TiNH DAT DUNG CUA BAI TOANBIEN =~
CHO PHUONG TRINH KHUECH TAN KHONG CO DIEN
V01 HE SO PHU THUQC THOI GIAN

P& Thi Hoai,

Khoa Toan - KHTN
Nguyén Thi Thanh Thanh,
Truong THCS Xudn Dinh
Lam Thi Thoa

Trwong dai hoc Hai Duwong
Email: hoaidt@dhhp.edu.vn

Ngay nhan bai: 24/8/2022
Ngay PB danh gia: 08/9/2022
Ngay duyét dang: 15/9/2022

TOM TAT: Trong bai bao nay, ching toi trinh bay két qua vé tinh dit dung cua bai
toan bién Dirichlet cho phuong trinh khuéch tan khong cb dién vai hé sd phu thudce
thoi gian. Cu thé, sir dung phuong phéap xap xi Galerkin, chung t6i chirng minh su ton
tai cia nghiém yéu bai toan. Tinh duy nhat cta nghiém yéu ciing nhu sy phu thudce
lién tuc cia nghiém vao diéu kién ban dau ciing dugc chi ra. Cac két qua trong bai
béo 14 cai tién cuia mot sb két qua trong Yong-feng Liu (dpplicable Analysis, 2014).

Tir khéa: Phuong trinh khuéch tan khong co dién; hé s6 phu thudc thoi gian; phuong phap
xap xi Galerkin; nghiém yéu.

WELL-POSEDNESS OF BOUNDARY-VALUE PROBLEMS
FOR THE NON-CLASSICAL DIFFUSION EQUATIONS
WITH TIME-DEPENDENT COEFFICIENT

ABSTRACT: In this paper, we study the well-posedness of boundary-value problems
for the non-classical diffusion equation with a time-dependent coefficient. More precisely,
using the Galerkin approximation method, we prove the existence of weak solutions. The
uniqueness and continuous dependence on the initial data of the solutions are also pointed
out.The results in this paper will extend and improve some results in Yong-feng Liu
(Applicable Analysis, 2015).

Keywords: Nonclassical diffusion equations; time-dependent coefficient; Galerkin
approximation method; weak solution.
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1. MO DAU
Trong bai bio nay, chiing t6i xét bai toan bién ban ddu ddi véi phuong trinh khuéch
tan khong c6 dién v6i hé s6 phu thudc thoi gian c6 dang
u,—e(t)Au, —Au+ f(u)=g, xeQ,t>r,
=0, t>7, (1)

u(x,7)=u (x), xeQ.

trong do Q la mién bi chin trong R’ véibién 0Q tron, r e R.

Phuong trinh khuéch tan khong ¢ dién duoc xay dung boi E.C. Aifantis (1980) [1],
nham mé ta cac hién twong vat 1i nhu dong chay khong Newton, cac hién tuong trong co
hoc chit rin (xem [1]).

Tir khi ra doi cho dén nay, 16p phwong trinh nay da va dang duoc quan tim nghién
clru mo rong trén nhiéu khia canh khac nhau. Phuong trinh khuéch tan khéng c6 dién
dang (1) trong trudng hop 6-t6-nod (tic 1a, 8(2‘) =v 1a hing sd, ngoai lyc g khong phu
thudc vao bién thoi gian) dugce nghién ciru boi C. Sun va M. Yang [8], Y. Xiao [12], ...
Céac két qua dat duogc 1a su ton tai, duy nhét nghiém; sy tdn tai cua tap hut toan cuc, tap
hat mii dudi nhitng diéu kién khac nhau cho ham phi tuyén va mién xét bai toan (bi chin
hoac khong bi chan). Trong truong hop khong 6-t6-nom, s(t) =v 1a hing sd, ngoai luc
g phu thudc vao bién thoi gian, tinh dat ding ciing nhu dang diéu tiém can nghiém cia
bai toan cling da dugc nghién ctu (xem [2, 3, 9, 10]).

Phuong trinh khuéch tan khong c6 dién v6i hé sd phu thudce thoi gian c6 dang nhu
(1) cling da dugc dua ra nghién ctru bdi F. Rivero (2013) [7], Y-F. Liu va D. Tao (2015)
[6], va gan day 13 két qua caa J. Wang va Q.Ma (2021) [11]. Cu thé, trong [7] F. Rivero
quan tdm dén cau tric cua tap hat lui cho mo hinh. Trong [6], Y-F. Liu va D. Tao nghién
ctru dang diéu tiém can nghiém cua bai toan (1) trong truong hop ngoai luc g € L*(Q),
ham phi tuyén théa min didu kién ting truong kiéu Sobolev dang
‘f"(u)‘ <C(1+]|u |), C > 0. C6 thé thay rang, s mil tang truong tdi da cua f(u) chi bang

3, chua phai s6 mii t6i han cia ting trudng kiéu Sobolev. Ngoai nhiing két qua trén, gan
day J. Wang [11] ciing dua ra két qua vé sy ton tai nghiém va ton tai tp hat phu thudc
thoi gian cho bai toan (1) trong truong hop ham phi tuyén théa man diu kién ting truéng
kiéu da thuec.

Nhin chung, cac két qua nghién ctru vé phwong trinh khuéch tan khong ¢ dién 1a
kha da dang. Trong bai bao nay, chiing toi di cai tién mot sé két qua cua Y-F. Liu va D.
Tao [6]. Cu thé, chiing t6i s& nghién ctru bai toan (1) khi ham phi tuyén théa man diéu kién
tang truong kiéu Sobolev v6i s mil téi han (bang 5) va ngoai lyc g chi nam trong khong

gian t6-pd yéu H™' (Q) .
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bé nghién ctru tinh dat ding cua bai toan, chung t61 dét diéu kién cho hé s6 phu thude
thoi gian £(¢), ham phi tuyén /() va ngoai luc g nhu sau:

(H1) Gia st 6‘(1‘) ‘R—> [0,00),6‘(t) e(' (R) 1a cadc ham giam, bi chdn va thoa man

lime(¢)=0. (2)

t—>+0

Pic biét, ton tai L >0 sao cho sup {‘8(1‘)‘ +

teR

8'(1‘)‘} <L.

(H2) Ham f e C'(R,R) théa man diéu kién ting trudng va tiéu hao kiéu Sobolev
fW)uz—w’-C,  (3)

fi(u)=—0, (4)

f () <C(1+|ul),  (5)

lim infM >0 (6)

‘u —0 uz
vol 0< p<5,0<2u< A, A 1a gié tri riéng dau tién cua toan tir —A trong mién Q
v6i diéu kién bién Dirichlet va F(u)=[:f (s)ds 1a nguyén ham cia f .
(H3) Ngoailuc ge H'(Q).
2. SU TON TAI CUA NGHIEM

Ta xét bai todn (1) trén khong gian pha H, - la khong gian phu thudc thoi gian,
voi chuén

e, = ol + & (0)e-

Pinh nghia 2.1. Ham u =u(x,t) x4c dinh trong Qx[7,T] dugc goi la nghiém yéu
cuia bai toan (1) trén [7;7] néu u e C([7,T],H,) va u(r)=u, B, (R,)cH..

Hon nita (ut,v)+g(t)(Vut,Vv)+(Vu,Vv)+(f(u),v) = <g,v>H,l)Hé , v6i hau khip
te [z‘,T] va voi moi ham thir v e Hé (Q) .

Pinh 1i 2.1. Gia st c4c gia thiét (H1)—(H3) thoa man. Véibatki reR,T>7 va
u, €B, (R,)cH, cho trudc, bai toan (1) c6 nghigm yéu u e C(z,T;H,).

Chirng minh. Bang phuong phéap xap xi Faedo-Galerkin [4, 5, 25], ta chimg minh su

A . <A A 5 N e Je .9 5 © \ ~ ’ A 5 ) 5
ton tai nghiém yéu cua bai toan (1). Gia su {a)k} ., la ddy céc vector riéng cua toan tu
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A=-A véi diéu kién bién Dirichlet trong H;(Q). Khi d¢, {a, }, 14 co s tryc giao cua
L’ (Q) va ciing 1a co s6 truc giao trong H, (Q). Cac gia tri riéng twong Gmg dugc bicu
dién boi 0< A <A, <0< A, < 4, >0 V6 Aw, = 4, Vk e N. Ta ching minh sy
ton tai nghiém yéu ciia bai toan (1) qua cac budc sau:

Buéc 1: Xdy dung céng thirc nghiém xdp xi. Cho s nguyén m, ta ki hiéu P la phép
chiéu trén khong gian con sinh béi {o,...,0,} trong Hy(Q). Vi moi m c6 dinh, ta tim

ham u" (t)= Pu =%} a,(t)w,, trong d6 a, thoa man

{(u[’",a)k)+(5(Z)Au,’”,a)k)+(Au’",a)k)Jr(f(u’”),a)k)=(g,a)k)

u, (7)=(u,.@,)

Theo Dinh ly Peano, ta nhan dugc sy tn tai nghiém lién tuc u"” (t) cua bai toan (7)

(7

trén doan [T,T].

Buéc 2: Pdnh gid tién nghiém. Nhan phuong trinh dau cta bai toan (7) véi al va

lay tong tir 1 dén k , ta dugc

d (1 : ,
E(Hu [ +&(r) 1)+(2—g(t))
Tir gia thiét (3), 4p dung bat ddng thirc Young va bat dang thirc Holder ta dugc:

: ©)

S () =2(gum) ®)

um

ul?’l

J e -l

(10)

m|?
u .
1

Va (gu”)<l gl +i
Thay cac danh gia (9) va (10) vao (8), ta duoc
d 3 m

T s ote) o3l -2
Ap dung bt ding thuc Poincaré, ta dugc

d " 1, " P, 1
T+ ot oo ) ok + (=2

Tur gia thiét (H1), véi te R, tacd G—g’(r)j U

m

u

m

’ *<2gl’, +2cla).

m

2
’ <2lgf!, +2cl0

um

m

P25
1 4L 1

221
4

u

Chon 0':min{ﬁ,/11 —2/1} voi L,(A4 —2pu)>0, khi d6 ta duge
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d : m m Ly

E(Hu’"uz +&(1)|u" Hf)+ O'(Hu [+ & (0)]u Hf)+ZHu | <2[gff, +2c|e). (12)
Ap dung bat dang thirc Gronwall, ta co

Hum“z + e;“(t)Hu”’Hl2 <e (Hu’” (z‘)”2 +&(7)|u” (T)HI2 ) +§(||g||i1 + C|Q|). (13)

Miat khac, 1y tich phan tir 7 dén ¢ ca hai vé ctia (12), ta thu dugc

j] u” (S)le ds < Hu'" (T)H2 + g(z‘)”u’" (T)le +C(t- r)(||g||: + 1). (14)

Tu (13) va (14), ta suy ra

{u"}" bi chan trong L (z,T:H,) N L (7,T:H, (Q)). (15)
Tiép theo, ta danh gia cho ham phi tuyén. Tir (5) suy ra | f(u”’) "< C? (1+ |u” |pq).
m \||P?
(u)].-
Do phép nhing H(Q)cL”(Q), 2<pg<6 la lien tyc nén
HCOUETEs O

Lay tich phan trén mién Q, ta duoc H f (u’")

"<+
9

Mit khac, do u” bi chin trong L* (r,T;H(l)(Q)) nén

{f(u )}:1 bi chin trong L (7,7: L7 (Q)). (16)

Dé chiing minh 0,u" bi chan, ta nhan phwong trinh (7) v6i 0,a’, sau d6 liy tong tir

1 dén k ta duoc

d( 1y .p m m
L R e

2
m
u, ]

2+5(t)

m
u[

=0. (17)

>4 . 1 m 2 m m
Dat E(t) = EHu Hl +IQF(u )dx—jggu dx.
Tu diéu kién (6) suy ra, véi batki 8 >0, tdn tai mot sb duong C; sao cho

IQF(um)dx+5“um“2 +C; 20 Yu" e H)(Q).
Chu y ring Hu’"”f >4 Hu’"”z vagiast o = %, ta dugc
JF(u)ds [+, 20 var e 13(92).
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Khi o, ta thu duoc danh gié cho E(¢) nhu sau
E(t)zéuumuf -2|g’, -G, (18)
tong do [ gu"d < g, Ju”|, <2l + gJu]]
Mt khdc, tir diéu kién (5) ta ¢6 |/ (u” )\gc(l + \umr), khi do

[ F (w)de <] ([1+]u"

Max <clal+cler a9
Ap dung céac bat dang thirc Holder va Young, ta dugc
m m 1 m 2
~eu<[ Jelu"|ax < Clel+u"]- @)
Tu dinh nghia cia £ (t) va cac danh gia (19), (20) ta duoc

p+l

B0 <] sl

+Clg|f +Cle. 1)

1

Lay tich phan tir 7 dén T cia (17), ta dugc

E(T)+ [ (Jur[ +2(0)

u;
Tir (15), (18), (21) va (22) ta co

m
ut

)i =E(2). (22)

d§ +e(t)

T m
ut u[ 1

1

gl =208l ¢+ T Ja
<l (o) +lo o))"
Do (15) nén tir (23) ta suy ra

' (Jr o) o < el +1).

Vay {u[’" } 1a bi chdn trong khong gian L* (7,T;H,). (24)

(23)

+[glf, +1)

1

u

m
ul

Buéc 3. Chuyén qua gidi han. Tix (15), (16), va (24) ta suy ra rang, ton tai cac ham
uel (., T;H)N L (7,T;Hy (Q)), y € (.71 (Q))u, € L(7,T3H,) v6i T > t vamot

day con cua {u’"} 1 (van ki hiéu 1a {u”’} 1) sao cho khi m —> 0, ta c6
m= m=

u" >u hoi tu *- yéu trong L*(7,T5H,),
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u”" —>u hoi tu yéu trong L’ (z‘,T;HOl (Q)), (25)
f(u'") —>y hoity yéu trong L' (T,T;L‘] (Q)),

hoi tu yéu trong L’ (z',T;H, )

Bén canh d0, két hop (15) véi (24) va st dung B6 d& Aubin-Lions, suy ra ton tai mot

ddy con cua {u’”}:=1 (van ki hiéu 1a {u’”}:zl ) sao cho u" — u trong Lz(r,T;L2 (Q))
Khi d6, 4" — u hau khip noi trong Q x [Z’,T ] (26)

Tiép theo, ta chitng minh y = f (u) . That vay, dua vao (26) va tinh lién tyc cua f

ta co
f(u'”) - f(u) hau khép noi trong QX[T,T].

Cudi cung, ta chirng minh cho " — u héi tu déu trong C([T,T],H, ) Xét phuong

trinh
u' —u, —g(t)A(u;" —u;')—A(u'” —u”)+f(u’")—f(u”)=0. (27)
Nhan phuong trinh (27) véi (u”’ — u”) va lay tich phan trén Q, ta thu duoc
= e @) [ )+ (2 @)
=—2jg(f(u”’)—f(u”))(u’" —u")dx.
Tur gia thiét (4) va tinh don diéu cta &(¢) c6
d
E(Hum —u"”2 +6(t)”u”’ —u"”lz)s 2Z(Hu”’ —u"”z + e(t)Hu'" —u””f)

20(t-7)

‘u’" (z)-u" (2')“1 .

I 4 2 2
Ap dung bat dang thirc Gronwall, ta dugc Hu’" - u"H,H <e

Ma {um }m 1 la day Cauchy trong C ([z‘,T ],Hz ) Do d6, vi tinh duy nhit cua gi6i han,

m=

ta co

u" — u hoi tu déu trong C([T,T],’Ht), voimoi T > 1.

Nhu vy, u e C([,T],H,). (28)
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Dong thoi, khi m — co,u” (7) > u, trong H,. Tir d6, dé dang chimg minh dugc
u(z)=u,.

Vay tir ddy, ta thu dugc sy ton tai nghiém yéu cia bai toan (1).

3. TINH DUY NHAT NGHIEM YEU VA SU PHU THUOQC LIEN TUC CUA
NGHIEM VAO PIEU KIEN BAN PAU

Pinh li 3.1. Gia sir cac gia thiét nhu trong Dinh 1i 2.1 thoa man, khi d6 nghiém yéu
cua bai toan (1) la duy nhét. Hon nita, nghiém yéu nay phu thudc lién tuc vao diéu kién
ban dau.

Chirng minh. Gia sir u',u* 13 hai nghiém cua (1) véi diéu kién ban dau tuong tng la

uul. Pit  u(t)=u'(t)-u’(t) thi u(s) thoa man phuong trinh sau

T2

o —e(t)Au—Au+ f (u')— £ () = 0, (29) vdi dit kién ban dduu (x,7) = u: =u! —u.
Nhan phuong trinh (29) véi U va lay tich phan trén Q, ta thu duoc
d — —_ , —
Gl e} )+ (2 Ol =20, (7 () =1 ()~
Tur gia thiét f, (u)>—( va tinh don diéu cua (1) co

Gl ) < 20(J - oel)

Ap dung bat dang thirc Gronwall, ta co

20(1—7) 2

2
Hul _”2H~H <e ul —u2H (30)

Twr (30) ta thu dugc tinh duy nhét nghiém va su phu thudc lién tuc cia nghiém vao
diéu kién ban dau.

4. KET LUAN

Bai bao nay di nghién ciru, cai tién, mo rong cac didu kién ap dat 1én cac thanh phan
ctia phuong trinh khuéch tan khong c¢6 dién voi hé sé phu thude thoi gian. Tir d6 giup ta
nghién ctru dwge mot 16p phuong trinh khuéch tan khong cd dién rong hon. Bing phuong
phap xap xi Galerkin va cai tién cac ki thuat danh gia, chung t6i da chimg minh dugc bai
toan ton tai, duy nhat nghiém yéu.
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