Putting (13) and (14) into (12) we have

1
%EQ ()=2[ #()1 Q™ ()13 ds <2M,A2 (1wl +1 Qwl?),

where E, () =I Qw2 +1 Qw2 +1 Q™ 17,

Next, we define the function @, (1) =E, () +vaA,,

where Ay(f) is defined in Lemma 3.2 in [8] (with (Qyw,0,77""(S)) in place
of (u,1'(s)) ) and we can see that % E (1) <@, (1) < 2E, (1) - D3 () —AOyw,,

(15)

then using similar arguments as in (2.7) in [8], one can deduce that
@l Qyw, 17 +1 Qyw, 13) <a® (41 Qun™ 13, +2k5 I Qywli). (16)

Summation of (15) and (16), we obtain

1
%@Q(t)_{zg_%—vj Q™" II;# +[V§—2M22N31J I o,wll

2 1
+(a2 _%j(ll o, ||12 +1ow, ||§)S M, A5 W||12 .
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1
va -
Choose v,a >0 small enough and N large enough that 7—2M A >0

and wusing (11), then there exists a constant 7,>0 such that

d - tw Mt
L 00)+ 70, () S2M A (0w IF 0w I3+ 7 13, )™ and  the  Gronwall

inequality implies that

1

2M, A2
O,(t) <D,(0)e + ﬂezMﬂ
2M2 + }/4

1
M, A% oMt
M, +y,

t

2 2 w2 st
< (W 17+ 0w 13+ 0y 03, ) e

1

2
2MZA’NH e2Mzt _e_74t )

2 2
so we have | Qyw, 15<@,(¢) <ll w, II; .
21774

1
2M, A2
Choose N and ¢, >0 such that Mo s g < 5 <1,
M, +y,
Therefore, for 1=1, we have S(¢,) satisfies the conditions of Lemma 3.3,

then the fractal dimension of the global attractor A satisfies that

8k 2
arF(A)gN1n(1_52 J/ln(l_ézj.

The proof is complete.
4. Conclusions

In this paper, we study the long-time behavior of the solution of
nonclassical diffusion equation lacking instantaneous damping with hereditary
memory. Using the methods proposed by Dafermos (1980) and the ideas of
V. Pata et al (2020), we improved the evaluation techniques, and proved the
existence of a fractal dimensional finite attractor. The result of this paper is a
development, complementing the results in [8].
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