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TOM TAT: Trong bai bio nay, ching t6i dé xuat mot thuat giai méi cho bai toan
can bang EP(C, f) v6i song ham cén bang s chi can yéu cau gia don diéu. Tai
mdi bude l3p, phuong phap cua ching t6i 1a sy két hop giita ky thuat bai toan phu
(duoc @& xuét boi Mastroeni) va phuong phap chiéu 1én ntra khong gian chta
mién rang budc C, con duge goi 1a phuong phap chibu dudi dao ham (dé xut
bai Censor). Cung véi viée sir dung tim kiém kiéu Amijo, trong chtimg minh su
hoi tu cua thudt toan cua chung toi khong can biét trudc hé sé Lipschitz cta song
ham £ . Bén canh d6, dinh 1y hoi tu cta thuit toan ciing duoc thiét 1ap va chimg
minh mét cach chi tiét trong bai béo.

Tir khoa: Bai toan can bang, Gia don diéu, K¥ thuat bai toan phy, Phuong
phap lap.
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A NEW PROJECTION ALGORITHM FOR SOLVING
PSEUDO-MONOTONE EQUILIBRIUM PROBLEMS

ABSTRACT: In this article, we introduced a new algorithm for solving
equilibrium problem EP(C, f)with equilibrium bifunctions £ that only
requires pseudo monotone. At each iteration, our method is the combination of
the auxiliary subproblem technique ( proposed by Mastroeni) and the half-
space projection method containing the constrain domain C, also known as the
sub-gradient projection method (suggested by Censor). By using Amijo
searching method when proving the convergence of our algorithm, we do not
need to know the Lipschitz coefficient of the bifunction in advance. Besides
that, the convergence theorem of the algorithm is also established and proven
in the paper in detail.

Key words: Equilibrium problem, Pseudo monotone, Auxiliary problem
technique, Iterative method.

1. Gi6i thiéu

Bai toan can bang duoc gidi thiéu 1an dau tién bai H. Nikaido va K. Isoda
trong cong trinh nghién ctru [1] vao ndm 1955. Sau d6 bai toan tiép tuc dugc
nghién ctru boi nhiu tac gia trong nude va trén thé gidi [7, 8, 9] va da thu duoc
rat nhiéu két qua sau sic. Cu thé bai toan cin bang duoc phat biéu nhu sau:

Cho C 1a mot tap con 16i, déng, khac rdng ctia khong gian R", # 1a song
ham tir CxC vao R thoa man f(x,x)=0 voimoi xeC.

Tim x" e C sao cho f(x, ¥)>0, VyeC. (1.1)

Tap C duoc goi la tap rang budc, f dugc goi la song ham gia. Bai toan
can bang véi tap rang budc Cva song ham gid s thudong duoc ky hiéu
EP(C, f)va tap nghiém duoc ky hi¢u 1a Soi(f, C).

Tuy bai toan cin bang (1) dugc phat biéu rat don gian nhung lai bao ham
dugc rat nhiéu 16p bai toan quan trong trudc d6 [10], nhu bai toan tdi wu, bai
toan bu, bai toan bat dang thirc bién phén, bai toan tim diém bat dong, bai toan
tim diém yén ngua, dac biét 1a bai toan tim diém can béng Nash trong trd choi
bat hop tac. Do dé viéc nghién ciru bai toan can bang khong nhiing c6 ¥ nghia
trong 1y thuyét ma con c6 ¥ nghia trong ca thuc tién. Cu thé 1a viéc tim 1o giai
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cho bai toan can bang suy ra 15i giai cho mot s6 16p bai toan lién quan. Diéu
nay ciing giai thich vi sao bai toan can bang ngay cang dugc nhiéu ngudi quan
tam nghién cuu.

Mot s6 khai niém dugce st dung trong nghién nay nhu tinh don di€u ctua
song ham, phép chiéu, nén phéap tuyén, dudi vi phan [11, 12].

Cho songham s :CxC _, R, khidd r duoc goila

Pon diéu trén C néu va chi néu

S )+ f(y, x)<0 Vx,yeC;

Gid don diéu trén C , néu va chi néu

flx,»)20 = f(y, x)<0 Vx,yeC;

Lién tuc kiéu Lipschitz trén C v6i cac hang s6 ¢, >0va ¢, >0, néu

S <[00+, Drellx=y P +e, | y=zIF ¥x,y,zeC,
V6i mbi xeR”. Khi d0 P.(x) =argmin{|| y—x|* : y e ¢} duoc goi 1a phép
chiéu metric ctia R”1én C . D& thiy P.(.) c¢6 céc tinh nhét sau:
o (x=y, B (x) = B-(W) 2 | P(x) = F(») | Vx,y e R,
o (x=P.(x), P.(x)—y) >0 VxeR", yeC,
o x=y 2llx=P@)IP +lly-F-IF VxeR", yeC.
Vé6i mdi x° e C ¢0 dinh, tAp N (') ={@eR" (o, x—x*) <0, Vxe C} dugc
goi 14 nén phap tuyén cua Ctai x° va tip
weR": f(x, y)
f (x, )x*)=<=(w, y—x°) ,xeC
+f(x, x°) VyeC
duogc goi 1a dudi vi phan ctiia £ theo bién thir 2 tai x°.
Mot ham g:C — R dugc goi la Loi trén C néu v&i moi x, yeC, 1€[0,1]
,ta ¢ 8Ax+(1=-)y)=Ag(x)+(1-Dg(»)

Ntra lién tuc dudi trén Cnéu voimoi x, € C, ta €O liminf g(x) > g(x,) -

2. Téng quan nghién ciu

Ngay nay, bai toan EP(C, f)nhan dugc nhiéu su quan tdm bdi cac nha
nghién ctru khong nhirng béi tinh méi trong 1y thuyét ma con bai tinh tmg dung
trong thuc tién cta bai toan. Cac két qua vé su ton tai nghiém, tinh chét tap

TAP CHI KHOA HOC SO 62, Thang 01/2024 \ 93



nghiém ciing nhu ciu tric tap nghiém cia bai todn cin bang 1a kha day du. Do
d6, hién nay cac nha nghién ciru tap trung cha yéu vao hudng nghién ciru dé
Xuét cac thudt giai mai cho bai toan EP(C, ). C6 nhiéu thuat toan da dugc dé
xuat cho bai toan cin bang nhu thuét toan chiéu [2, 13], thuat toan dao ham
ting cuong (thuit toan chiéu hai 1an) [3, 14]. Gan ddy c6 phuong phap chiéu
cit lai ghép [4], phuong phap hiéu chinh Tikhonov [5]. Tuy nhién cac thuat
toan chu yéu ap dung cho song ham s don diéu. Trong truong hop song ham
£ khong c6 dugc tinh don diéu, chiang han chi 1a gia don diéu thi cac thuat
todn trén khong dam bao tinh hoi tu vé nghiém cua bai toan EP(C, f). Mot xu
thé hién nay ma cac nha nghién ctru dang rat quan tim la nghién ctru dé xuat
cac thuat toan cho bai todn can bang EP(C, f) gia don diéu, khi d6 thuat toan
duoc ap dung cho 16p song ham rong hon.

Trong nghién ciru ndy dua trén y tuong thuat toan chiéu trong bai bai
bao [6] cia Solodov-Svaiter cho bai toan bat dang thirc bién phan, chung toi
mé rong cho bai toan can bang véi song ham gia gia don diéu. Pong thoi
chung t61 chirng minh duoc sy hoi tu ctia thuat toan vé nghiém cua bai toan
can béng EP(C, 1) dudi cac diéu kién thich hop cua bd tham sb.

3. N¢i dung nghién ciru

Trong muc nay, ching t6i dé xuat mot thudt toan méi cho bai toan can
bang v6i song ham gia don diéu.

Goi Q1a tap con 10i dong khac rong trong R" va chta tdp C . Trudc hét
chung t6i dua ra mot sb gia thiét thong dung cho song ham gid s nhu sau:
(A1) f(-y) lién tyuc trén Q v&i moi yeC;

(42) f(x, -) nira lién tuc dudi, 16i trén Q véi moi xeC;

(43) 1 gia don di€u trén Q.

3.1. Thuat toan 1

Bude 0. Ly x° « C, chon 57¢(0,1), >0, p>0 va gan k:=1.

Bute 1. Tinh 2* =agmin{/ () +- = [ y < ).

Budc 2. Tim m, 1a s6 nguyén duong nho nhat trong cac s6 ,,. thao man
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Zk,m — (l_nm)xk +77myk

3.1
<gk,m’xk _yk>2 % || xk _yk ||2’ gk,m c azf(zk,m’ Zk,m) ( )

Buwoce 3. Tinh »*'=pF (x), trong do c, ={xe C:<gk,x—zk>50} voi
2= gt = ghe

Buéc 4. Néu || x* —y*|<e thi ding thuat toan. Nguoc lai, gan 7:=n",
k= k+1 va quay vé Budc 1.

3.2. Su hoi tu

bé ching minh sy hdi tu cta thuat toan trén, trudc hét chung toi can mot
s0 bo dé sau day.

B6 dé 3.1. Gia sir cac diéu kién (A2) va (A3) dugc thoa man. Khi do, tap
nghiém Sol(C, fY)c H. Vo1 moi zeC, trong do
H. ={x eR": (g, x—z) so}, ge€d,f(z,2)

Chitng minh. Gia su x € Sol(C, f), tas& chi ra x" cling thudc H.. That vay,
tr ged,f(z,z)va tinh cin bang coa song ham £ suy ra
(g.x"—z2)< f(z.x") = f(z. )= f(z, %), Vz e C.

Mit khac, do x" € Sol(C, f) nén f(x", z)>0, Vze C, két hop véi tinh gia
don diéu cua song ham s dian d&én f(z,x)<0,VzeC. Din dén
(g.x"—z) <0, vzeChay X eH..

B6 dé 3.2. Cho {z*} 1a mot ddy trong C, hoi tu vé - va (g} voi
g €8,/(z", 2) 1a mot hoi tu vé ¢. Khi do, dudi chc didu kién (A1) va (A2), ta
co ged,f(z 2).

Chirng minh. Véi g €0,£(z5, ), ta ¢6

SE M= fE (b vy =(g". y-="). e

Cho qua gi6i han hai vé bat dang thuc trén, két hop véi gia thiét nta lién

tuc trén theo bién thir nhat ctia song ham £, chung ta thu duoc

[ y)zlimsup f(z", y)2lim(g", y=2") =(g,y-2) = [(z.2)+(g,y~2), yeC.
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Suyra ged,f(z,2) o
Bo dé 3.3. Gia st cac diéu kién (A1) va (A2) duoc thoa man. Khi do, tai

mdi budc ldp kcia thuat toan, ludn ton tai sé nguyén duong ,,, théa min hé
G.1)véi mdi g €d,f(z"",z"). Hon nita, néu thém diéu kién (A3) thi véi

mdi x” € Sol(C, f)ta cb bat dang thirc sau:

2
[ —x" |P< ||xk—x*||2—||xk+‘—?ck||2—(ﬁJ Ix* =" |I' Yk, (33)
PIE

Trong do X = B, (xk).
Chitng minh. Trude hét chung t6i s& chi ra ton tai s6 nguyén duong m, sao

m, 1 m, m, m,
cho <8k’ °,xk—yk>2;||y—x||2, vgh™ e o, f(z"m, 2.

That vay, gid st nguoc lai, véi moi sO nguyén duong ,,va

2 = (1-p")x* + 7"y tdn tai g ed,f(z", 2") sa0 cho

1
<gk,m’xk_yk><;||xk _yk ||2 )

Tu 2" =(1-n")x" +7"y*va e (0, )suy ra z¢" — x*khi m —> o, két hop

véi Dinh 1y 25.4 trong [15] din dén diy {g"”} hoi tu v& g ndo d6. Ap dung
2 42 — b odves [ o vF_pk <l ko kg2
Bo d¢ 3.2, ta thu dugc g e, f(x*,x*)va <g,x y >—p||x VIE Ga

Theo dinh nghia dudi vi phan g e, f(x*,x"), ta co

Sz G )+ (g v =2t ) = (g, v =),
A A N y. % 4 k k 1 k k 2>
Két hop diéu nay véi (3.4) dan dén f(x', y )"‘;”J’ -x" [0,
<A N " X Y - A k k 1 k k12
Diéu nay mau thuan voi gia thiét f(x", y )"‘;HJ’ -x"|I'<0.

Nhu vdy, phai ton tai s6 nguyén duong msao cho

1
(gm0t -y")2 > Iy =x" |, vg*™ ed,f(2, 2.

96 | TRUONG PAI HOC HAI PHONG



Tiép theo, d€ chimg minh bét dang thirc (3.3). Taddt d* ==x" -, H, = H,

Tir »=p,, ) va X €S0l(C, f),x eCnH, két hop voi B dé 3.1, ta
co || x**! X ||2S<x* —)_ck,xk+1 —)_ck> )

Lai c6 || =X [P X =% |F +[| " =% |P +2<)_ck g —;k>

suy ra

—k —k
I =" <l =" =[x = P 3.5)

X =PHk(xk)=
Chon (g =2 k,thé vao (3.5) ta dugc
X =g
Ig" IP

<gk’ xk_Zk> <gk’ xk_zk>2

—k «
I =" Pl = [P =[x x| -2(g" " —x") -
’ 18" I 18" IF

Thay x“ =z +7,d", chung ta thu dugc

[Fal Ig" I

- ) k’d" : 2, k,dk )
= |5 =’ ||2—||xk“—xk|2‘(mﬁik|| >] _ mufk P ><gk’zk‘x>’

koge\ ) ko gk
||xk+l—x*||2ﬁ||xk—x*|2—|xk+1—)_ck|2+{m<g 4 >J _277"<g d ><gk’xk_x*>

r 1 * 2 r
két hop vei (g, ¥ =) )> Sl =" I va 3" € H, ching ta co thé viét lai thanh

2
* —k
| =x" IP< | x =" P =) x* —x | —( "kk J Ix* =y "
ellgll

Vay ta thu duoc bat dang thic can chimg minh.

Tiép theo, chung t6i phat biéu va ching minh dinh 1y héi tu cua thuat toan
ching t61 dé xuat va day ctling 1a két qua chinh ctuia nghién ctru.

Pinh ly 3.1. Gia st So/(C, )=, cac dicu kién (A1) — (A3) duoc thoa

man. Khi d6, ddy {'} sinh ra tir Thuat toan 1 hoi tu vé diém x" € Sol(C, f).

Chitng minh. Véi x* € Sol(C, f), theo B6 dé 3.3 ta ¢
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2
* —k
X" =2 [P X =X P =[x = ”2_(,0”77;"”) x* =" 11,

suy ra ddy {||x* —x"||} hoi tu. Do d6 cac day {x*}, {)*}, {z}déu bi chan.
Cho (3.3) qua gio1 han, ching ta thu dugc 1ims, || x* —* ||=0. (3.6)
k—0

Ta xét hai truong hop sau:

Truwong hop 1. timsupy, > o- Khi d6 ton tai s n>0va day con {n, }cin,}
sao cho 7, >7 Vi, két hop diéu nay véi (3.6)suy ra lim || x% — % |l=0. (3.7)

Mit khac, do {r'}bi chan, suy ra {x“}hoi tu vé x nao d6 khi i —> o . Tir
(3.7) suy ra {y"} ciing hoi tu vé x va do d6 =% —x khi i — oo . T dinh nghia

. 1 , A .

cua ', ta co f(xk’,J/)"';Hy—xk‘ P> f(x", yk’)+;||xk’ -y"|F WyeC.

Cho i — 0, ta thu dugc bat dang thirc

— 1 — - - 1 - =
S ) +=lx=yIP2 f(x, x)+ =] x-x|'=0.
P p

— 1 —
Hay /f(x, y)+;||x—y||220 VyeC.

Diéu nay c6 nghia 1a ¥ 13 nghiém cua bai toan (1.1). Ap dung bat dang
thirc (3.3) v6i x' =, ta thu duoc day {|| x* —3_c||} hoi tu. T | x —)_CH—)O ching ta
thu duoc ('} hoi tu vé xeSol(C, f).

Truwong hop 2. timsupy, —0- Theo Thuat toan 1 Z=(1-n)x" +n,".

Nhu trén, ching ta c6 thé gia st rang diy {x"}c {x*} hoi tu vé diém =.
Béng lap luan tuong ty trén ta cling c6 diy {)*}bi chin, nén tdn tai day con

(%} < {y*1 hoi tu vé y. Tir dinh nghia cia y", ta co
v 1 _ _ &
f(xk‘,yk‘)+;||xk’ -y ||23f(xk’,y)+;||xk’ -y|f vyeC.

Cho i — 0, két hop v6i tinh nta lién tuc dudi cua 7 theo bién thtr hai

va ntra lién tuc trén cua 7 theo bién tht nhat, ta thu duogc
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— 1 — — 1 _
f(x,y)+;||x—y||23f(x,y)+;||x—y||2 VyeC. 3.8

Mit khéc, theo tim kiém kiéu Amijo (3.1), v&i moi my —1, ludn ton tai

1

; - i - i - k’ M i -l kl kx 1 kx kl
gk,,mki leazf(zk,,mki ,Zk“mk" l)sao cho <g K Xi—y ><;||X -y ||

Do " 5x khi i, a4p dung Dinh 1y 2.45 trong [15] suy ra diy
{g"™"} hoi tu vé ¢. Theo BS d& 3.1, ta c6 g <o,/ (x.x). Cho bat ding thirc

- - — 1 - —
trén qua gio1 han, ta thu duogc <g,x—y> < ; [x=yll. 3.9
Ma ged,/(x.x) Suy1a (g.3-3)>—r(x, - Két hop diéu nay véi (3.9), ta

— 1 —
co f(x, y)+;||x-y||20. (3.10)

I - 1 -
Tur (3.8) va (3.10) dan dén f(x,y)+;||x—y||22 0,vyeC,

Diéu nay suy ra x 1a mot nghiém cta bai toan can bang gia don diéu (1.1).
Tiép theo ta ap dung bat danng thirc (3.3) cho x" =x va Iy luan tuong tu ta
thu duoc diy {x*!hoi tu vé )_(GSOI(C, f). Nhu vay dinh 1y hoan toan duoc
chtrng minh.

4. Két luan

Nhu chting ta da biét 16p song ham don diéu chia trong 16p song ham
giad don di¢u. Do do, thuat todn cua ching té61 4p dung dugc cho mét 16p
bai toan can bang rong hon nhitng thuat toan trudc d6. Hon nira trong thuat
toan cua chung toi, bang viéc s dung k¥ thuat tim kiém kiéu Amijo tai
mdi budc lap, chung tdi da chiing minh duoc sy hoi tu cla thuat toan vé
nghiém ctia bai toan can bang EP(s, ¢) ma khong can biét trudc hé sb

Lipschitz cua song ham 7.
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