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TOM TAT:

Trong bai bao nay dé cap dén mot so ket qua vé chi so va nghich dao Drazin cua ma tran khoi

O B . . . \
A= {C O] . Mo6i quan hé gilra chi s cua A va chi s6 cua BC ciing duoc lam ro, dong thoi

cac vi du dugc dua ra dé minh hoa cho céac quan h¢ do.
Tir khoa: Chi s6 Drazin, kha nghich Drazin, ma tran khoi.

THE INDEX AND THE DRAZIN INVERSE OF A BLOCK MATRIX
ABSTACT:

B
In this paper , some results about the index and the Drazin inverse of a block matrix 4 = [ ] . are
o

given. Relationships between the index of A and the index of BC are determined, and examples are
given to illustrate all such possible relationships.

Keyword: Drazin index, Drazin inverse, block matrices

1. GIOI THIEU

Cho A 1a ma tran vudng phirc cap n. S6 nguyén khong am k& nho nhét théa man
Im A" =Im A", dugc goi 13 chi s6 ciia ma tran 4 va ky hiéu 1a indA .

Cho ma tran vudng phic A4 cap nvéi ind4 =k . Ma tran vudng phitc X cap
nduogc goi 1a kha nghich Drazin ctia A néu n6 thoa man cac diéu kién sau

AX = XA (1)
XAX =X (2)
Ak+1X — Ak (3)

Ky hiéu kha nghich Drazin ciia ma tran 4 1a 4”. Khi ind4 =0 hoic ind(A4) =1
thi 4” duoc 201 1a nghich dao nhom cua A, va ky hiéu la A"

Néu A 1a ma tran lily linh bac & thi indd =k va 4” =O; con néu 4 1a ma tran
kha nghich thi ind4 =0 va 4° = 4",
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Vén dé tim kiém céc biéu dién mot cach chi tiét cho nghich ddo Drazin ciia mgt ma
tran khoi tong quat da duoc Campbell va Meyer dit ra ¢ [1]. Ké tir d6, cac truong hop
didc biét cuia van dé nay da duoc nghién ctru. Mot sb bai bao gﬁn day dé cap dén van dé
biéu dién nghich ddo Drazin ctia cac ma tran khéi nhu vay la [2], [3], [5], [6], tuy nhién

nhiéu van dé chung van con bo ngo.

Trong bai bao ndy ta nghién ctru kha nghich Drazin ma tran khdi:

L [0 B
“le ol “)

0day B lamatrancd px(n—p),con C lamatrancd (n—p)xp.
2. CAC KHOI BIEU DIEN CUA 4"
Pinh li 2.1. Xét ma trn A 6 dang (4). Khi do:
b 0, (BC)’B
B {C(BC)D 0 } |
Hon nita , néu indBC = q thi ind4 <2g +1
Chung minh. Ki hi¢u:
0] (BC)”B
- {C(BC)D 0 } |
Ta co
o {0 B}[ o  BoPB _  Bc(BCYP ) }
C Ollceey® o || o @ csoPs|

_[ o) (BC)DBMO B| [(BC)’BC 0
C(BC)” 0 c ol | o C(BC)’B |
Lai co0 BC(BC)” =(BC)” BC nén AX = XA
Mit khac thi
O  (BC)®B|[O B O  (BCO)’B
{C(BC)D 0 [c OHC(BC)D 0 }

0  (BO)"B| BC(BC)” 0)
| C(BC)” 0 O C(BC)"B |’

B 0 (BC)’BC(BC)’B
| C(BC)? BC(BC)” 0 '
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Lai ¢ (BC)” BC(BC)” =(BC)", suyra
AX:{ 0] (BC)DB}:X
C(BC)" O

Vay X lakha nghich Drazin cia ma tran 4.
bit indBC =g, khi do

Az{o BHO B}:{BC o}zwzq”:[(zacyf+l 0 }
c ollc ol |o cB 0  (CB)™

Suy ra

42y — |:(Bc)q+l @) “: 0 (BC)DB} ,
(0] (CB)™ || C(BC)” 0]

- 0 (BC)*(BC)" B 0 (BC)’ B
| (B C(BC)? 0 (CB*'C(BC)" O |

Vi (CB)**'C =C(BC)(BC)...(BC)=C(BC)**" nén

AMX{ 0 (BC)"BH 0 (BC)‘IB} e
C(BC)"*'(BC)" 0 C(BC)* 0

Tacé6 Im A% =ITm 4277 X < Im A% = Im 4>, do d6 ITm A*7"* =Tm A",

Vay ind4 <2¢+1.0)

B6 dé 2.1. Néu T la ma trdn vuéng thi (T*)° =(T").
Chirng minh. Ta co:

(T°Y'T* =T°(T°T)T =(T°TXT°T) =(IT"YTIT")=T(T°T)T")=T*(T")

(T T*(T°Y =(T°T°TYTTT")=(T"TT" YT TT")=T"T" =(T")".
vay (T°)" =(T")".
Bo d¢ 2.2. Vi P la ma tran c6 mxn va Q la ma trdan c6 nxm thi
(PO)” = P((QP)")" Q.
Ching minh. Bit X = P((OP)*)” 0, ta c6:
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X(PO)X = P((OP)")” Q(PQ)P((OP))" 0,

= P((OP)")* Q(PQ)P((OP)")’ O,

= P(OP)"(OP)"(OP)(QP)(QP)"(OP)" 0,

= P(OP)"(OP)(QP)”(OP)"”(OP)(QP)" 0.
Vi (OP)”(QP)(QP)” =(QP)" ., suyra X(PQ)X = P(OP)"(OP)"0 = X.
Mat khac thi
(PO)X =(PQ)P((QP)*)"Q = P(OP)(OP)"(OP)" 0,

= P(OP)"(OP)(QP)”Q = P(OP)" 0.
X(PQ) = P((QP))” Q(PQ) = P(OP)"(OP)" (OP)Q,
= P(OP)"(OP)(QP)"Q = P(OP)" 0.
Suy ra (PQ)X = X(PQ),dods (PQ)” =P(OP)*)"Q.
B6 dé 2.3. Vi cdc ma trdn B,C xdc dinh & (4), ta co:
(BC)’ B =B(CB)” va (CB)’C =C(BC)".
Chirng minh. Boi B6 dé2.1 vaB) 2.2, ta co:
(BC)” B = B((CB)”)*CB = B(CB)”(CB)"CB,
= B(CB)"(CB)(CB)"” = B(CB)".
Thay ddi vai tro cia ma trdn B,C cho nhau ta duge: (CB)”C = C(BC)" . [
Heé qua 2.1. Vi ma trdn khoi A xde dinh ¢ (4), ta cé:
e { 0] B(CB)D}
(CB)"C o |

Nhin xét. 1) Néu 4 1a ma tran kha nghich thi B,C 1a ma trdn kha nghich. Khi 6

o c
Al

2)Néu BC 1a ma tran lily linh thi (BC)” =0, dod6 4° =0.

cong thuc ¢ H¢ qua 2.1 thanh:

3) Néu C =B’ véi rank(B) < p, thé thi BB 1a ma trén suy bién va 1a ma tran
Hermite suy ra indBB" =1.Khi d6 thi 4 ciing 1a ma trin Hermite va ind4 =1.
Trong truong hop nay thi 4” = 4", véi A" nghich dao Moore-Penrose clia A :
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o O (BB)Y'B| | O B” _
B'(BB)* 10, B" O '

3. MOI QUAN HE GIUA CHI SO 4 VA CHI SO CUA BC

Két qua trong phan nay ma chung toi néu ddi voi chi s6 A4 theo BC va chi sd
BC c6 thé duge néu theo cach khac 1a CB va chi sb .
Véimatran 4 ¢ (4). Véi j=0,1,2,...

ofor o),
o

(CB)J‘
e[ 0 @oyB|[ o Ben],,
C(BCY O (CBYC O
Nhu vay thi
rank4”/ = rank(BC)’ + rank(CB)’ (5)

rank4>"" = rank(BC)’ B + rankC(BC)’

A A 6
=rankB(CB)’ +rank(CB)’C (©)

Pit indBC = ¢, giastt g =0. Néu n=2p thi B,C la cic ma trdn vudng cip p
kha nghich, do d6 ind4 = 0. Trong truong hop naytaco A” =A™,

Néu n#2p, khi d6 rankBC =rankB =rankC =rankCB. Suy ra
rank4 = rank4”, do d6 ind4 =1 va A” = A", véi A" 1a nghich ddo nhém cia A.

Sau day ta s& sir dung bat dang thic vé hang ma tran (xem [4], trang 13) cia
Frobenius trong mot s6 chimg minh & phan nay.

B6 dé 2.4. ( Bat dang thirc Frobenius) Véi cdc ma tran U ¢6 mxk, V la kxn
va W la nx p thi:

rankUV +rankVW < rankV +rankUVW .

Pinh li 2.2. Cho ma trgn A ¢6 dang (4) va gia sit ndBC =g >1. Khi dé
ind4 =2q —-1,2q hodac 2q+1.

Chirng minh. Theo Dinh 1i 2.1 ta ¢6 ind4 <2g +1. Theo B6 dé 2.4, ta co:
rank(B(CB)*™") +rank((CB)?"' C) < rank(CB)*"' + rank(BC)" .
Vi indBC = ¢ nén rank(BC)? < rank(BC)?", suy ra

rank(B(CB)"") + rank((CB)""' C) < rank(CB)""' + rank(BC)*"' @
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Tir (5), (6) va (7), suy ra rankd’" <rank4™™", do d6 ind4 =2¢—1,2¢g hoic
2g+1. [

O cac dinh 1i duéi day, ta s& dua ra cac diéu kién can va du cho mdi gia tri cta chi
s6 ciia ma tran A4 dugc xac dinh ¢ Dinh 1 2.1.
Pinh li 2.3. Cho ma tran A ¢6 dang (4) va gia sy ndBC =q >1. Khi do

ind(A4) =2q —1 néu va chi néu it nhat mét trong hai diéu kién sau dwoc théa man:
i) rank(BC)? =rank(BC)*"' B va rank(CB)? =rank(CB)*"'C.
i) rank(BC)? =rank(CB)*"'C va rank(CB)? =rank(BC)""'B.
Ching minh. Tir (5) va (6) ta co, rank4’® =rank4**™" néu va chi néu
rank(CB)?™" + rank(BC)? = rankB(CB)?"' + rank(CB)*"'C (8)

Ta chirng minh (8) théa man néu va chi néu mot trong hai diéu kién 1) hodc ii1) duogc
thoa man.

RS rang néu i) hodc ii) thoa man thi (8) dugc thoa man.

Nguoc lai, néu (8) thoa man thi i) va ii) thoa man. That vay, ta co:
rank(BC)? <rank(BC)"'B _ |rank(BC)? <rank(CB)*"'C
{rank(CB)" <rank(CB)?"'C “ {rank(CB)q <rank(BC)""'B

R rang néu i) hodc ii) khong thoa mén thi (8) khong xay ra. Do d6 ta c6 didu phai
chung minh.
Bo dé 2.5. Néu indBC = q thi
rank(BC)*"' = rank(BC)? = rank(BC)? B = rankC(BC)? =rank(CB)*".
Chéng minh. Pat rank(BC)? =5 . Ta co:
s =rank(BC)? = rank(BC)*"' < rank(BC)? B < rank(BC)? = s
{s = rank(BC)? = rank(BC)""' < rankC(BC)? < rank(BC)? = s
Do d6
rank(BC)?"' = rank(BC)? = rank(BC)? B = rankC(BC)? =s.
Mit khac theo Bo dé 2.4, ta co:
25 =rankC(BC)? +rank(BC)? B < rank(BC)*"' + rank(CB)*"' .
Theo (5), ta co:
rank(BC)**" + rank(CB)?"" = rank4*"** < rank4>"".
Theo (6), ta c6:
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rank4**"' = rank(BC)? B + rankC(CB)? = 2s .
Suyra rank(BC)?"' +rank(CB)*" =2s < rank(CB)""' =5. O
Pinh li 2.4. Cho ma trdn A ¢6 dang khéi (4) va gia sir indBC =g >1.
Khi d6 ind4 = 2q néu va chi néu ind(CB) =q va

rank(BC)? < rank(BC)*"' B hodc rank(CB)? < rankC(BC)?™
Chirng minh. Gia str ind4 =2q , dat s =rank(BC)?. Khi do:
rankA4*! = rank4*""" =25 < rank4**™".
Lai c6 rank4™® =rank(BC)? + rank(CB)?, suy ra rank(CB)? = s .
Theo (6) thi
rank4*™" = rank(B(CB))?" + rank((CB)*"' C) < rank(CB)*" + rank(BC)*
Do d6 rank4’?" <rank(CB)?" +s, suyra
25 <rank4**™" <rank(CB)"" +s <> rank(CB)"" > s.

Vi rank(CB)?"' =5 nén ind(CB) =gq.
Néu rank(BC)? =rank(BC)?'B va rank(CB)? < rankC(BC)?" thi theo Dinh

1i 2.3 ta c6 ind4 = 2g — 1, mau thudn véi gia thiét. Do do

rank(BC)? < rank(BC)?"' B hoic rank(CB)? < rankC(BC)*™".
Nguoc lai, gia st indCB =¢q va
rank(BC)? < rank(BC)*"' B hoidc rank(CB)? < rankC(BC)"™".
Vi indCB = g nén rank(CB)? = rank(CB)?" = s theo B6 dé 2.5.
Tu Pinh 1i 2.3 ta c6 ind4 # 2g —1. Néu ind4 = 2q +1 thi
rank4*"' < rank4*? < rank(BC)? B +rankC(BC)? < rank(BC)? + rank(CB)’

Tir B6 d& 2.5 suy ra s < rank(CB)?, mau thuan. Két hop véi Pinh 1i 2.2 ta ¢6
ind4 =2q. [

Pinh li 2.5. Cho ma tran A c6 dang khoi (4) va gid sit indBC =g >1. Khi dé

ind4 =2g +1 néu va chi néu rank(CB)? > rank(CB)’C .
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Chimng minh. Dit rank(BC)? = s va gia st rang ind4 = 2¢g +1. Ta co:
rankA4*"" = rank4*** = 25 < rank4*? .
Theo (5) thi
rank4*? = rank(BC)? + rank(CB)? = rank(CB)? > s .
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Boi B6 dé 2.5, ta co:
rankC(BC)? = rank(CB)*"' = s < rank(CB)?C =rank(CB)"" =s.
Do d6 rank(CB)? > rank(CB)?C..
Nguoc lai, néu rank(CB)? > rank(CB)? C = rankC(BC)’ , ta c6:
rank(BC)? + rank(CB)? > rank(BC)? B + rank C(CB)? <> rank4*? > rankA4™*"

Do d6 ind4 =2¢g+1. [

Hé qua 2.2. Cho ma trdn A cé dang khoi (4) va gida sir indBC =g >1. Khi dé
ind4 =2q +1 néuva chi néu indCB =2q +1.

Chtrng minh. Gia st ind4 =2¢g +1. Theo Pinh i 2.5 thi
rank(CB)? > rank(CB)?C > rank(CB)"*" .
Suyra indCB>¢g+1.Taco
rankA4’?** = rank4**** < rank(BC)?"" + rank(CB)?"' = rank(BC)?** + rank(CB)""*
Vi rank(BC)*" = rank(BC)?** nén rank(CB)*"' = rank(CB)***.
Do @6 indCB =¢q +1.
Nguoc lai, gia sit indCB = g +1, suy ra rank(CB)? > rank(CB)?"', do @6
rank4? > rank4*** .
Str dung (5), (6) va B dé 2.5 ta ¢6 rank4*™" = rank4>"*.
Do d6 ind4 =2¢g +1. [

Vidu 1. Xétma tran A viét dudi dang khéi:

O B
A= ,
vOl
1 0
1 1 1
B=|1 =2;C=
11 2
-1 1
Khi d6
1 1 1 0 0 -1 0 0 -1
BC=|-1 -1 —3;(BC)2: 0 0 —1;(BC)3: 0 0 -1].
0O 0 1 0 0 1 0 0 1
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Ta ¢6 rankBC = 2; rank(BC)’ =rank(BC)’ =1 nén indBC =2=s.
Lai c6 rank4 = 4; rank4” = 3;rank4’ = rank4* =2 nén indd =3=2s5—-1.

D@ kiém tra dugc réng diéu kién 1) va ii) 6 Pinh li 2.3 dugc thdéa man.

Vidu 2. Xétmatran A dugc cho dudi dang khoi:

O B]
A= ,
{C 0_
Vol
1 o
-1 0 0 1
0 -1 1
0 0 -1
0 1 10
_ 0 0_
Khi d6
0 -1 0 -1 0 -1
BC = 0 1[3(BCY=/0 -2 0
0 -1 0 -1 0 -1
0 1 0 1] (1 -1 1]
-1 0 1 0 -1 -1 -1
CB = ;CBC = .
0 -1 -1 0 0 1 0
-1 0 0 1 0 -1 0]

Ta c6 rankBC =rank(BC)’ =2 va indBC =1=5 .

Chu ¥ rang rankCB =3 > rankCBC =2 va indCB = 2 . Khi d6 theo Hé qua 2.2
thi indd=2s+1=3.

4. KET LUAN

Trong bai bao nay, ta di nghién ciru chi sé va kha nghich Drazin cta ma tran khoi
O B
dac biéet A= {C O}' Ta da dua ra dugc cong thuc tim kha nghich Drazin cling nhu

moi quan h¢ gilra chi s0 ciia ma trén khoi vdoi cac khoi ma trén thanh phan. Mot so vi du
cling dugc dua ra dé minh hoa cho céc dinh li dugc trinh bay trong bai bao.
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