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TOM TAT

Néam 1926, R. Nevanlinna dd chimg minh dwoc rang néu hai ham phédn hinh khéc
hang f va g trén mat phang phirc ¢é cing anh nguwoc ciua 5 gid tri phdan biét thi
f=g Dinh Iy 5 diém) va Pinh Iy 4 diém: néu hai ham phdn hinh c¢é ciing anh ngweoc cia 4
diém phan biét thi sé la mét biéu dién phan tuyén tinh ciia nhau. Tir @6, van dé duy nhdt vé
ham phdn hinh dwoc nhiéu nha todn hoc quan tam nghién cieu. Trong bai bdo nay, ching
16i gidi thidu vé cdc dinh Iy co ban cia Iy thuyét Nevanlinna gom Dinh Iy co ban thir nhat,
Binh Iy co ban thir hai. Tir d6, chiing téi sir dung dé thiét ldp va chirg minh cho dinh ly vé
sw xdc dinh duy nhdt ciia ham phén hinh khi ¢é cing dnh ngwoc ciia 6 cap diém.

Tir khéa: Iy thuyét Nevanlinna, van dé duy nhdt cho ham phan hinh.

UNIQUE PROBLEM FOR MEROMORPHIC FUNCTION
SHARING PAIRS OF VALUES

ABTRACT

In 1926, R. Nevanlinna proved the well-known Five-point Theorem: “Let f and g be two
meromorphic functions on C. If [ '(a)=g '(a) for five distinct points a(i=1,...,95),
then f = g”. Since then such the similar unique property of meromorphic functions has
been studied extensively. In this paper, we introduced The first theorem and The Second
theorem of Nevanlinna theory. Thus, we established the theorem of unique problem for

meromorphic function sharing 6 pairs of values.

Keywords: Nevanlinna theory, uniqueness problem.

1. GIOI THIEU

Cho hai ham phan hinh /', g va cho @ va b 14 hai gia tri phirc bat ki. Ta noi rang hai ham
phan hinh fva g c6 cting anh nguoc ddi véi cap gia tri (a, b) néu thoa min: f (ZO) =a khi
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vachikhi f (ZO) =b véi Z, € C. Trong trudong hop khi Z, la nghiém béc p cua phuong
trinh f(Z) =a va z; langhiém bac ¢ cua phuong trinh f(Z) =b, khi d6 ta noi fva g co
cung anh nguoc ddi voi cap diém (a,b) tinh ca boi néu P =¢ voéimoi diém Z, . Khi ta khong
xét dén boi gidng nhau thi ta néi fva g c6 cung anh ngugc dbi véi cap diém (a,b) khong tinh
boi. Ta ndi hai ham phan hinh fva g c6 cling anh ngugc ciia gia tri @ néu f'va g c6 cting anh
nguoc dbi voi cap gia tri (a, a).

Cho hai ham phan hinh f'va g trén mit phang phirc. Ta n6i g 1a mét biéu dién phan tuyén

af +b
of +d -’

Nim 1926, R. Nevanlinna da chtiing minh dugc rang néu hai ham phan hinh khac hang

tinh ctia f néu ton tai cac gia tri phitc a, b, ¢, d théa man ad —bc # 0 sao cho g=

fva g trén mit phang phic C c6 cliing anh ngugc ciia 5 gia tri phan biét thi =g (Pinh 1y 5
diém) va Pinh 1y 4 diém:

Dinh 1y 1: Cho hai ham phdn hinh khéc hang fva g trén mdt phang phirc va bdn diém
phanbiét q,,a,,a;,a, € C U{w}. Néu v, =0, Voi j=1,2,3,4 thi g la mot biéu dién phan
tuyén tinh ciia f.

O day, tac gia xét ddi véi cac cap diém chung, tiép tuc nghién ctru vin dé duy nhat
ctia ham phan hinh, chtng t6i dwa ra mot chimg minh cho dinh 1y vé van dé duy nhat cho
ham phan hinh c6 cung anh nguoc khong tinh bdi ciia 6 cdp gia tri phan biét thi s€ 1a mot

biéu dién phan tuyén tinh cua nhau.

Chung t6i luu ¥ rang, néu thay giai thiét 6 cap diém thanh 5 cap diém thi két qua khong
con dang nira (qua vi du 1 muc 4). Tuy nhién, mot s6 két qua ciia cac tac gia da chi ra rang
néu thay bang gia thiét 5 diém trong d6 c6 mot s6 diém tinh boi va mot sé diém khong tinh
boi thi dinh 1y van ding.

2. MOQT SO KHAI NIEM, Ki HIEU, CONG THUC VA KET QUA CO BAN
2.1. Divisor

Dinh nghia 1: [6] Mt divvisor trén U véi hé sé trong 1a mot biéu thire ¢6 dang hinh thirc:

Zﬂuzu

Dinh nghia 2: [6] Cho U la mot mién trong . Mot ham fxac dinh trén U duoc goi la ham

A, €Z; {z,} roiractrong U.

phan hinh néu véi moi | ton tai lan can mé V chita a, v U lién thong va ton tai cac ham
chinh hinh g, h trén V, sao cho f:% trén V.

Cho f 1a mot ham phan hinh trén U. Khi d6 v6i mdi ta c6 biéu dién dija phuong
f(2)=(z—2)"g(z),meZ,g(a) #0, g(z)lamotham chinh hinh.

Néu m > 0 ta néi a 1a mot khong diém bac m (bdi m) cua f.
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Néu m < 0 tanoi a 1a mot cuc diém bac m cua f
Dinh nghia 3: [6] Cho fla ham phdn hinh trén U.{a,}., va {»,)" . lan lwot la tdp cdc khong
diém va cyee diém cua ftrén Us 4, la khong diém bdc cia f, 13 cuc diém bac (véi) ciia f. Ta dinh

nghia cac divisor khong diém va cac divisor cuc diém cua f va divisor sinh boi ham f'lan lwot

nhw sau.:
(f)o:;)% a, ;(f)f%(—#u)bu ()= (N)-(1). .

2.3. Cac ham Nevanlinna ciia ham phéan hinh:

Ham dem:

Cho p= E“u z, 12 mot divisor trén , véi mdi sb tw nhién >0 hodc k=+» tadinh nghia
ham dém cua D dugc ngit boi &:

N[k](r,D):jink(tt’D) dt,r>1.
O do: 1
n(,D)= Z min{k,,uu} ;n,, (6,D)= Z,uu =n(t,D) .
Jzuf<t

|zl

Ta dung cac ki hiéu N(1,D) thay cho N*(r, D) la ham dém voi boi khong bi chan.

Cho 14 mot ham phan hinh trén ham dém a - diém cua f dwoc dinh nghia boi:

N(f,a,r):-N[r’(fl_aUN[r’[fl—al}

= L log ! do— L log
2z I f(2)-a 2 7=

1
f(2)-a

do.

Cho f1a mot ham phan hinh khac dong nhét 0 trén ham xap xi cta f dugc dinh nghia boi:

m(r, f) ::i [ tog| £ (2)|dz.
. el

Trong do, 10g* x = max {log x,0}-

Ham x4p xi cua /ing voi diém ¢ e C duoc dinh nghia 1a: m[r,fl J .
—a
Ham dac trung:

Cho f1a mot ham phan hinh khac dong nhat 0 trén , ham ddc trung Nevanlinna cia f duoc
dinh nghia boi:
I(f,r)=T,(r)=N(r,(f),)+m(r, [).

2.4. Mt s6 dinh 1y co ban ciia Nevanlinna
Dinh 1y 2: [1] Pinh 1y co ban tha nhat. (EM.T)
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Cho f I ham phén hinh khdc hing trén |z|<R (0<R<w), diémaeC bt ky. Khi do:

T[r, fl_a] =T(r, f)+0().

Pinh 1y 3: [3] Bit ding thirc Nevanlinna:
Gia sir f'la mét ham phdn hinh khdc hang trén C va diem a€C | Khi do:

a) N(r,(f =a)y) <T(r,f)+O0Q).
by N(r,(f))<T(r, f)+O).
¢) N(r, f)<T(r, f)+0(1).

Binh Iy 4: [5] Pinh 1y co ban thir hai: (S.M.T)
Cho f la ham phan hinh khéc hang, a, (k =1,..,q)ld cc diém phirc phan biét (¢ >3)
Khi do:

(q-2)T(r. f) < ﬁN{” (r,(f —a,)o) + O(T(r, /).

Ta thay rang, véi ¢ (g=3) 1a sO tuy v, ma vé phai trong bét dang thirc cia Dinh Iy co ban thir
hai khong phu thudc ¢ nén tir d6 c6 thé thay rang, cac dai luong m(r; f) ndi chung rat nho.

H¢ qua (Pinh 1y Picard) [6]

Néu ham phén hinh xac dinh trén ma khong nhan ba gia tri phan biét trén #4i 13 ham hang.
Dic biét, néu ham chinh hinh xac dinh trén ma khong nhan hai gié tri phan biét trén thi la
ham hang.

Dinh ly ndm diém ciia Nevanlinna: [6]

Cho fva g la hai ham phdn hinh trén khac hang va la nam diém phan biét a, ,...,as € C .
Giasi vV, , =V, Vi=1,.5 Khids [ =g.

3. Két qua chinh

Trong muc nay, chiing toi gidi thiéu két qua chinh ctia bai bao, d6 1a xét mot truong hop cia
bai toan duy nhat d6i v6i truong hop anh xa phan hinh c¢6 cung anh ngugc dbi v6i 6 cap gid tri.

3.1.Pinh Iy 5: Cho f.g:C T la cdc ham phén hinh khdc hang. Cho a.a,,....,a, ldcdcgiatri

sH5e- sty ,
trong sao cho 4 <a,.b, <b, voi moi i <j. Gia sir M (a)=g"(b) voimoi i=1,2,...,q. Néeu
q > 6 thi fla mét biéu dién phén tuyén tinh ciia g.

Pé chirg minh dinh 1y trén, ta cAn mot s6 bo dé:
3.2. Mgt s6 bo dé

B0 dé1: Cho f,g: C—C lacdc ham phén hinh khdc hing. Cho a,,a,,a, 1a céc gia
tri trong sao cho a, < aj,bl. < bj. véimoii<j. Gidsw f~'(a)=g"'(b) véimoi i=1.23.
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Khi dé, néu f khéng 1a bién doi phdn tuyén tinh ciia g thi:
3
T(r.f)+T(r.g)> ZN(r,min{Q,.fai,ugbe })
i=1

Chirng minh:

Trudec tién, ta dat:

H:<f—al>(g—@)%—(.f—az)(g—m

—

b,—b,

bl_bl).

—

—_

Vi fkhong 1a bién d6i phan tuyén tinh cia g nén H = 0. Khi d0, ta thiy rang néu z la
khong diém clia f— a, v6i bdi m va la khong diém clia g — b, vé6i boi 7 thi né 1a khong diém
ctia H véi bdi 16n hon hodc bang min {m,n}.

Do do, ta co:
T(r,f)+T(r,g)2T(r,H)+O(1).
Ap dung dinh 1y co ban thir nhét ta co:

T(r,f)-l—T(r,g)ZT(r,H)—i—O(l)
> N(r,0,)+0(1)

v, )+0().o

3
> Z N(r, min{v,_,,
= !

B6 dé 2: Cho f,g:C—C lacdac ham phan hinh khac hcing. Cho a,d,,...,d; la cac gia
tri trong sao cho a, < ai,bl, <bj voimoi i <j. Gia su ' (a)=g"(b) voimoi i=1,2,...,5.

Néu f khéng la bién doi phén tuyén tinh ciia g thi mét trong hai diéu sau la ding:
i) T(r,f)z 2T(r,g) + O(T(r,f)) hoac T(r,g)z 2T(r,f) i O(T(r,g))

ii) (T, )+T(r.8)) 2 Y N(rmin{o,_, v, , } +OT(r, ) +T(r,g).

Chirng minh:

Gia sir khang dinh i) khong xay ra.

Khi d6: ton tai cac sd C;,Cy5...,C trong do it nhit mot sb khac sao cho ham
F(f,g)=c fg?+c,fg+c,g* +e,g+cs f +c, thoaman:

F(a,b)=0 Vi=L.,5.

Khi d6, ta co:

T(r,F)<T(r,f)+2T(r,g)+O().

Néu F=0 thi (g +e0tc)f =—(cg’ +eigrcy) -

Ta thdy, ¢,g>+c,g+c; #0 Vi:
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HNéuc =c,=c.=0 thi ¢, =c, =c, =0.Diéu nay mau thuln.
1 2 5 3 4 6 y

H)Néu g +c,g+e, =0 thi g=A;8=4, (voly).

Vay ,_—(eg’+egre) Mt khac, vifkhong bién doi phan tuyén tinh clia g nén vé phai la
‘ G8 +C8+C

bét kha quy. Do d6, T(r, f)=2T(r,g)+0(1), v0 1y. Do vay dan t6i F'#0.

Dodotacd , < imin W, v, THdo dan t6i:

i=1

Vi,

Tuong tu, ta co:

Cong tong hai vé ta c6:

s
%(T(r,g) + T(r, )) 2N(r, Y minf, ,;0,,})+O0().

Két thiic chimg minh bd dé 2.

Chirng minh dinh ly:

Gia st fkhong 1a bién doi phan tuyén tinh ctia g. Theo bd dé 2, ta c¢6 hai truong hop sau:
Truwong hop I: T(r, f)=2T(r,g)+0(1) hodc T(r,g)=2T(r,/)+0(1) -

Khi d6, ap dung bd dé 1 ta co:

%T(r, 12X N,,)+00).

Lay téng 2 vé theo tit ca cacbd 1< i <i,<i; <6 tadugc:

3T (r,f)= 26: N“](V,Uf,a‘ )+ O(1).

Mat khac, ap dung dinh 1y co ban thir 2 cho 6 diém {a1 ; az;...;a6} ta co:

iN[l](r’U/—%) >(6-2)T(r, /)+OT(r, f)).

Do d6, T(rf) = 0 nén f1a ham s6 hang, diéu nay mau thun.
Trwong hop 2:

5
%(T(r, NAT(8)2 Y N(rmino,_, .0, }+OT(r. ) +T(r.2)).

Khi d¢, ta léy téng theo cac bo {1<i <i,<..<i; <6},taco

%(T(r,f) + T(r,g)) > %/Zi;N[”(r,u/.w )+0Q1) .
Mat khac, ap dung dinh 1y co ban tht hai ta co:
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%(T(r, N+T(rg)> %Z N0, )+0()

J=l

2
> 21,0+ 00 (/).
Tuong ty, do vai tro cua f'va g nhu nhau nén ta co:

210 )+ T02)) > 218+ OT (.1,

Do d6: 3HTC.N+T0:0) 22T, )+ T(r,2)) + OT (. /) + 0T (1)

Tu do, ta co: 7(r, £)+T(r,g) = O(1)-
Do vay f 14 bién d6i phan tuyén tinh ciia g (diéu phai chimg minh).
4.ViDU:

Trong muc nay, chung t6i gidi thi¢u vi du ve hai ham phan hinh c6 cung anh nguoc cua
cac cap gia tri.

Vidu 1: Cho hai ham phan hinh: f=

e +1 _(ez-i—l)2
@—1 ETR@ -1 -

Khi d6 ta thdy ring f va g c6 cung anh nguoc ddi v6i 5 cip gia tri
(0; 0); (1;1); (15 1); (-1/8;-1/8); (-1/2; 1/4) . Tuy nhién ta thdy / khong 13 mot biéu dién phan
tuyén tinh cta g, do d6 dinh 1y 5 khéng con dung khi thay gia thiét 6 cip diém thanh 5 cip diém.

Nhung & diy ta thdy ring f va g c6 cung anh nguoc khong tinh bdi cac cip
(0; 0); (1;1); (1; 1); (-1/8;-1/8) va cung anh nguoc boi hai cua cap gia tri (-1/2; 1/4). Nhu vay vi
du nay cho ta thay dugc néu thay bang mot gia thiét tt hon nira d6i véi 5 cap diém la trong
d6 ¢ 1 cap diém co tinh boi thi dinh 1y van khong dung.

5. KET LUAN:

Bai bao di chimg minh dugc dinh 1y vé van dé duy nhat ciia ham phan hinh c6 cling
anh nguoc cua 6 cip diém, dong thoi chi ra vi dy thdy rang dinh 1y khong con thoa man khi
giam sb cip diém xudng con 5. Hudng nghién ciru tiép theo 1a xem xét cac diéu kién vé viée
tinh boi ctia cac cap diém dé hai ham phan hinh c¢6 cing anh nguoc cua 5 cap diém cé thé biéu
dién phan tuyén tinh qua nhau.
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