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To prove the existence of an inertial manifold, we suppose the following assumption.

Assumption A. Let A be a closed linear operator on a Banach space X such that −A is

sectorial operator of ( , ) -type with 0
2

  and 0 . We suppose that the

( )A A decomposed as follows:
( ) ( ) ( )u cA A A C     

0u c   where

: sup{Re : ( )}, : inf{Re : ( )},u u c cA A      (2.2)

and ( )c A is compact.

ASSUMPTION A allows us to choose real numbers and such that

0u cµ    (2.3)

P ( )c A
1 ( , )
2 l

P R A d
i   l ( )A

surrounding ( )c A and positively 0( )tA
te  the analytic semigroup

A We now recall some ties, called dichotomy estimates of analytic

semig 0( )tA
te  .

Proposition 2.2 (see Nguyen – Bui [9]). Let P be the Riesz projection and choose κ < µ <
being the real numbers as in (2.3). For θ > 0, the following dichotomy estimates hold true:
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Pr O X
described as

1 20 ...,   each with finite multiplicity lim kk
  (2.8)

and let H be bounded linear operator on X such that H is small enough. Then, the

+H is ASSUMPTION A.

Besides the assumptions on the linear operator A, we need the -Lipschitz property of the
nonlinear term f in the following definition.
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Definition 2.4. Let be an admissible Banach function space on and let be positive

function. X D A  :f X X  -

Lipschitz f satisfies

( (, 1) )f t x t A x  , . .a e t ,x X (2.9)

1 2 1 2( ) ( ) ( ) ( ), ,f t x f t x t A x x   . .a e t 1 2x x X (2.10)

Moreover, we need the following assumption on the function .

Assumption B. Let E be an admissible Banach function space on and let be positive
function. We consider positive function such that
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 0 1.  (2.11)

We assume further that the nonlinear mapping ,u f t u is of class 1C .

Inertial Manifolds for Evolution Equations

( )

,s

x t Ax t f t x t t s

x s x





  


(2.12)

A X

f X X  :X D A

A for   .

we
consider the integral equation

( ) ( )( ) ( ) ( , ( ))
tt s A t A
s

u t e u s e f u d      for . . .a e t s (2.13)

(2.13) u t

J X t s J u equation
(2.13) is called a mild solution of equation (2.12).

A ASSUMPTION P
that an inertial manifold for equation (2.13) is a collection of Lipschitz manifold. 

 t tM M in

X (eachMt is the graph of a Lipschitz mapping :t PX QX  ) which is positively
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whic . .,i e f y ( )·u of
s H

( )dist , t s
X tu t M He  ,t s

0 distX X

Assume that equation (2.13) has an inertial manifold. We now rewrite the solution in the form

u t p t q t  where p t Pu t , and q t Qu t , where :Q I P  . Then

evolution equation (2.12) can be rewritten as a system of differential equations
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p p Pu q q Qu

 






  
 

   

 (2.15)

( , )s s Sp q 

( ( ), ( )) tp t q t M , t s tM
stages: at first we solve the problem

( ) ( ) ( , ( ) ( ( )), , (2.16)


   t st s
p t Ap t Pf t p t p t p p

and ( ) ( ) ( ( ))tu t p t p t  inertial
manifolds is completely determined by the properties of ordinary differential equation

inertial form of
evolution equation (2.12).

– – – Theorem 2.9]
on the existence and regularity of inertial manifolds as follows. This result is a key mathematical
tool to study the asymptotic behavior of predator-prey models, which is the main goalof this paper:
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Proof. See Nguyen – Bui [10, Theorem 3.5] and Nguyen –Bui –Do [11, Theorem 2.9].

Remark 2.1.

ͳǤ 0 1  

large 1
1

sup
t

t
t

d


  
0,

1 
 is sufficiently small.

ʹǤ f -Lipschitz f -Lipschitz B

X ) 0 0
(.) [0, ) ( ) 1s 

0 1, ( ) 0s s   for 2, 0 ( ) 1s s   and '( ) 2s  for [0, )s  . We define

cut-off mapping

( , ) : ( , ) ( ). (2.19)
A u

f t u f t u for all u D A
 
  
 
 

We have (see [10, Lemma 3.7]), if ,( )f t u is locally -Lipschitz in a ball B , then

22 5 2 .f t u Lipschitz  
 

 

( ) ( ) ( , ( )), ,
(2.20)

( ) , ,s

dx t Ax t f t x t t s
dt

x s x s

   

  

fρ t def (2.19). Since ( ,.)f t is  Lipsc f
2(2 5 2):  



y 2.5 if R f there
exists an inertial manifold of for mild solutions to equation (2.19).

3. FINITE-DIMENSIONALASYMPTOTIC BEHAVIOROFA PREDATOR-PREY
MODEL WITH CROSS-DIFFUSION

In this section, we will study the predator-prey population model with cross-diffusion which is described
by the following partial differential equations of parabolic type (see, e.g., J.D. Murray [6, 7])
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( ),u u t x ( ),v v t x t
- x 1D 2D coefficients;

the positive-valued functions r is the birth rate of the prey, q is the death rate of prey by
predator, and c is the growth rate of the predator in presence of the prey; whereas d is

( )K t

 boundary conditions.
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