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TOM TAT: Trong bai bao nay, téi da phan tich ciu tric ciia tensor dan
hoi dbi véi cac vat lidu truc hudng c6 dang hinh tru. Theo do6, trong tensor
dan hoi cua vat liéu truc hudng hinh tru khong ¢6 mudi hai thanh phﬁn doc
1ap ma chi c¢6 sau thanh phan. Téi cling d3 dé xuat biéu dién cac qua trinh
bién dang cua vat li€u di huong no6i chung va tensor dan hoi ddi vai vat
liéu truc hudng hinh tru trong khong gian sau chiéu. Trong khong gian nay,
to1 da xay dung mot biéu thac ddi voi vat lidu truc hudng hinh try thé hién
su phu thudc ctia bién dang vao tng suit. Tir biéu thirc ndy, ching ta co
thé dua ra cac phién ban khéac nhau cua hé thic xac dinh nhu: hé thirc xac
dinh tuyén tinh, phi tuyén tinh bac hai va bac ba. Cac hé thirc nay déu thoa
méan su khai quat héa dinh dé riéng cua tinh ding huéng trong qué trinh
bién dang hitu han.

T khéa: vat liéu di hudng, vat li¢u truc hudng, h¢ thuc xac dinh, bién dang
hitu han.

NONLINEAR CONSTRUCTIVE RELATIONSHIPS FOR
CYLINDRICAL ORTHOTROPIC MATERIAL

ABSTRACT: In this paper, I analyzed the structure of the elastic tensor for
orthotropic materials with cylindrical shape. Accordingly, there are not twelve
independent components but only six in the elastic tensor of a cylindrical
orthotropic materials. I have also proposed to represent the deformation
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processes of general anisotropic materials and the elastic tensor for cylindrical
orthotropic materials in six-dimensional space in which I have constructed an
expression for cylindrical orthotropic materials that shows the dependence of
strain on stress. From this expression, we can derive different versions of the
deterministic relation such as: linear, quadratic and cubic nonlinear
deterministic relations. These relations all satisfy the generalization of the
particular postulate of isotropy during finite deformation.

Key words: anisotropic material, orthotropic material, constitutive relations,
finite deformations.

1. Giéi thiéu

H¢ thirc xac dinh dudi dang khai quat héa dinh luat Hac trong truong hop
bién dang hitu han dugc biéu dién dudi dang tensor tuyén tinh da su dung cap
tensor tng suat T va tensor bién dang Cauchy-Green €.

T=N.zg, (1)

trong do N 1a tensor cép 4, dugc goi la tensor dan hoi.

DPoi voi vat liéu truc hudng, tensor dan hdi ¢6 12 thanh phén khac
khéng twong tng véi 12 hing sb dan hoi cua vat lidu :

0 0 0 Ny 0 0

0 0 0 0 Ns 0
0 0 0 0 0 Ng|

Ddi véi cac loai vat lidu truc hudéng khéc nhau, do tinh doi xung cua nd
c6 thé lam giam bét sé luong cac thanh phan khac khong doc 1ap, khién cho
viéc nghién ctru tr& nén dé dang hon. Cu thé, cAu tric cua tensor N ddi véi
dang dbi xtmg khac nhau cta vt liéu dj huéng di dugce nghién ctru trong cac
cong bd nbi tiéng cua Lekhnitsky [5], Markin A.A., Sokolova M.Y va cac cong
su [6,7,8], Chernykh K.F [1] ...
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2. Tong quan nghién ciru

Pinh luat Huc (1) da dugc st dung rong rai trong hau hét cac linh
vuc lién quan dén co hoc va vt liéu. Tuy nhién su phat trién nhanh chong
ciia nganh cong nghé vat lidu di tao ra nhirng vat liéu tong hop thé hién
ddc tinh phi tuyén ngay ca véi bién dang nho. Vi 1y do nay, cac phép tinh
trong khuon khé dinh luat Hac khong thé ap dung dwoc cho chung.

Do d6, trong nhitng thap nién gin day, nhiéu nha khoa hoc da gianh
nhiéu thoi gian cho viéc nghién ctru cac hé thirc xac dinh phi tuyén tinh.
Trong d6, cac tinh chét ctia vat liéu dang hudng trong khuon kho 1y thuyét
dan héi da modun di duoc nghién chu boi cac tic gia nhu S.A.
Ambartsumyan va A.A. Khachatryan, L.A. Tolokonnikov, N.M.
Matchenko, E.V. Lomakin, G.S. Shapiro.... Cac nghién ctru vé tinh chét
cua vat liéu di hudng va dac biét 1a vat licu truc hudng duogc trinh bay bdi
cac tac gia nhu V-.J. Papa-zoglou va N.-G. Tsouv-alis, B.P. Patel, K. Khan,
Y. Na-thC.W. Bert, C.-W.- Bert, J.N. Reddy ....

Cac mo hinh phtrc tap hon cuia vat li¢u truc hudng dan hoi, ¢6 tinh dén
kha nang chiu kéo va nén khac nhau ciing nhu méi quan hé phi tuyén cua
mg suit va bién dang, dugc dé xuit trong cong trinh N.M. Matchenko va
A.A. Treshcheva, A.A. Treshcheva, E.V. Lomakin va B.N. Fedulova R.M.
Jones va D.A.R. Nelson.

Tuy nhién, han ché cua cic nghién ctru nay d6 1a viéc tuyén tinh hoa
ting phan trong qué trinh bién dang. Viéc xdy dung mot mé hinh hoan
chinh ddi vé&i tit ca cac vat licu di huéng van chua cé duoc két qua kha
quan. Do do6, viéc nghién ctru riéng 1€ cho tung dang vat liéu di hudng la
can thiét.

Trong nghién ctru ngay, vat li€u truc hudng hinh tru 1a vat liéu c6 tinh
di huéng cong, theo do tai mdi diém no léy cac truc cua hé toa d0 tru la
cac truc chinh cua tinh di hudéng. Trong céc truc chinh cua tinh di hudng,
vat liéu tryc hudng céd cu trac duge xac dinh bdi ma tran:
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N rrrer N rreoe N rrzz 0 O O
Nogrr - Noppp  Nppz 0 0 0
N _ N'Z}" A NZZ (1] NZZZZ O O 0
0 0 0 Ny O 0
0 0 0 0 Ny O

0 0 0 0 0 N

zrzr
Hon nira, do tinh d61 xtg cua tensor N nén c6 cac h¢ thuc sau:

Nrrgp =Npprr

N,..=N

rvzz ZZrr o>

N opzz = N 2ZoQ -

Theo Lekhnitsky S. G. [1], néu truc chinh cuta tinh di huéng di vao bén
trong vat thé thi hudng xuyén tdm va hudng tiép tuyén khong thé phan biét
duogc trén truc nay. Do do, ching ta thiét 1ap duoc lién hé gitra cac héng sb dan
hdi khéc khong cua vat liéu truc hudng hinh try:

Ny =N POPQ>
NrrzzzN 72 > errzzNz z -
QP (247

Do do, trong tensor dan hdi cua vat liéu truc huong hinh try khong co
mudi hai thanh phan doc 14p ma chi c6 sau thanh phan. Tensor dan hdi tuyén
tinh cua vat liéu truc hudng hinh tru trong cac truc chinh di huéng c6 dang:

N, rrrr N, ree N, rrzz 0 0
N rroe N rrrr N rrzz O 0 0
N = N, rrzz N QOQzz N zzzZ 0 0 0 ) (2)
0 0 0 Ny O 0
0 0 0 0 N, O
0 0 0 0 0 N

zrzr

3. Biéu dién cdc qua trinh bién dang cia vat litu di hwéng trong
khéng gian siu chiéu

Viéc xem xét co sO tensor sau chiéu dé biéu dién cac tensor Gng suét va
bién dang da dugc thuc hi¢n boi nhiéu tac gia khac nhau. Pac biét, trong bai
béo [6] co s& tensor chinh tic duge hinh thanh boi cac tensor:
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1 1
I0 = E(alal +aja, +asas ), Il = %(23333 —a131 —aya, )a
1 1
= 2] (-ayay +a52,);1° = D (a1, +ayay ); )

1 1
14 = E(azas + 3332 ), IS = 3(3331 + a1a3 )

Cac tensor (3) duoc chuan hoa boi hé thic 12,17 = 5%, a,=0,5 Cac
vecto co sO a; dugce gid su la c6 hudng doc theo hudng chinh cua vat ligu.
Gia st tai thoi diém ban dau cac vecto a;,2,,a3 trung voi cac vecto co SO
€1,€,,€3.

Bit ky tensor dbi xtmg nao béc hai trong khong gian E 3 déu c6 thé biéu

dién theo cac tensor co s& (3), vi du, tensor bién dang € va tensor tmg suat T
c6 thé dugc biéu dién dudi dang:

ge=¢, 1% T=1,1 «a=0,5, 4)

trong do cac hé so gian nd dugc xac dinh boi:

1 1

€o =$(511 +é&xn +533)531 =ﬁ(2333 — & +522);
1 1

9223(511—522)293 :E(glﬁgzl); (5)
1 1

€y 23(323 +<932)5 €s 23(531 +513)-

H¢ thirc nghich ddo c6 dang:

€1+

1 1 1 1 1 1
g1 =—F=€y——F= —=€y, En =—=€) ——=€ ———=26,
11 \/g 0 \/g \/5 25 €22 \/g 0 \/g 1 \/E 2

1 2
€33 = ﬁeo - §€1;
1 1

1
812=Eeg; 823=$€4§531 ZE%- (6)

Doi vai tensor T cling nhan dugce cac hé thire tuong tu.
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Céc hé thic (5), (6) chi c6 thé xay ra néu gia sir rang trong qua trinh bién
dang vi tri ctia cac truc chinh di hudng khong thay ddi, nghia 1a cac vecto
a;,2,,a3 trung Vo1 cac vecto co sO eq,€;,e3khong chi ¢ thoi diém ban dau ma
trong sudt qua trinh bién dang.

Trong 1y thuyét cta Ilyushin A.A [2], qua trinh bién dang duoc xem xét
trong khong gian sau chiéu va dugc dic trung boi anh ctia no. Trong khong
gian ndy, cac vecto bién dang sau chidu e=e,i, va ung suat t=¢,i, duoc
xem xét. Luu ¥ toa do ctia cic vecto sau chidu e, t trung v4i hé s6 gidn nd cia
cac tensor tuong Ung (4).

Trong [1, 6], cac tensor bac 4 da duoc xay dung, dung lam co s¢ dé biéu
dién cac tensor dic trung cho tinh chit dan hdi cta vat liéu. Céc tensor co s&
bac 4 dugc biéu dién dudi dang:

190 = %(I“I/” +1°19) (7)

Céc tensor trong (7) d6i xtng theo ting cdp chi sb, cac thanh phan cua
chung duoc néu trong bai bao [6]. Tensor N ban d6i xirg hang bdn c6 bicu

dién trén co sé a;,a,,a3dudi dang:

N= Nijklaiajakal ,trong do: Nijkl = Njikl = N{]'lk = Nkl{j . Tensor N c¢6 thé

duoc bicu dién theo céc tensor co 5o (7):

5
N= z I’laﬁlaﬂ, naﬂznﬂa. (9)
a,p=0

MGéi lién hé gitta cac thanh phan Map V@ N ijii duoc thiét 1ap trong bai bao

[2] va co dang:
N = BINga Bl - Nyrt = B nap Bl - (10)

trong d6 cac ma tran Y va g# dugc xac dinh boi cung mot bang:
3 o ki 5 . "
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1 1 1
— —= — 0 0 0
NN IN/)
1 1 1
— — — 0 0 0
NN N]
12 : (11)
- - 0 0 0 0
_| 3 e
(B)= |
0 0 0 — ©0 0
V2
1
0 0 0 0 — 0
V2

1
0 0 0 0 0 —

V2

Ma trén () ciing c6 thé duge ding dé viét cac hé thire (5), (6):
g, =ple, e,=ple,;. (12)

Chung ta hdy biéu dién tensor dan hdi cua vt liéu tryc hudng hinh tru (2)
trong khong gian sau chiéu. St dung cac hé thuc (10), (11), ta thu duoc cac
thanh phan khac 0 cua tensor 1 :

nOO = %(2]\’ +2N + 4Nrrzz + szzz);

rr rrop
1 i
nll - g Nl‘rrr + Ni’l‘(M’ - 4Nrrzz + 2N::zz>’ (13)
L2
nIO = nOl - _T (N”rrr + Nl‘r(ﬂw - Nrrzz - szzz);

My =Ny = Noygs 13 =Ny 5 Mgy =055 = N,

rrrr l’V(/J(/)’ zrzr*

Néu chiing ta coi tensor I 12 anh ciia tensor dan hoi vat liéu trong khong
gian sau chiéu, thi hé thirc tensor tuyén tinh gitra tng suat va bién dang (1) c6
thé duoc viét trong khong gian cua tensor bién dang L

t=n.e. (14)

4. H¢ thirc phi tuyén doi véi vat li¢u truee hwéng hinh tru

Khi xay dung cac h¢ thic xac dinh phi tuyén ddi voi vat liéu truc huong
hinh try, ching t6i s& sir dung gia thuyét chinh 1a dinh dé vé tinh dang huéng
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duoc xay dung boi Ilyushin A.A [2], va dugc khai quat hoa trong [6,7,8] cho
truong hop vat licu di huong.

Chung ta hidy xem xét khai niém vé trang thai dan hoi riéng cua vat
liéu. Theo dinh nghia cua Rykhlevsky Ya. [11], tensor ri€éng cua toan tir
N (trang thai riéng) 1a tensor bién dang &, trong do:

N.o, =4,0,, O, =(g,-€,) 2&,.

Trong khong gian sau chiéu, dinh nghia nay c6 dang:

no, =A1,0,- (15)

Trong truong hop tong quat, viéc khai trién tensor I ddi véi co so cua
n6 dugc biéu dién dudi dang:

=¥ i, (16)

a=l1

Trong d6 , 13 s nghiém khac nhau cua phuong trinh dic trung, cac tensor
CO SO Qa tuong ung voi nghiém don la la @, =®,o,, va tuong tmg véi
nghiém cta bodi s k 1a:

Q, =00, +0)a+10)a+1.

ot Ok 1Ok

Dbi v6i cac loai vat lidu dang hudng va di hudng, cac tri riéng va vecto
riéng duoc xac dinh trong bai bao [6]. Két qua thu dugc phu hop véi két qua
cua cdc tac gia khac [9,10].

Trong céc cong trinh [3], [6], hai dang khai quat hoa mot dinh dé cho vat
liéu di hudéng ban dau duoc xay dung. Theo dang giéi han cua dinh dé, hé thuc
giita (mg suat va bién dang c6 thé duoc biéu dién dudi dang:

m R
t(a) = ZA(la)rl-(a) 9 (17)
i=1

trong do: Aga) [s(a)(t),k(la),k(za),..., (”(;1} 1a cac ham cua qua trinh bién
dang e, (1); m va r@ 13 sd chiéu va co so ciia khong gian con riéng.

Theo céc han ché ctia dinh dé dang hudng & dang (17), mbi quan hé giira img
suét va bién dang chi nén chtra cac bét bién tuyén tinh va béc hai dic trung cho cac
loai vt liéu khac nhau [3, 6]. Dé xac dinh hé thiic (17) d6i voi vat lidu true hudng
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hinh tru, chung t6i xac dinh trang thai dan hdi ctia n6. Nhu da néu & trén, tensor

dan hdi cta vat liéu truc hudng hinh try trong khong gian ba chiéu co dang (2).

Theo quan hé¢ (13), trong khong gian sau chi€u voi vecto co so 1,, ma tran cac

thanh phan cua tensor nay c6 dang:
noo "oy 0O 0 0
ngy mp 0 0 0

0 0 ny 0 0

0 0 0 mnmy O

0 0 0 0 ny

0 0 0 0 0 ny

S O O O O

Viét phuong trinh ddc trung cua tensor 1

oo —A M 0 0 0 0
ngy  Mmp—A 0 0 0 0
0 0  ny-4 0 0 0 0
0 0 0 ny3— A 0 0 '
0 0 0 0 Ny — A 0
0 0 0 0 0 Ny — A

Céc gia tri riéng cua tensor I trong truong hop nay bang:

I 2,42
A :5(”00+”11J—r\/("00—”11) +angy ), A =y, Ay =3, As =gy,

va cac vecto riéng dugc xac dinh boi:

o, =ijcosp+i;sing, m,

=—igsme+icosp, 03 =i,

Wy =i3, (OF =i4, (O] :iS‘
trong d6 goc ¢ dugce bitu thi qua cac thanh phan n,,:
2}’101

2 2
Rop — 11 i\/(noo—”u) +4ngy,

tangp =

(18)

(19)

(20)

21)

Két hop voi (13), cac biéu thic tinh gia tri riéng cta tensor dan hdi cia

vat li€u tryc hudng hinh try c6 dang:
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2
( VVI’T'-I_N'ZZ’ I"I/'¢¢) \/( reer ZZZ'+NFV¢)¢)) +8NI"I’Z")

(22)
A =Ny — N, rroQ> Ay = r(/)r(or As =46 =N
Theo d6, hé thire (21) dugc chuyén vé dang:
tan g = _2\/_( rrrr rr(pgo -, rrzz N zzzz) (2 3)
\/_

Ny + rrgogo +8N,,; = N2.)+~ND
trong do
D=(N, rrrr T N, rrop T 8N, rrzz N zzzz)
+8(N + Nrr(p(p Nypez = N...2)

Theo cac két qua thu duoc, Pinh luat Huc trong khong gian sau chiéu c6
the dugc viét la:

t=A4(e.0)w; + 14, (e.w,)m,

Do d6, vt liéu truc hudng hinh try, c6 nim khéng gian con riéng: bdn

Ql = (01(9)1,92 =0rM,,

khong gian con mdt chi€u vdi cac co so va mot khong

gian con riéng hai chiéu v6i co s& Qg =i,i, +isis. Theo do, ta c6 thé xac djnh
hai bét bién tuyén tinh va ba bién dang béc hai.

Céc bt bién tuyén tinh cta cac tensor bién dang va tmg suat duoc dinh
nghia trong [3,6] dbi véi vat liéu déng hudng hinh try:

ey =e.ldy, g =e.ij. (24)

Va céc bt bién bac hai ddi voi vat nay duoc xac dinh bdi cong thuc:

5(23) = e%, 5(24) = e:%, 5(25) = eﬁ +652. (25)

Trong céc tac pham [3, 4], mot phién ban ciia hé thic xac dinh phi tuyén da
dugc dé xuat dbi véi vat liéu di hudng va thoa man dang téng quat hoa cua dinh
dé A. A. Ilyushin. Ddi véi vat lidu truc hudng hinh try, theo cac bét bién tuyén
tinh (24) va bac hai (25) da tim duoc, hé thirc xac dinh phi tuyén c6 thé duoc viét
nhu sau:
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1 onP - 5 0G”
= Z [l’laﬂ-l- 2 ea}ﬂla-i- Z2[Gy+—zs(2},) () - (26)

a,f=0 € y=3 Os(y)

5. Két luan

Néu coi 1%’ va G7 trong hé thirc (26) 12 cac hing s6 thi hé thirc niy 12 hé
thirc xac dinh tuyén tinh va n6 trung khép voi dinh luat Hac. O day ching ta
s& coi n? chi phu thudc vao cac bat bién tuyén tinh ctia tensor bién dang va
cac ham G” chi phu thudc vao cac bit bién bac hai trong cac khong gian con
tuong tng. Khi tinh dén gia dinh nay, hé thic (26) thoéa man dang khai quat
hoéa ciia dinh dé Ilyushin A.A va n6 sé tré thanh hé thirc phi tuyén tinh.

Véi gia dinh 1/ 14 da thire bic nhét déi vi e,,e; va G 1a da thirc bac

nhét doi véi s, thi hé thirc (26) tre thanh hé thirc phi tuyén bac hai.

Néu gia dinh 1 13 da thirc bic hai déi v6i e,.e5 va G7 1 da thiic bc
hai d0i véi s, thi h¢ thitc (26) tr& thanh hé thirc phi tuyén bac ba.
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